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Summary. In this article, we defined complex curve and complex integral.
Then we have proved the linearity for the complex integral. Furthermore, we have
proved complex integral of complex curve’s connection is the sum of each complex
integral of individual complex curve.
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The terminology and notation used here are introduced in the following articles:
[10], [2], [14], [11], [12], 3], [4], [1], [7], [15], [5], [13], [8], [17], [9], [16], and [6].

1. THE DEFINITION OF COMPLEX CURVE AND COMPLEX INTEGRAL

In this paper ¢ is an element of R.
The function R? — C from R x R into C is defined as follows:
(Def. 1) For every element p of R x R and for all elements a, b of R such that
a = p1 and b = ps holds (R? — C)({a, b)) =a+b-i.
Let a, b be real numbers, let =, y be partial functions from R to R, let Z

be a subset of R, and let f be a partial function from C to C. The functor
[(f,z,y,a,b, Z) yielding a complex number is defined by the condition (Def. 2).
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(Def. 2) There exist partial functions ug, vp from R to R such that ug = R(f) -
(RQ - C) ! <$,y> and Vg = %(f) ' (R2 - C) ' <xay> and f(f,x,y,a,b,Z) =
b b

/(UO xlrz — Yo ylrz)(x)dff + /(UO fU’[Z + uo y/[z)(fU)dx i

Let C be a partial function from R to C. We say that C is Cj-curve-like if
and only if the condition (Def. 3) is satisfied.

(Def. 3) There exist real numbers a, b and there exist partial functions z, y from
R to R and there exists a subset Z of R such that
a < b and [a,b] = domC and [a,b] C domz and [a,b] C domy and Z is
open and [a, b] C Z and x is differentiable on Z and y is differentiable on Z
and x is continuous on Z and y is continuous on Z and C' = (x+1iy)[[a, b].
Let us observe that there exists a partial function from R to C which is
C'1-curve-like.
A Ci-curve is a Cy-curve-like partial function from R to C.
Let f be a partial function from C to C and let C' be a Cj-curve. Let us

assume that rng C' C dom f. The functor / f(z)dx yields a complex number
C

and is defined by the condition (Def. 4).

(Def. 4) There exist real numbers a, b and there exist partial functions z, y from
R to R and there exists a subset Z of R such that
a < b and [a,b] = domC and [a,b] C domz and [a,b] C domy and Z is
open and [a,b] C Z and x is differentiable on Z and y is differentiable on Z
and x is continuous on Z and y is continuous on Z and C' = (z+1iy)[[a, ]

andc[f(x)dm—/(f,w,y,a,b,Z).

Let f be a partial function from C to C and let C' be a Ci-curve. We say
that f is integrable on C' if and only if the condition (Def. 5) is satisfied.

(Def. 5) Let a, b be real numbers, z, y be partial functions from R to R, Z be
a subset of R, and ug, vg be partial functions from R to R. Suppose that
a < b and [a,b] = domC and [a,b] C domz and [a,b] C domy and Z is
open and [a,b] C Z and z is differentiable on Z and y is differentiable on Z
and z is continuous on Z and y is continuous on Z and C' = (x+1iy)[[a, b].
Then ug ', —vo Y} is integrable on [a, b] and v x|, +uo ¥} is integrable
on [a,b].
Let f be a partial function from C to C and let C' be a C'i-curve. We say
that f is bounded on C' if and only if the condition (Def. 6) is satisfied.

(Def. 6) Let a, b be real numbers, x, y be partial functions from R to R, Z be a
subset of R, and ug, vg be partial functions from R to R. Suppose that a < b
and [a,b] = dom C and [a, b] C dom z and [a,b] C domy and Z is open and
[a,b] € Z and =z is differentiable on Z and y is differentiable on Z and x is
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continuous on Z and y is continuous on Z and C = (z + i y)[[a,b]. Then
(uo 2y7 — vo Yiz)I]a, b] is bounded and (vo x5 + ug ¥} ) I]a, b] is bounded.

2. LINEARITY OF COMPLEX INTERGAL

Next we state two propositions:
(1) Let f, g be partial functions from C to C and C be a C}-curve. Suppose
mgC C dom f and rngC' € domg and f is integrable on C and g is
integrable on C and f is bounded on C and g is bounded on C. Then

/(f+9)($)d$= /f(x)dx+/g(x)dx.
C C C

(2) Let f be a partial function from C to C and C be a Cj-curve. Suppose
rmg C' C dom f and f is integrable on C' and f is bounded on C. Let r be
a real number. Then /(7“ f(x)de =1r- /f(x)dm
C C

3. COMPLEX INTEGRAL OF COMPLEX CURVE’S CONNECTION

We now state the proposition
(3) Let f be a partial function from C to C, C, C1, Cy be Cy-curves, and a,
b, d be real numbers. Suppose that rng C C dom f and f is integrable on
C and f is bounded on C' and a < b and dom C = [a,b] and d € [a,b] and
dom C} = [a,d] and dom Cy = [d, b] and for every t such that ¢t € dom C}
holds C(t) = Ci(t) and for every ¢ such that ¢ € domC5 holds C(t) =

Cb(t). Then / f(z)dz = / f(@)dz + / F(a)dz.
C C1 Ca
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