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1. EXPONENTIATION BY SQUARING REVISITED

Now we state the propositions:

(I) (i) 1 mod 2=1, and

(ii) 2 mod 2 =0.

(2) Let us consider a non empty non void many sorted signature 3, an
algebra 2 over X, a subalgebra B of 2, a sort symbol s of 3, and a set a.
Suppose a € (the sorts of B)(s). Then a € (the sorts of 2A)(s).

(3) Let us consider a non empty set I, sets a, b, ¢, and an element ¢ of I.
Then ¢ € (i-singleton a)(b) if and only if b =7 and ¢ = a.

(4) Let us consider a non empty set I, sets a, b, ¢, d, and elements 4, j of I.
Then ¢ € (i-singletona U j-singleton d)(b) if and only if b =i and ¢ = a
or b=j and ¢ = d. The theorem is a consequence of (3).
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2 GRZEGORZ BANCEREK

Let X be a boolean correct non empty non void boolean signature with
integers with connectives from 4 and the sort at 1 and 2 be a non-empty algebra
over Y. We say that 2 is integer if and only if

(Def. 1) There exists an image € of 2 such that € is a boolean correct algebra
over Y with integers with connectives from 4 and the sort at 1.

Now we state the propositions:

(5) Let us consider a non empty non void many sorted signature ¥ and a
non-empty algebra 2 over .. Then Imid, = the algebra of 2, where « is
the sorts of .

(6) Let us consider a non empty non void many sorted signature X. Then
every non-empty algebra over X is an image of 2. The theorem is a con-
sequence of (5). PROOF: 2 is 2A-image. [

Let ¥ be a boolean correct non empty non void boolean signature with
integers with connectives from 4 and the sort at 1. One can verify that there
exists a non-empty algebra over Y which is integer.

Let 2 be an integer non-empty algebra over Y. Note that there exists an
image of 2 which is boolean correct.

Let us note that there exists a boolean correct image of 2l which has integers
with connectives from 4 and the sort at 1.

Now we state the proposition:

(7) Let us consider a non empty non void many sorted signature ¥, a non-
empty algebra 2l over Y, an operation symbol o of X, a set a, and a sort
symbol 7 of . Suppose o is of type a — r. Then

(i) Den(o,2A) is a function from (the sorts of 2)#(a) into (the sorts of
20)(r), and

(ii) Args(o,2) = (the sorts of A)*(a), and
(iii) Result(o,2A) = (the sorts of 2A)(r).

Let 3 be a boolean correct non empty non void boolean signature and 2
be a boolean correct non-empty algebra over 3. Observe that every non-empty
subalgebra of 2 is boolean correct.

Let ¥ be a boolean correct non empty non void boolean signature with
integers with connectives from 4 and the sort at 1 and 2 be a boolean correct
non-empty algebra over Y with integers with connectives from 4 and the sort
at 1. Note that every non-empty subalgebra of 2 has integers with connectives
from 4 and the sort at 1.

Let X be a non-empty many sorted set indexed by the carrier of .. Let us
observe that §x(X) is integer as a non-empty algebra over X.

Now we state the proposition:

(8) Let us consider a non empty non void many sorted signature ¥, algebras
2Ap, Ao, By over X, and a non-empty algebra By over . Suppose
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(i) the algebra of 2; = the algebra of 2z, and
(ii) the algebra of B, = the algebra of Bs.

Let us consider a many sorted function h; from 2{; into %; and a many
sorted function hg from 2s into Bo. Suppose

(iii) hy = hg, and

(iv) hq is an epimorphism of 2(; onto B.

Then hs is an epimorphism of 2y onto Bs.

Let ¥ be a boolean correct non empty non void boolean signature with
integers with connectives from 4 and the sort at 1 and X be a non-empty many
sorted set indexed by the carrier of ¥. Let us note that there exists an including
Y-terms over X non-empty free variable algebra over ¥ which is vi-free and
integer.

Let 3 be a non empty non void many sorted signature. Let ¥ be an inclu-
ding Y-terms over X non-empty algebra over ¥. The functor FreeGenerator(¥)
yielding a non-empty generator set of ¥ is defined by the term

(Def. 2) FreeGenerator(X).

Let Xy be a countable non-empty many sorted set indexed by the carrier
of ¥ and ¥ be an including Y-terms over Xy non-empty algebra over . Let us
observe that FreeGenerator(%) is Equations(X, ¥)-free and non-empty.

Let X be a non-empty many sorted set indexed by the carrier of 3, ¥ be an
including 3-terms over X algebra over 3, and G be a generator set of T. We
say that G is basic if and only if

(Def. 3) FreeGenerator(%) C G.
Let s be a sort symbol of ¥ and = be an element of G(s). We say that x is pure
if and only if

(Def. 4) x € (FreeGenerator(%))(s).

Observe that FreeGenerator(¥) is basic.

Note that there exists a non-empty generator set of ¥ which is basic.

Let G be a basic generator set of ¥ and s be a sort symbol of >. One can
check that there exists an element of G(s) which is pure.

Now we state the proposition:

(9) Let us consider a non empty non void many sorted signature ¥, a non-
empty many sorted set X indexed by the carrier of ¥, an including -
terms over X algebra ¥ over Y, a basic generator set G of ¥, a sort
symbol s of ¥, and a set a. Then a is a pure element of G(s) if and only
if a € (FreeGenerator(%))(s).

Let ¥ be a non empty non void many sorted signature, X be a non-empty
many sorted set indexed by the carrier of 3, ¥ be an including ¥-terms over X
algebra over ¥, and GG be a generator system over %, X, and ¥. We say that G
is basic if and only if
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(Def. 5) The generators of G are basic.

Observe that there exists a generator system over ¥, X, and ¥ which is
basic.

Let GG be a basic generator system over 3, X, and ¥. Note that the generators
of G are basic.

In this paper > denotes a boolean correct non empty non void boolean
signature with integers with connectives from 4 and the sort at 1, X denotes
a non-empty many sorted set indexed by the carrier of 3, ¥ denotes a vi-free
including Y-terms over X integer non-empty free variable algebra over X, €
denotes a boolean correct non-empty image of ¥ with integers with connectives
from 4 and the sort at 1, G denotes a basic generator system over Y, X, and
T, A denotes a if-while algebra over the generators of GG, I denotes an integer
sort symbol of ¥, z, y, z, m denote pure elements of (the generators of G)(I),
b denotes a pure element of (the generators of G)((the boolean sort of X)), 7,
71, T9 denote elements of ¥ from I, P denotes an algorithm of 2, and s, s1, s
denote elements of €-States(the generators of G).

Let ¥ be a boolean correct non empty non void boolean signature and 2 be
a non-empty algebra over . The functor falsey yielding an element of 2 from
the boolean sort of ¥ is defined by the term

(Def. 6) —trueg.

In this paper f denotes an execution function of 2 over
¢ -States(the generators of G) and Statesy sfalse, (the generators of G).
Now we state the proposition:

(10) falsee = false.

Let ¥ be a boolean correct non empty non void boolean signature, X be
a non-empty many sorted set indexed by the carrier of 3, ¥ be an including
Y-terms over X algebra over X, GG be a generator system over >, X, and ¥,
b be an element of (the generators of G)((the boolean sort of X)), € be an
image of T, A be a pre-if-while algebra, f be an execution function of 2 over
¢-States(the generators of G) and Statesy sfalse, (the generators of G), s be an
element of €-States(the generators of G), and P be an algorithm of 2(. Note
that the functor f(s, P) yields an element of €-States(the generators of G). Let
Y be a non empty non void many sorted signature, T be a non-empty algebra
over X, G be a non-empty generator set of ¥, s be a sort symbol of 3, and x be
an element of G(s). The functor ® yielding an element of ¥ from s is defined
by the term

(Def. 7) .
Let us consider ¥, X, T, G, A, b, I, 71, and 9. The functors bleq(7, 72, 2)
and bgt(71, 72, 2A) yielding algorithms of 2 are defined by the terms, respectively.

(Def. 8) b::m(leq(Tl,TQ».
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(Def. 9)  b:=g(—1leq(m1,72)).
The functor 2% yielding an element of ¥ from [ is defined by the term
(Def. 10) 1L +1L
Let us consider G, 2, and b. Let us consider 7. The functors 7is odd (b, ) and
7is even(b, ) yielding algorithms of 2 are defined by the terms, respectively.
(Def. 11)  bgt(r mod 2L, 0L, 2A).
(Def. 12)  bleq(t mod 2L, 0L, ).
Let us consider €. Let us consider s. Let x be an element of (the generators
of G)(I). Let us note that s()(z) is integer.
Let us consider 7. Let us note that 7 value at(€, s) is integer.
In the sequel u denotes a many sorted function from FreeGenerator(¥) into
the sorts of €.
Let us consider ¥, X, ¥, €, I, u, and 7. One can verify that 7 value at(¢, u)
is integer.
Let us consider G. Let us consider s. Let 7 be an element of ¥ from the
boolean sort of 3. One can verify that 7value at(€, s) is boolean.
Let us consider u. One can check that 7 value at(€, u) is boolean.
Let us consider an operation symbol o of 3. Now we state the propositions:

(11) Suppose o = (the connectives of ¥)(1)(€ (the carrier’ of X)). Then
(i) o = (the connectives of ¥)(1), and
(ii) Arity(o) =0, and
(iii) the result sort of o = the boolean sort of 3.
(12) Suppose o = (the connectives of ¥)(2)(& (the carrier’ of ¥)). Then
(i) o = (the connectives of ¥)(2), and
(ii) Arity(o) = (the boolean sort of ), and
(iii) the result sort of o = the boolean sort of 3.
(13) Suppose o = (the connectives of ¥)(3)(€ (the carrier’ of X)). Then
(i) o = (the connectives of ¥)(3), and
(ii) Arity(o) = (the boolean sort of ¥, the boolean sort of ), and
(iii) the result sort of o = the boolean sort of 3.
(14) Suppose o = (the connectives of ¥)(4)(€ (the carrier’ of X)). Then
(i) Arity(o) =0, and
(ii) the result sort of o = I.
(15) Suppose o = (the connectives of ¥)(5)(€ (the carrier’ of ¥)). Then
(i) Arity(o) =0, and
(ii) the result sort of o = I.
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(16) Suppose o = (the connectives of X)(6)(€ (the carrier’ of X)). Then
(i) Arity(o) = (I), and
(ii) the result sort of o = I.

(17) Suppose o = (the connectives of ¥)(7)(& (the carrier’ of X)). Then
(i) Arity(o) = (I,I), and
(ii) the result sort of o = I.

(18) Suppose o = (the connectives of X)(8)(€ (the carrier’ of X)). Then
(i) Arity(o) = (I,I), and
(ii) the result sort of o = I.

(19) Suppose o = (the connectives of ¥)(9)(& (the carrier’ of X)). Then
(i) Arity(o) = (I,I), and
(ii) the result sort of o = I.

(20) Suppose o = (the connectives of X)(10)(€ (the carrier’ of X)). Then
(i) Arity(o) = (I,I), and
(ii) the result sort of o = the boolean sort of 3.

(21) Let us consider a non empty non void many sorted signature > and an
operation symbol o of 3. Suppose Arity(o) = ). Let us consider an algebra
2A over . Then Args(o,2A) = {0}.

(22) Let us consider a non empty non void many sorted signature 3, a sort
symbol a of ¥, and an operation symbol o of ¥. Suppose Arity(o) = (a).
Let us consider an algebra 2 over ¥. Then Args(o,2) = []((the sorts of
A)(a)).

(23) Let us consider a non empty non void many sorted signature X, sort
symbols a, b of 3, and an operation symbol o of ¥. Suppose Arity(o) = (a,
b). Let us consider an algebra 2 over X. Then Args(o, ) = [[((the sorts
of A)(a), (the sorts of A)(b)).

(24) Let us consider a non empty non void many sorted signature X, sort sym-
bols a, b, ¢ of 3, and an operation symbol o of 3. Suppose Arity(o) = (a, b,
c). Let us consider an algebra 2 over X. Then Args(o, ) = [[((the sorts
of A)(a), (the sorts of A)(b), (the sorts of A)(c)).

(25) Let us consider a non empty non void many sorted signature ¥, non-
empty algebras 2, B over X, a sort symbol s of 3, an element a of 2 from
s, a many sorted function h from 2l into 2B, and an operation symbol o of
Y. Suppose Arity(o) = (s). Let us consider an element p of Args(o,2). If

p = (a), then h#p = (h(s)(a)).
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(26) Let us consider a non empty non void many sorted signature Y, non-
empty algebras 2, B over X, sort symbols si, so of 3, an element a of
2 from s1, an element b of A from so, a many sorted function A from
2 into B, and an operation symbol o of . Suppose Arity(o) = (s1, s2).
Let us consider an element p of Args(o,?). Suppose p = (a,b). Then
hitp = (h(s1)(a), h(s2) ().

(27) Let us consider a non empty non void many sorted signature X, non-
empty algebras 2, 2B over X, sort symbols s1, s3, s3 of X, an element a of
A from s, an element b of 2 from so, an element ¢ of A from s3, a many
sorted function A from 2{ into 28, and an operation symbol o of 3. Suppose
Arity (o) = (s1, s2, s3). Let us consider an element p of Args(o,2). Suppose
p = (a,b,c). Then h#p = (h(s1)(a), h(s2)(b), h(s3)(c)).

Let us consider a many sorted function h from ¥ into €, a sort symbol a of
Y, and an element 7 of ¥ from a. Now we state the propositions:

(28) If h is a homomorphism of ¥ into €,
then 7 value at(€, h | FreeGenerator(¥)) = h(a)(7).

(29) Suppose h is a homomorphism of ¥ into € and s = h | the generators
of G. Then 7 value at(€, s) = h(a)(7).

(30) truegvalue at(€,s) = true. The theorem is a consequence of (11) and
(21).

(31) Let us consider an element 7 of T from the boolean sort of . Then
—7value at(€, s) = —(7 value at(€, s)). The theorem is a consequence of
(29), (12), (22), and (25).

(32) Let us consider a boolean set a and an element 7 of T from the boolean
sort of 3. Then —7 value at(€, s) = —a if and only if 7 value at(€, s) = a.
The theorem is a consequence of (31).

(33) Let us consider an element a of € from the boolean sort of ¥ and a
boolean set x. Then —a = —z if and only if a = x.

(34) falsegvalue at(€,s) = false. The theorem is a consequence of (31) and
(30).

(35) Let us consider elements 71, 75 of T from the boolean sort of ¥.. Then (71 A
T2) value at(€, s) = (71 value at(€, s)) A (72 value at(€, s)). The theorem is
a consequence of (29), (13), (23), and (26).

(36) 0Lvalue at(€,s) = 0. The theorem is a consequence of (14) and (21).

(37) 1Lvalue at(€, s) = 1. The theorem is a consequence of (15) and (21).

(38) (—7)value at(€, s) = —7 value at(€, s). The theorem is a consequence of
(16), (22), and (25).

(39) (11+m72) value at(€, s) = 7 value at(€, s)+7 value at(&, s). The theorem
is a consequence of (17), (23), and (26).

(40) 2L value at(€, s) = 2. The theorem is a consequence of (37) and (39).
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(41) (71 —m72) value at(€, s) = 71 value at(€, s) — 7o value at(€, s). The theorem
is a consequence of (39) and (38).

(42) (71 - o) value at(€, s) = (71 value at(€, s)) - (72 value at(€, s)). The the-
orem is a consequence of (29), (18), (23), and (26).

(43) (71 div o) value at(€, s) = 71 value at(€, s) div 7 value at(€, s). The the-
orem is a consequence of (19), (23), and (26).

(44) (71 mod 79)value at(€, s) = 7 value at(€, s) mod 7 value at(€, s). The
theorem is a consequence of (41), (42), and (43).

(45) leq(r1,m2) value at(€, s) = leq( value at(€, s), 72 value at(€, s)). The the-
orem is a consequence of (20), (23), and (26).

(46) trueg value at(€,u) = true. The theorem is a consequence of (11) and
(21).

(47) Let us consider an element 7 of T from the boolean sort of . Then

—7 value at(€,u) = —(7 value at(€, u)). The theorem is a consequence of
(28), (12), (22), and (25).

(48) Let us consider a boolean set a and an element 7 of T from the boolean
sort of ¥. Then —7 value at(€, u) = —a if and only if 7 value at(¢,u) = a.
The theorem is a consequence of (47).

(49) falseg value at(€,u) = false. The theorem is a consequence of (47) and
(46).
(50) Let us consider elements 71, 75 of T from the boolean sort of ¥. Then (71 A

T9) value at(€, u) = (71 value at(€, u)) A (12 value at(€, u)). The theorem is
a consequence of (28), (13), (23), and (26).

51) 0L value at(€,u) = 0. The theorem is a consequence of (14) and (21).
i
(52) 1Lvalue at(€,u) = 1. The theorem is a consequence of (15) and (21).

(563) (—7)value at(€,u) = —7 value at(€,u). The theorem is a consequence
of (16), (22), and (25).

(54) (711 + 72) value at(€,u) = 71 value at(€, u) + 72 value at(€, u). The the-
orem is a consequence of (17), (23), and (26).

(55) 2L value at(€,u) = 2. The theorem is a consequence of (52) and (54).

(56) (11 — m2) value at(€,u) = 7 value at(€, u) — m value at(€, u). The the-
orem is a consequence of (54) and (53).

(57) (11 - 72) value at(€,u) = (7 value at(€,u)) - (m2 value at(€, u)). The the-
orem is a consequence of (28), (18), (23), and (26).

(58) (11 div ) value at(€, u) = 7 value at(€, u) div 72 value at(€, u). The the-
orem is a consequence of (19), (23), and (26).

(59) (71 mod 72) value at(€,u) = 7 value at(€, u) mod 7 value at(€, u). The
theorem is a consequence of (56), (57), and (58).
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(60) leq(r1,72) value at(€, u) = leq(my value at(€, u), 72 value at(€, u)).
The theorem is a consequence of (20), (23), and (26).

(61) Let us consider a sort symbol a of ¥ and an element x of (the generators
of G)(a). Then % value at(¢, s) = s(a)(x). The theorem is a consequence
of (29).

(62) Let us consider a sort symbol a of 3, a pure element x of (the generators
of G)(a), and a many sorted function u from FreeGenerator(¥) into the
sorts of €. Then %z value at(¢, u) = u(a)(z).

Let us consider integers ¢, j and elements a, b of € from /. Now we state the
propositions:

(63) Ifa=iand b=j,thena—b=1i—j.

(64) Ifa=iand b=jand j# 0, then a mod b =14 mod j.

(65) Suppose G is €-supported and f € €-Executiony sfaise, (). Then let us
consider a sort symbol a of ¥, a pure element = of (the generators of
G)(a), and an element 7 of ¥ from a. Then

(i) f(s,z:=97)(a)(z) = 7 value at(<, s), and
(ii) for every pure element z of (the generators of G)(a) such that z # x
holds f(s,z:=97)(a)(z) = s(a)(z), and
(iii) for every sort symbol b of 3 such that a # b for every pure element
z of (the generators of G)(b), f(s,x:=97)(b)(z) = s(b)(2).
(66) Suppose G is C-supported and f € €-Executiony staise, (2A). Then
(i) 71 value at(€,s) < T value at(€, s) iff
f(s,bgt(ma, 71,2)) € Statesy sfalse, (the generators of G), and
(ii) 7 value at(€, s) < p value at(€, s) iff
f(s,bleq(m1,72,2)) € Statesy staisee (the generators of G), and
(iii) for every x, f(s,bgt(r1,72,24))(I)(x) = s(I)(z) and
f(S, bIGQ(TL T2, Ql))(l)(x) = S(I)(x)a and
(iv) for every pure element c of (the generators of G)((the boolean sort
of X)) such that ¢ # b holds f(s,bgt(r1, 72, ))((the boolean sort of
¥))(c) = s((the boolean sort of ¥))(c) and f(s,bleq(r1,72,2))
((the boolean sort of X))(c) = s((the boolean sort of X))(c).
The theorem is a consequence of (31), (45), and (33).

Let ¢, j be real numbers and a, b be boolean sets. One can verify that
(1 > j — a,b) is boolean.
Now we state the proposition:
(67) Suppose G is C-supported and f € €-Executiony staise, (A). Then

(i) f(s,7is odd(b,2A))((the boolean sort of 3))(b) = 7 value at(€, s) mod
2, and
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(ii) f(s,7is even(b,2))((the boolean sort of X))(b) = (7 value at(€, s) +
1) mod 2, and

(iii) for every z, f(s,7is odd(b,2))(I)(z) = s(I)(z) and
f(s,7is even(b,A))(I)(z) = s(I)(z).

The theorem is a consequence of (36), (40), (64), (31), (45), (44), and (1).

Let us consider ¥, X, €, GG, and 2. We say that 2 is elementary if and only
if

(Def. 13) rngthe assignments of 2 C ElementaryInstructionsg.

Now we state the proposition:

(68) Suppose 2 is elementary. Then let us consider a sort symbol a of ¥, an
element x of (the generators of G)(a), and an element 7 of T from a. Then
x:=97 € Elementarylnstructionsg.

Let us consider ¥, X, ¥, and GG. One can verify that there exists a strict
if-while algebra over the generators of G which is elementary.

Let 2 be an elementary if-while algebra over the generators of G, a be a sort
symbol of ¥, z be an element of (the generators of G)(a), and 7 be an element
of T from a. Let us observe that x:=¢7 is absolutely-terminating.

Now let I' denotes the program

yr=glk;
while bgt(“m, 0L, 2) do
if %mis odd(b,A) then
yr=oy -
fi;
m:=9%m div 2%;

=% %

done

Then we state the propositions:

(69) Let us consider an elementary if-while algebra 2l over the generators
of G and an execution function f of 2 over €-States(the generators of G)
and States) s false, (the generators of ). Suppose

(i) G is €-supported, and

(ii) f € €-Executions sfalse, (A), and

(iii) there exists a function d such that d(z) = 1 and d(y) = 2 and

d(m) = 3.

Then T is terminating w.r.t. f and {s : s(I)(m) > 0}. The theorem is a
consequence of (66), (36), (61), (65), (40), and (43). PROOF: Set ST =
¢ -States(the generators of G). Set TV = Statesy sfalse, (the generators
of G). Set P = {s : s(I)(m) > 0}. Set W = bgt(%m,0%,2). Define
F(element of ST') = $;(I)(m)(& N). Define R [element of ST| =$;(I)(m) >
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0. Set K = if “mis odd(b, ) then(y:=o(% - %)).
Set J = (K;m:=g(“mdiv2L)); x:=9(%x - “z). P is invariant w.r.t. W and
f. For every element s of ST such that s € P and f(f(s,J),W) € TV
holds f(s,J) € P. P is invariant w.r.t. y:=¢(1%) and f. For every s such
that f(s,W) € P holds iteration of f started in J;W terminates w.r.t.
f(s,W). O

(70) Suppose G is €-supported and there exists a function d such that
d(b) = 0 and d(x) = 1 and d(y) = 2 and d(m) = 3. Then let us consider
an element s of €-States(the generators of G) and a natural number n.
Suppose n = s(I)(m). If f € C-Executiony sfaise, (A), then f(s,T)(I)(y) =
s(I)(z)". The theorem is a consequence of (65), (66), (36), (61), (37),
(40), (43), (67), (10), and (42). PROOF: Set ¥ = €-States(the generators
of G). Set W = T. Set g = f. Set T = Statesy sfalse, (the generators of
G). Set s0 = f(s,y:=u(1},)). Define Rlelement of X] = $;(I)(m) > 0.
Set € = bgt(“m, 0%, 2A). Define Plelement of %] = s(I)(z)" = $1(I)(y) -
$1(1)(z)* (D) and $1(I)(m) > 0. Define F(element of ¥) = $;(I)(m)(e
N). Set I = if ®mis odd(b,2) then(y:=g(% - %)).
Set J = (I;m:=g(“mdiv2},)); z:=o(% - ®). For every element s of ¥
such that P[s] holds P[(g(s,€) qua element of )] and ¢(s,€) € T iff
Rl(g(s,€) qua element of X)]. Set s1 = g(s0, €). For every element s of ¥
such that R[s] holds R[(g(s, J; €) qua element of X)] iff g(s, J; €) € T and
F((g(s,J;C) qua element of X)) < F(s). Set ¢ = s. For every element s
of ¥ such that P[s] and s € T and R[s] holds P[(¢(s, /) qua element of
). 0O

2. CALCULATION OF MAXIMUM

Let X be a non empty set, f be a finite sequence of elements of X%, and x
be a natural number. Let us observe that f(z) is transfinite sequence-like finite
function-like and relation-like.

Let us note that every finite sequence of elements of X“ is function yielding.

Let ¢ be a natural number, f be an i-based finite array, and a, = be sets.
Note that f +- (a,x) is i-based finite and segmental.

Let X be a non empty set, f be an X-valued function, a be a set, and x be
an element of X. Let us observe that f +- (a,x) is X-valued.

The scheme Schi deals with a non empty set X and a natural number j and
a set B and a ternary functor F yielding a set and a unary functor U yielding
a set and states that

(Sch. 1) There exists a finite sequence f of elements of X* such that len f = j

and f(1) =B or j = 0 and for every natural number ¢ such that 1 <7 < j
holds f(i+ 1) = F(f(4),4,2(2))



12 GRZEGORZ BANCEREK

provided

e for every 0-based finite array a of X and for every natural number 4 such
that 1 <1 < j for every element x of X', F(a,i,x) is a 0-based finite array
of X and

e ‘5 is a 0-based finite array of X and
e for every natural number i such that ¢ < j holds (i) € X.

Now we state the propositions:

(71) Let us consider a non empty non void boolean signature ¥ with arrays
of type 1 with connectives from 11 and integers at 1, sets J, L, and a sort
symbol K of ¥. Suppose (the connectives of X)(11) is of type (J, L) — K.
Then

(i) J = the array sort of X, and
(ii) for every integer sort symbol I of ¥, the array sort of ¥ # I.

(72) Let us consider a 1-1-connectives 11-array correct boolean correct non
empty non void boolean signature Y with integers with connectives from
4 and the sort at 1 and arrays of type 1 with connectives from 11 and
integers at 1, an integer sort symbol I of ¥, a boolean correct non-empty
algebra A over X with integers with connectives from 4 and the sort at
1 and arrays of type 1 with connectives from 11 and integers at 1, and
elements a, b of A from I. If a = 0, then init.array(a,b) = 0.

(73) Let us consider an 11-array correct boolean correct non empty non void
boolean signature ¥ with arrays of type 1 with connectives from 11 and
integers at 1 and an integer sort symbol I of ¥. Then

(i) the array sort of ¥ # I, and
(ii) (the connectives of ¥)(11) is of type (the array sort of ¥, I) — I, and

(iii) (the connectives of ¥)(114 1) is of type (the array sort of ¥, I, 1) —
the array sort of X, and

(iv) (the connectives of X)(11 + 2) is of type (the array sort of ¥) — I,
and

(v) (the connectives of 3)(11+ 3) is of type (I, I) — the array sort of X.

(74) Let us consider a 1-1-connectives 11-array correct boolean correct non
empty non void boolean signature ¥ with arrays of type 1 with connectives
from 11 and integers at 1 and integers with connectives from 4 and the
sort at 1, an integer sort symbol I of 3, and a boolean correct non-empty
algebra 2 over X with arrays of type 1 with connectives from 11 and
integers at 1 and integers with connectives from 4 and the sort at 1. Then

(i) (the sorts of 2()(the array sort of ¥) = Z*, and
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(ii) for every elements ¢, j of 2 from I such that ¢ is a non negative
integer holds init.array(i,j) = ¢ — j, and

(iii) for every element a of (the sorts of A)(the array sort of ¥), length; a =
@ and for every element i of 2 from I and for every function f such
that f = a and ¢ € dom f holds a(i) = f(i) and for every element x
of A from I, ajp = f +- (4, 2).

The theorem is a consequence of (71).

Let a be a 0-based finite array. Observe that length a is finite.

Let ¥ be a 1-1-connectives 11-array correct boolean correct non empty non
void boolean signature with integers with connectives from 4 and the sort at
1 and arrays of type 1 with connectives from 11 and integers at 1 and 2 be a
boolean correct non-empty algebra over 3 with arrays of type 1 with connectives
from 11 and integers at 1 and integers with connectives from 4 and the sort at
1. Observe that every non-empty subalgebra of 2l has arrays of type 1 with
connectives from 11 and integers at 1.

Let 2 be a non-empty algebra over ¥. We say that 2 is integer array if and
only if

(Def. 14) There exists an image € of 2 such that € is a boolean correct algebra
over Y with integers with connectives from 4 and the sort at 1 and arrays
of type 1 with connectives from 11 and integers at 1.

Let X be a non-empty many sorted set indexed by the carrier of 3. One can
verify that §x(X) is integer array as a non-empty algebra over X.

Note that every non-empty algebra over 3 which is integer array is also
integer.

One can check that there exists an including »-terms over X non-empty
strict free variable algebra over ¥ which is vf-free and integer array.

One can check that there exists a non-empty algebra over 3 which is integer
array.

Let 24 be an integer array non-empty algebra over . Observe that there
exists a boolean correct image of 2 which has integers with connectives from 4
and the sort at 1 and arrays of type 1 with connectives from 11 and integers at 1.

In this paper ¥ denotes a 1-1-connectives 11-array correct boolean correct
non empty non void boolean signature with integers with connectives from 4 and
the sort at 1 and arrays of type 1 with connectives from 11 and integers at 1, X
denotes a non-empty many sorted set indexed by the carrier of ¥, ¥ denotes a
vi-free including Y-terms over X integer array non-empty free variable algebra
over Y, € denotes a boolean correct non-empty image of ¥ with arrays of type
1 with connectives from 11 and integers at 1 and integers with connectives from
4 and the sort at 1, G denotes a basic generator system over X, X, and ¥, 2
denotes a if-while algebra over the generators of G, I denotes an integer sort
symbol of ¥, x, y, m, i denote pure elements of (the generators of G)(I), M, N
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denote pure elements of (the generators of GG)(the array sort of X), b denotes a
pure element of (the generators of G)((the boolean sort of X)), and s, s denote
elements of ¢ -States(the generators of G).

Let us consider Y. Let 2 be a boolean correct non-empty algebra over > with
arrays of type 1 with connectives from 11 and integers at 1. Observe that every
element of (the sorts of A)(the array sort of ) is relation-like and function-like.

Note that every element of (the sorts of 2)(the array sort of X) is finite and
transfinite sequence-like.

Let us consider an operation symbol o of . Now we state the propositions:

(75) Suppose o = (the connectives of ¥)(11)(€ (the carrier’ of X)). Then
(i) Arity(o) = (the array sort of X, I), and
(ii) the result sort of o = I.

(76) Suppose o = (the connectives of ¥)(12)(€ (the carrier’ of X)). Then
(i) Arity(o) = (the array sort of 3,1, 1), and
(ii) the result sort of o = the array sort of X.

(77) Suppose o = (the connectives of ¥)(13)(€ (the carrier’ of ¥)). Then
(i) Arity(o) = (the array sort of ), and
(ii) the result sort of o = I.

(78) Suppose o = (the connectives of ¥)(14)(€ (the carrier’ of ¥)). Then
(i) Arity(o) = (I,I), and
(ii) the result sort of o = the array sort of X.

(79) Let us consider an element 7 of ¥ from the array sort of ¥ and an ele-
ment 71 of ¥ from 1.

Then 7(7) value at(€,s) = (7 value at(€, s))(m value at(€, s)). The the-
orem is a consequence of (29), (75), (23), and (26).

(80) Let us consider an element 7 of ¥ from the array sort of ¥ and elements
71, T2 of T from I. Then 7, ., value at(<,s) =
(7 value at(€, 5)) 7, value at(e,s)—r: value at(¢,s)- L he theorem is a consequence
of (29), (76), (24), and (27).

(81) Let us consider an element 7 of ¥ from the array sort of ¥. Then
length; 7 value at(€, s) = length;(7 value at(€, s)). The theorem is a con-
sequence of (29), (77), (22), and (25).

(82) Let us consider elements 7j, 72 of T from I. Then init.array (71, m2)
value at(€, s) = init.array (7 value at(<, s), 2 value at(€, s)). The theorem
is a consequence of (29), (78), (23), and (26).

In the sequel u denotes a many sorted function from FreeGenerator(¥) into
the sorts of €.
Now we state the propositions:
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(83) Let us consider an element 7 of ¥ from the array sort of ¥ and an ele-
ment 71 of ¥ from I.

Then 7(71) value at(€,u) = (7 value at(€, u))(m; value at(€, u)). The the-
orem is a consequence of (28), (75), (23), and (26).

(84) Let us consider an element 7 of ¥ from the array sort of ¥ and elements
71, T2 of ¥ from I.

Then TrieT72 value at(Q:? u) = (T value at(€7 u))T1 value at(€,u)«2 value at(€u)"
The theorem is a consequence of (28), (76), (24), and (27).

(85) Let us consider an element 7 of ¥ from the array sort of ¥. Then
length; 7 value at(€, u) = length;(7 value at(€, u)). The theorem is a con-
sequence of (28), (77), (22), and (25).

(86) Let us consider elements 71, 73 of ¥ from I. Then init.array (71, 72)
value at(€, u) = init.array (7 value at(€, u), 72 value at(€, u)). The theorem
is a consequence of (28), (78), (23), and (26).

Let us consider 3, X, T, and I. Let ¢ be an integer. The functor zI3 yielding
an element of ¥ from I is defined by

(Def. 15) There exists a function f from Z into (the sorts of ¥)(I) such that
(i) it = f(i), and
(ii) f(0) = 0%, and
(iii) for every natural number j and for every element 7 of ¥ from I such
that f(j) =7 holds f(j + 1) =7+ 1L and f(—(j + 1)) = —(7 + 1&).
Now we state the propositions:
(87) 0L =o0L.
(88) Let us consider a natural number n. Then
(i) (n+ 1)k =nk+1L, and
(i) —(n+ 1k =—-m+1)L
(89) 1L =0L + 1L. The theorem is a consequence of (88) and (87).
(90) Let us consider an integer i. Then ik value at(¢,s) = i. The theorem is
a consequence of (87), (36), (37), (88), (39), and (38).
Let us consider ¥, X, ¥, G, I, and M. Let ¢ be an integer. The functor
M(i, I) yielding an element of ¥ from [ is defined by the term
(Def. 16) (°M)(iL).
Let us consider € and s. Note that s(the array sort of ¥)(M) is function-like
and relation-like.
Note that s(the array sort of X)(M) is finite transfinite sequence-like and
Z-valued.
Observe that rng(s(the array sort of ¥)(M)) is finite and integer-membered.
Let us consider an integer j. Now we state the propositions:
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Suppose j € dom(s(the array sort of ¥)(M)) and
M(j,I) € (the generators of G)(I). Then s(the array sort of X)(M)(j) =
s(1)(M (3, 1)).
Suppose j € dom(s(the array sort of ¥)(M)) and
(®M)(%) € (the generators of G)(I) and j = % value at(¢, s).
Then (s(the array sort of X)(M))(% value at(€, s)) = s(I)(((°M)(%))).

Let X be a non empty set. One can verify that X is infinite.

Now we state the propositions:

(93)

Now let I denotes the program

m:=g0L:
for i:=g1L until bgt(length; OM, %, A) step i:=9% + 1L
do
if bgt((“M)(%), (°M)(°m),2) then
m:=m@i
fi
done

Let us consider an execution function f of 2 over € -States(the generators
of G) and Statesy s taise, (the generators of G). Suppose

(i) f € ¢-Executiony sfalse, (), and
(ii) G is €-supported, and
(iii) i # m, and
(iv) s(the array sort of ¥)(M) # 0.

Let us consider a natural number n. Suppose f(s,I')(I)(m) = n. Let
us consider a non empty finite integer-membered set X. Suppose X =
rng(s(the array sort of ¥)(M)). Then M (n,I)value at(€,s) = max X.
The theorem is a consequence of (65), (36), (37), (74), (71), (66), (81),
(61), (39), (79), and (90). PROOF: Set ST = €-States(the generators of
G). Define R[element of ST] = s(the array sort of ¥)(M) = $1(the array
sort of ¥)(M). Reconsider sm = s as a many sorted function from the
generators of G into the sorts of €. Reconsider z = sm/(the array sort of
Y)(M) as a 0-based finite array of Z. Define Plelement of ST| = R[$]
and $1(1)(2), $1(L)(m) € N and $;(I)(¢) < lenz and $1(I)(m) < $1(1)(4)
and $;(7)(m) < lenz and for every integer ma such that ma = $1(I)(m)
for every natural number j such that j < $1(I)(7) holds z(j) < z(max). De-
fine Qlelement of ST] = R[$1] and $;(I)(i) < length; ®M value at(€, s).
Set s0 = s. Set s1 = f(s,m:=g(0L)). Set so = f(s1,i:=9(1L)). Con-
sider J1, K1, L1 being elements of ¥ such that L1 = 1 and K1 = 1
and J1 # L1 and J1 # K1 and (the connectives of ¥)(11) is of type
(J1,K1) — L1 and (the connectives of ¥)(11 + 1) is of type (J1, K1,
L1) — J1 and (the connectives of ¥)(11 4 2) is of type (J1) — K1 and
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(the connectives of ¥)(11 + 3) is of type (K1,L1) — J1. P[sa]. Define
F(element of ST) = (len(sO(the array sort of ¥)(M)) — $1(1)(2))(€ N).
f(s2, W) € TV iff Q[f(s2,W)]. Now let I denotes the program

J;
K;
w
For every element s of ST such that Q[s] holds Q[f(s,I")] iff f(s,T') € TV
and F(f(s,T)) < F(s). For every element s of ST such that P[s] and s €
TV and QJs] holds P[f (s, J; K)]. For every element s of ST such that P]s]
holds P[f(s,W)] and f(s,W) € TV iff Q[f(s, W)]. M(n, I)value at(C, s)
is a upper bound of X. For every upper bound z of X, M(n,I)
value at(€,s) < z. O
Now let I' denotes the program
J;
i=9% + 1L

Now let A denotes the program

for i:=g7o until bgt(ry, %, A) step i:=9% + 1L do
J

done

Let us consider an elementary if-while algebra 2l over the generators
of G and an execution function f of 2 over €-States(the generators of G)
and States) s false, (the generators of G). Suppose

(i) f € €-Executiony sfaise, (), and
(ii) G is €-supported.

Let us consider elements 7y, 71 of ¥ from I, an algorithm J of 2, and a
set P. Suppose

(iii) P is invariant w.r.t. i:=g7y and f, invariant w.r.t. bgt(r, %,2) and
f, invariant w.r.t. i:=g(% + 1£) and f, and invariant w.r.t. J and f,
and

(iv) J is terminating w.r.t. f and P, and

(v) for every s, f(s,J)(I)(i) = s(I)(i) and f(s,bgt(ry,%,0))(I)(i) =
s(I)(i) and 71 value at(€, f(s,bgt(r1, %,2A))) = 71 value at(¢, s) and
71 value at(€, f(s,I")) = 71 value at(€, s).

Then A is terminating w.r.t. f and P. The theorem is a consequence
of (61), (66), (65), (39), and (37). PROOF: Set W = bgt(r, %, A). Set
L =ii=o(% +1%). Set K = iz=gp. Set ST = €-States(the generators of
G). Set TV = Statesy sfalse, (the generators of G). Now let I' denotes the
program
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J;

L;

W

For every s such that f(s,W) € P holds iteration of f started in T’
terminates w.r.t. f(s,W). O

(95) Now let I' denotes the program

m:=g0L;
for 7;:=911[T until bgt(length; ®M, %, A) step i:=9% + lé
do
if bgt((“M)(%), (°M)(“m), ) then
m:=gl@i
fi
done

Let us consider an elementary if-while algebra 2l over the generators

of G and an execution function f of 2 over €-States(the generators of G)
and Statesp s talse, (the generators of G). Suppose

(i) fe (’:—Executionb%}false@ (Q(), and

(ii) G is €-supported, and
(iif) @ # m.
Then I is terminating w.r.t. f and {s : s(the array sort of X)(M) # (}. The
theorem is a consequence of (74), (73), (65), (61), (81), and (94). PROOF:
Set J = m:=g(0%). Set K = i:=¢(1%). Set W = bgt(length; *M, %, 2).
Set L = i:=g(% + 1L). Set N = bgt((“M)(%), (*M)(“m),2). Set O =
m:=g(%). Set a = the array sort of ¥. Set P = {s : s(a)(M) # 0}. P is
invariant w.r.t. J and f. P is invariant w.r.t. K and f. P is invariant w.r.t.
W and f. P is invariant w.r.t. L and f. P is invariant w.r.t. NV and f. P
is invariant w.r.t. O and f. Set ST = €-States(the generators of G). Set
TV = Statesy stalse (the generators of G). P is invariant w.r.t. if N then O
and f. Now let I' denotes the program

if N then

@)

fi;

L

For every s, f(s,if NthenO)(I)(i) = s(I)(z) and f(s, W)(I)(z) = s(I)(4)
and length; ®M value at(€, f(s, W)) = length; ®M value at(€, s) and
length; ®M value at(€, f(s,T)) = length; ®M value at(€, s). O
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3. SORTING BY EXCHANGING

In this paper i1, ia denote pure elements of (the generators of G)(I).
Let us consider 3, X, T, and G. We say that G is integer array if and only
if
(Def. 17) (i) {(®M)(7) where 7 is an element of ¥ from I : not contradiction} C
(the generators of G)(I), and

(ii) for every M and for every element 7 of ¥ from I and for every element
g of G from I such that g = (®M)(7) there exists  such that = ¢
(vfT)(I) and supp-varg = x and (supp-term g)(the array sort of
Y)(M) = (®M), _a, and for every sort symbol s of ¥ and for every
y such that y € (vf g)(s) and if s = the array sort of 3, then y # M
holds (supp-term g)(s)(y) = y.
Now we state the proposition:

(96) If G is integer array, then for every element 7 of T from I, (°M)(7) €
(the generators of G)(I).

The functor (Z, < ) yielding a strict real non empty poset is defined by the
term

(Def. 18) RealPoset Z.

Let us consider %, X, €, and G. Let 2 be an elementary if-while algebra
over the generators of G, a be a sort symbol of 3, and 71, 7o be elements of ¥
from a. Assume 7 € (the generators of G)(a). The functor 7j:=¢m yielding an
absolutely-terminating algorithm of 2 is defined by the term

(Def. 19) (The assignments of ) ({71, T2)).
Now we state the proposition:

(97) Let us consider a countable non-empty many sorted set X indexed by the
carrier of ¥, a vf-free including Y-terms over X integer array non-empty
free variable algebra ¥ over Y, a basic generator system G over 3, X, and
%, a pure element M of (the generators of GG)(the array sort of X), and
pure elements 4, x of (the generators of G)(I). Then (°M)(%) # x. The
theorem is a consequence of (73), (79), (61), and (74).

Let ¥ be a non empty non void many sorted signature and 2 be a disjoint
valued algebra over .. Note that the sorts of 2 is disjoint valued.

Let us consider ¥ and X. Let ¥ be an including Y-terms over X algebra
over Y. We say that ¥ is array degenerated if and only if

(Def. 20) There exists I and there exists an element M of
(FreeGenerator(%))(the array sort of 3) and there exists an element 7 of T
from I such that (*M)(7) # Sym((the connectives of X2)(11)(€ (the carrier’
of X)), X)-tree((M, 7)).
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Observe that Fx(X) is non array degenerated.

Observe that there exists an including >-terms over X algebra over ¥ which
is non array degenerated.

Now we state the propositions:

(98)

(99)

Suppose ¥ is non array degenerated. Then vf((®M)(%)) = I -singleton iU
(the array sort of )-singleton M. The theorem is a consequence of (73).
PROOF: Set 7 = (®M)(%). Reconsider N = M as an element of
(FreeGenerator(¥))(the array sort of ¥). Consider m being a set such that
m € X (the array sort of 3) and M = the root tree of (m, the array sort
of ¥). Consider j being a set such that 7 € X (I) and i = the root tree
of (4, I). {M} = (vfr)(the array sort of ). {i} = (vf7)(I). For every
sort symbol s of ¥ such that s # the array sort of ¥ and s # I holds
0= (vEr)(s). O

Let us consider an elementary if-while algebra 21 over the generators of
G and an execution function f of 2 over €-States(the generators of G)
and Statesy /talse, (the generators of G). Suppose

(i) G is integer array and €-supported, and
(i) f € €-Executionysfalse, (), and

(iii) X is countable, and
(iv) ¥ is non array degenerated.

Let us consider an element 7 of T from I. Then f(s, (®M)(%):=g7) =
f(s, M:=g((®M)a;._,)). The theorem is a consequence of (96), (98), (97),
(4), (3), (62), (73), (61), (84), (65), and (80). PROOF: Reconsider H =
FreeGenerator(¥) as a many sorted subset of the generators of G. Set
v = 7 value at(€, s). Reconsider p = (®M)(%) as an element of G from I.
Reconsider g = s as a many sorted function from the generators of G into
the sorts of €. Reconsider g1 = f(s, (®M)(%):=q7),

g2 = f(s, M:=o((®M)e;._,)) as a many sorted function from the genera-
tors of G into the sorts of €. Reconsider Mi = (®M)(®%) as an element of
(the generators of G)(I). Reconsider m = M as an element of G from the
array sort of ¥. Consider x such that = ¢ (vf%)(I) and supp-varp = z
and (supp-term p)(the array sort of )(M) = (®M)q;._a, and for every sort
symbol s of ¥ and for every y such that y € (vfp)(s) and if s = the array
sort of ¥, then y # M holds (supp-termp)(s)(y) = y. gl = g2. O

Let us consider ¥, X, ¥, G, €, s, and b. Let us observe that s((the boolean
sort of X))(b) is boolean.

Now we state the proposition:

(100)

Now let I" denotes the program
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while J do
Yy =Ql(@M)(@Zl)v
(°M)(“i1) :=a(*M)(%2);
(“M)(%i2) :=9(y

done

Let us consider an elementary if-while algebra 2l over the generators
of G and an execution function f of 2 over €-States(the generators of G)
and States) s false, (the generators of ). Suppose

(i) G is integer array and €-supported, and
(i) f € €-Executionysfalse, (), and
(iii) ¥ is non array degenerated, and
(iv) X is countable.
Let us consider an algorithm J of 2. Suppose
(v) f(s,J)(the array sort of ¥)(M) = s(the array sort of ¥)(M), and
(vi) for every array D of (Z,< ) such that D = s(the array sort of ¥)(M)
holds if D # 0, then f(s,J)(I)(i1), f(s,J)(I)(i2) € dom D and if
inversions D # 0, then (f (s, J)(I)(i1), f(s,J)(I)(i2)) € inversions D
and f(s,J)((the boolean sort of X))(b) = true iff inversions D # ().
Let us consider a 0-based finite array D of (Z, < ). Suppose
(vii) D = s(the array sort of X)(M), and
(viii) y # i1, and
(iX) Yy 7& ig.
Then
(x) f(s,T')(the array sort of ¥)(M) is an ascending permutation of D,
and
(xi) if J is absolutely-terminating, then I" is terminating w.r.t. f and {s;
: s1(the array sort of X)(M) # 0}.

The theorem is a consequence of (73), (10), (61), (65), (99), (80), (74), and
(79). PROOF: Define F(natural number, element of € -States(the generators
of G)) = F(S2, (s yr=a(("M)(%1))); (*M)(% ):=a((*M)(%)));

(®M)(%g):=o(%)). Set ST = €-States(the generators of G). Consider g
being a function from N into ST such that g(0) = s and for every natural
number i, g(i +1) = F(i, (g(i) qua element of ST)). Define G(element) =
g($1(€ N))(the array sort of X)(M). Consider h being a function from N
into Z“ such that for every element ¢ such that i € N holds h(i) = G(7).
For every ordinal number a such that ¢ € domg holds h(a) is an ar-
ray of (Z,< ). Set TV = Statesy sfalse, (the generators of ). Consider
s1 such that s = s; and s;i(the array sort of X)(M) # (. Reconsider
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= s(the array sort of X)(M) as a 0-based finite non empty array of
(Z,< ). Consider g being a function from N into ST such that g(0) = s
and for every natural number i, g(i + 1) = F(7,(g(i) qua element of
ST)). Define G(element) = ¢($1(€ N))(the array sort of ¥)(M). Consider
h being a function from N into Z“ such that for every element 7 such that
i € N holds h(i) = G(i). For every ordinal number a such that a € domg
holds h(a) is an array of (Z,< ). Define T[natural number] = h($;) # 0.
For every natural number ¢ such that ¥[:] holds ¥[i + 1]. For every natural
number a and for every array R of (Z,< ) such that R = h(a) for every s
such that g(a) = s there exist sets z, y such that = = f(s,J)(I)(i1) and
y = f(s,JJ)(I)(i2) and z, y € dom R and h(a + 1) = Swap(R, z,y). Defi-
ne Q[natural number] = h($;) is a permutation of D. Define P[natural
number] = ¢($;)(the array sort of X)(M) is an ascending permutation
of D. There exists a natural number i such that P[i]. Consider B being
a natural number such that P[®B] and for every natural number ¢ such
that Pi] holds B < i. Reconsider ¢ = h[succ®®B as an array of Z“. Set
TV = Statespstalse, (the generators of G). Define H(natural number) =
f(g($1 —1),J). Consider r being a finite sequence such that lenr = B + 1
and for every natural number ¢ such that ¢ € domr holds r(i) = H(i).
rngr C ST. Reconsider R = ¢(B)(the array sort of ¥)(M) as an ascen-
ding permutation of D. Now let I denotes the program

y:=a("M) (%)

(M) (i) s=a(01) ()

(“M)(%52) =2

J

For every natural number i such that 1 <14 <lenr holds r(i) € TV and
r(i+1)= f(r@@),I). O
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Summary. In this article, we formalize continuous differentiability of real-

valued functions on n-dimensional real normed linear spaces. Next, we give a
definition of the C* space according to [23].
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1. DEFINITION OF CONTINUOUSLY DIFFERENTIABLE FUNCTIONS AND SOME
PROPERTIES

Let m be a non zero element of N, f be a partial function from R™ to R, k
be an element of N, and Z be a set. We say that f is continuously differentiable
up to order of k and Z if and only if

(Def. 1) (i) Z C dom f, and
(ii) f is partial differentiable up to order k and Z, and

(iii) for every non empty finite sequence I of elements of N such that
lenI < k and rng I C Segm holds f]?Z is continuous on Z.
Now we state the propositions:

(1)

Let us consider a non zero element m of N, a set Z, a non empty finite
sequence I of elements of N, and a partial function f from R™ to R.
Suppose f is partially differentiable on Z w.r.t. I. Then dom(f]/Z) = Z.
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(2) Let us consider a non zero element m of N, an element k& of N, a non
empty subset X of R"™, and a partial function f from R™ to R. Suppose
(i) X is open, and
(ii) X C dom f.
Then f is continuously differentiable up to order of 1 and X if and only
if f is differentiable on X and for every element zy of R™ and for every
real number r such that xp € X and 0 < r there exists a real number s
such that 0 < s and for every element z; of R™ such that 1 € X and
|x1 — 29| < s for every element v of R™, |f'(x1)(v) — f(x0)(v)| < 7 - |v].
(3) Let us consider a non zero element m of N, a non empty subset X of
R™, and a partial function f from R" to R. Suppose
(i) X is open, and
(iil) X C dom f, and
(iii) f is continuously differentiable up to order of 1 and X.

Then f is continuous on X. The theorem is a consequence of (2).
(4) Let us consider a non zero element m of N, an element k£ of N, a non
empty subset X of R™, and partial functions f, g from R™ to R. Suppose
(i) f is continuously differentiable up to order of k and X, and
(ii) g is continuously differentiable up to order of k and X, and
(iii) X is open.
Then f + g is continuously differentiable up to order of k and X. The the-
orem is a consequence of (1). PROOF: For every non empty finite sequence

I of elements of N such that len I < k and rng I C Segm holds (f +¢)]! X
is continuous on X. [J

(5) Let us consider a non zero element m of N, an element k£ of N, a non
empty subset X of R™, a real number r, and a partial function f from
R™ to R. Suppose

(i) f is continuously differentiable up to order of k and X, and

(ii) X is open.
Then r - f is continuously differentiable up to order of &k and X. The the-
orem is a consequence of (1). PROOF: For every non empty finite sequence

I of elements of N such that len I < k and rng I C Segm holds - f[' X is
continuous on X. [

(6) Let us consider a non zero element m of N, an element k of N, a non
empty subset X of R™, and partial functions f, g from R™ to R. Suppose

(i) f is continuously differentiable up to order of k and X, and

(ii) g is continuously differentiable up to order of k and X, and
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(iii) X is open.

Then f — g is continuously differentiable up to order of £ and X. The the-
orem is a consequence of (1). PROOF: For every non empty finite sequence
I of elements of N such that len I < k and rng I C Segm holds (f —g) [ X
is continuous on X. [J

Let us consider a non zero element m of N, a non empty subset Z of R™,
a partial function f from R™ to R, and non empty finite sequences I, G of
elements of N. Now we state the propositions:

(1) fIZ=(f1°2)1" 2.
(8) f1971Z is continuous on Z if and only if (f9Z)|! Z is continuous on Z.
Now we state the propositions:

(9) Let us consider a non zero element m of N, a non empty subset Z of R™,
a partial function f from R™ to R, elements ¢, j of N, and a non empty
finite sequence I of elements of N. Suppose

(i) f is continuously differentiable up to order of i + j and Z, and

(ii) rng I C Segm, and

(iii) lenI = j.

Then f|!Z is continuously differentiable up to order of i and Z. The

theorem is a consequence of (1) and (7).

(10) Let us consider a non zero element m of N, a non empty subset Z of

R™, a partial function f from R™ to R, and elements i, j of N. Suppose
(i) f is continuously differentiable up to order of i and Z, and

(ii) j <.

Then f is continuously differentiable up to order of j and Z.

(11) Let us consider a non zero element m of N and a non empty subset Z
of R™. Suppose Z is open. Let us consider an element k of N and partial
functions f, g from R™ to R. Suppose

(i) f is continuously differentiable up to order of k and Z, and
(ii) g is continuously differentiable up to order of k and Z.

Then f - g is continuously differentiable up to order of & and Z. The
theorem is a consequence of (10), (1), (3), (9), and (7). PROOF: Define
Plelement of N| = for every partial functions f, g from R™ to R such that
f is continuously differentiable up to order of $; and Z and ¢ is conti-
nuously differentiable up to order of $; and Z holds f - g is continuously
differentiable up to order of $; and Z. Set Z0 = (0 qua natural number).
P[0]. For every element k of N such that P[k] holds P[k + 1]. O

(12) Let us consider a non zero element m of N, a partial function f from
R™ to R, a non empty subset X of R™, and a real number d. Suppose
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(i) X is open, and
(ii)) f=X+—d.
Let us consider an element x of R™. If x € X, then f is differentiable in
xz and f'(z) = R™+—— 0.
(13) Let us consider a non zero element m of N, a partial function f from
R™ to R, a non empty subset X of R™, and a real number d. Suppose

(i) X is open, and
(ii) f=X+—d.
Let us consider an element g of R™ and a real number r. Suppose
(ili) xzo € X, and
(iv) 0 <.
Then there exists a real number s such that
(v) 0<s, and
(vi) for every element x; of R™ such that 1 € X and |21 — zo| < s for
every element v of R™, |f'(z1)(v) — f'(zo)(v)| < r - |v].
The theorem is a consequence of (12).

(14) Let us consider a non zero element m of N, a partial function f from
R™ to R, a non empty subset X of R™, and a real number d. Suppose

(i) X is open, and

(i) f=Xr—d.
Then

(iii) f is differentiable on X, and

(iv) dom f{x = X, and

(v) for every element x of R™ such that x € X holds (f{y), = R™ — 0.
The theorem is a consequence of (12).

(15) Let us consider a non zero element m of N, a partial function f from

R™ to R, a non empty subset X of R™, a real number d, and an element
i of N. Suppose

(i) X is open, and
(i) f=X+—d, and
(iif) 1<i<m.
Then
(iv) f is partially differentiable on X w.r.t. 7, and
(v) fI'X is continuous on X.

The theorem is a consequence of (14) and (13).
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(16) Let us consider a non zero element m of N, an element i of N, a partial
function f from R™ to R, a non empty subset X of R™, and a real number
d. Suppose
(i) X is open, and
(i) f=X+—d, and
(iii) 1<i<m.
Then f['X = X +— 0. The theorem is a consequence of (15) and (12).

Let us consider a non zero element m of N, a non empty finite sequence I of
elements of N, a non empty subset X of R™, a partial function f from R™ to
R, and a real number d. Now we state the propositions:

uppose X is open and f = X —— d and rng I C Segm. Then
17) S X i df=X d and ICS Th
(i) (PartDiffSeq(f, X,I))(0) = X +— d, and
(ii) for every element ¢ of N such that 1 < i < lenI holds
(PartDiffSeq(f, X, I))(i) = X —— 0.
(18) Suppose X is open and f = X +— d and rng I C Segm. Then
(i) f is partially differentiable on X w.r.t. I, and
(ii) f]1 X is continuous on X.

Now we state the proposition:

(19) Let us consider a non zero element m of N, an element &k of N, a non
empty subset X of R™, a partial function f from R™ to R, and a real
number d. Suppose

(i) X is open, and

(i) f=Xr—d.
Then f is continuously differentiable up to order of k and X. The theorem
is a consequence of (18).

Let m be a non zero element of N. Observe that there exists a non empty
subset of R™ which is open.

2. DEFINITION OF THE C* SPACE

Let m be a non zero element of N, k£ be an element of N, and X be a non
empty open subset of R™. The functor the C* functions of k and X yielding a
non empty subset of RAlgebra X is defined by the term

(Def. 2) {f where f is a partial function from R™ to R : f is continuously diffe-
rentiable up to order of k and X and dom f = X}.
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Let us note that the C* functions of k and X is additively linearly closed
and multiplicatively closed.

The functor the R algebra of C* functions of k and X yielding a subalgebra
of RAlgebra X is defined by the term

(Def. 3) (the C* functions of k& and X, mult(the C* functions of k and X,
RAlgebra X), Add(the C* functions of k and X, RAlgebra X ), Mult(the C*
functions of k£ and X, RAlgebra X), One(the C* functions of k and
X, RAlgebra X), Zero(the C* functions of k and X, RAlgebra X)).

Let us note that the R algebra of C* functions of k and X is Abelian add-
associative right zeroed right complementable vector distributive scalar distri-
butive scalar associative scalar unital commutative associative right unital right
distributive and vector associative.

Now we state the propositions:

(20) Let us consider a non zero element m of N, an element £ of N, a non
empty open subset X of R™, vectors F, G, H of the R algebra of C¥
functions of k and X, and partial functions f, g, h from R" to R. Suppose

(i) f=F, and
(ii) g = G, and
(iii) h = H.

Then H = F+G@ if and only if for every element = of X, h(z) = f(z)+g(x).
(21) Let us consider a non zero element m of N, an element k£ of N, a non

empty open subset X of R™, vectors F, G, H of the R algebra of C¥

functions of k and X, partial functions f, g, h from R™ to R, and a real

number a. Suppose

(i) f=F, and
(ii) g =G.
Then G = a - F if and only if for every element = of X, g(z) = a - f(x).

(22) Let us consider a non zero element m of N, an element k& of N, a non
empty open subset X of R™, vectors F, G, H of the R algebra of C*
functions of k and X, and partial functions f, g, h from R to R. Suppose

(i) f=F, and
(ii) g = G, and
(iii) h = H.

Then H = F'-G if and only if for every element x of X, h(z) = f(z)-g(z).

Let us consider a non zero element m of N, an element k of N, and a non
empty open subset X of R™. Now we state the propositions:

(23) 0, = X +—— 0, where « is the R algebra of C* functions of k and X.
(24) 14 = X ~— 1, where « is the R algebra of C* functions of k and X.
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Summary. We have been working on the formalization of the probability
and the randomness. In [I5] and [16], we formalized some theorems concerning
the real-valued random variables and the product of two probability spaces. In
this article, we present the generalized formalization of [I5] and [I6]. First, we
formalize the random variables of arbitrary set and prove the equivalence between
random variable on ¥, Borel sets and a real-valued random variable on 3. Next,
we formalize the product of countably infinite probability spaces.
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The notation and terminology used in this paper have been introduced in the
following articles: [1], [14], [12], [, [11], [18], 7 [8], B, [2], 3], 9], [3], [22),
[15], [16], [20], [21], (7], [19], [6], and [10].

1. RANDOM VARIABLES

In this paper €2, €21, {22 denote non empty sets, X denotes a o-field of subsets
of 2, S; denotes a o-field of subsets of €21, and S5 denotes a o-field of subsets
of QQ.

Now we state the proposition:

(1) Let us consider a non empty set B and a function f. Then f~1(B) =
U{f %(Y) where Y is an element of B : not contradiction}.

Let us consider a function f from €27 into 29, a sequence B of subsets of {29,

and a sequence D of subsets of €2;. Now we state the propositions:
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(2) If for every element n of N, D(n) = f~1(B(n)), then f~*(UB) = UD.
(3) If for every element n of N, D(n) = f~1(B(n)), then f~!(Intersection B) =
Intersection D.

Now we state the propositions:

(4) Let us consider a function F' from 2 into R and a real number r. Suppose
F is a real-valued random variable on ¥. Then F~!(]—o0,7[) € ¥. PROOF:
Consider X being an element of ¥ such that X = Q and F' is measurable
on X. For every element z, z € F~!(]—oo,r[) iff z € Qx N LE-dom(F, ).
O

(5) Let us consider a function F' from 2 into R. Suppose F' is a real-valued
random variable on ¥. Then {z where x is an element of the Borel sets
: F~Y(z) is element of X} is a o-field of subsets of R. The theorem is a
consequence of (4) and (3). PROOF: Set S = {x where x is an element of
the Borel sets : F~!(z) is an element of ¥}. For every element x such that
z € S holds z € the Borel sets. Set rg = the element of R. Reconsider
yo = halfline(rg) as an element of the Borel sets. For every subset A of R
such that A € S holds A° € S. For every sequence A of subsets of R such
that rng A; C S holds Intersection Ay € S. [

Let us consider a function f from €2 into R. Now we state the propositions:

(6) Suppose f is a real-valued random variable on 3. Then {x where z is
an element of the Borel sets : f~!(z) is an element of ¥} = the Borel sets.

(7) f is random variable on ¥ and the Borel sets if and only if f is a real-
valued random variable on 3.

(8) The set of random variables on ¥ and the Borel sets = the real-valued
random variables set on X.

Let us consider 21, 2, S1, and So. Let F' be a function from €2y into 2s.
We say that F is (S7, Sz)-random variable-like if and only if

(Def. 1) F is random variable on S; and Ss.

Observe that there exists a function from 2y into 9 which is (S, S2)-
random variable-like.

A random variable of S and S is an (57, S2)-random variable-like function
from €27 into 29. Now we state the proposition:

(9) Let us consider a function f from €2 into R. Then f is a random variable
of ¥ and the Borel sets if and only if f is a real-valued random variable
on .

Let F be a function. We say that F' is random variable family-like if and
only if

(Def. 2) Let us consider a set x. Suppose z € dom F'. Then there exist non empty
sets 21, {29 and there exists a o-field S of subsets of {2; and there exists
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a o-field Sy of subsets of (2o and there exists a random variable f of S;
and So such that F(z) = f.
One can verify that there exists a function which is random variable family-
like.
A random variable family is a random variable family-like function. In this
paper F' denotes a random variable of S; and Ss.
Let Y be a non empty set, S be a o-field of subsets of Y, and F' be a function.
We say that F'is S-measure valued if and only if

(Def. 3) Let us consider a set z. If z € dom F', then there exists a o-measure M
on S such that F'(z) = M.
Note that there exists a function which is S-measure valued.
Let F be a function. We say that F' is S-probability valued if and only if
(Def. 4) Let us consider a set z. If € dom F', then there exists a probability P
on S such that F'(z) = P.
Let us note that there exists a function which is S-probability valued.
Let X, Y be non empty sets. One can verify that there exists an S-probability
valued function which is X-defined.
One can verify that there exists an X-defined S-probability valued function
which is total.
Let Y be a non empty set. Let us note that every function which is S-
probability valued is also S-measure valued.
Let F' be a function. We say that F' is S-random variable family if and only
if
(Def. 5) Let us consider a set x. Suppose z € dom F. Then there exists a real-
valued random variable Z on S such that F'(z) = Z.
Observe that there exists a function which is S-random variable family.
Now we state the propositions:

(10) Let us consider an element y of Se. Suppose y # (). Then {z where
z is an element of Q1 : F(2) is an element of y} = F~!(y). PROOF: Set
D = {z where z is an element of ; : F(z) is an element of y}. For every
element x, x € D iff z € F~1(y). O

(11) Let us consider a random variable F' of S; and S3. Then

(i) {x where z is a subset of €; : there exists an element y of Sy such
that x = F~1(y)} C S, and

(ii) {x where x is a subset of §}; : there exists an element y of Sy such
that x = F~1(y)} is a o-field of subsets of €.

The theorem is a consequence of (3). PROOF: Set S = {z where z is
a subset of Q1 : there exists an element y of Sy such that x = F~1(y)}.
For every element = such that x € S holds x € Sy. For every subset A of
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Q4 such that A € S holds A° € S. For every sequence A; of subsets of 24
such that rng A; C S holds Intersection A; € S. [J
Let us consider 21, 5, S1, and Ss. Let M be a measure on S; and F' be
a random variable of S; and S3. The functor the image measure of F' and M
yielding a measure on Ss is defined by
(Def. 6) Let us consider an element y of Sa. Then it(y) = M(F~1(y)).
Let M be a o-measure on S7. Note that the image measure of F' and M is
o-additive.
Now we state the proposition:

(12) Let us consider a probability P on S; and a random variable F' of S;

and Sz. Then (the image measure of F' and P2M P)();) = 1.
Let us consider 1, 9, S1, and So. Let P be a probability on S; and F
be a random variable of S; and S;. The functor probability(F, P) yielding a
probability on Sy is defined by the term
(Def. 7) M2P the image measure of F' and P2M P.
Now we state the propositions:

(13) Let us consider a probability P on S; and a random variable F' of S}
and S2. Then probability(F, P) = the image measure of F' and P2M P.
The theorem is a consequence of (12).

(14) Let us consider a probability P on Sp, a random variable F' of S; and
So, and a set y. If y € S, then (probability(F, P))(y) = P(F~!(y)). The
theorem is a consequence of (13).

(15) Every function from §2; into Q3 is a random variable of the trivial o-field
of 1 and the trivial o-field of €.

(16) Let us consider a non empty set S. Then every non empty finite sequence
of elements of S is a random variable of the trivial o-field of Seglen F' and
the trivial o-field of S. The theorem is a consequence of (15).

(17) Let us consider finite non empty sets V', S, a random variable G of
the trivial o-field of V' and the trivial o-field of S, and a set y. Suppose
y € the trivial o-field of S. Then (probability (G, the trivial probability of

V)y) = % The theorem is a consequence of (14).

(18) Let us consider a finite non empty set S, a non empty finite sequence s
of elements of S, and a set x. Suppose x € S. Then there exists a random
variable GG of the trivial o-field of Seglen s and the trivial o-field of .S such
that

(i) G=s, and
(ii) (probability(G, the trivial probability of Seglen s))({z}) = Probp(z, s).
The theorem is a consequence of (16) and (17).
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2. PRODUCT OF PROBABILITY SPACES

Let D be a non-empty many sorted set indexed by N and n be a natural
number. One can check that D(n) is non empty.

Let S, F' be many sorted sets indexed by N. We say that F' is o-field S-
sequence-like if and only if

(Def. 8) Let us consider a natural number n. Then F(n) is a o-field of subsets of
S(n).

Let S be a many sorted set indexed by N. Let us observe that there exists a
many sorted set indexed by N which is o-field S-sequence-like.

Let D be a many sorted set indexed by N. A o-field sequence of D is a o-field
D-sequence-like many sorted set indexed by N. Let S be a o-field sequence of
D and n be a natural number. Note that the functor S(n) yields a o-field of
subsets of D(n). Let D be a non-empty many sorted set indexed by N. Let M be
a many sorted set indexed by N. We say that M is S-probability sequence-like
if and only if

(Def. 9) Let us consider a natural number n. Then M (n) is a probability on S(n).

Observe that there exists a many sorted set indexed by N which is S-
probability sequence-like.

A probability sequence of S is an S-probability sequence-like many sorted set
indexed by N. Let P be a probability sequence of S and n be a natural number.
One can verify that the functor P(n) yields a probability on S(n). Let D be a
many sorted set indexed by N. The functor the product domain D yielding a
many sorted set indexed by N is defined by

(Def. 10) (i) t(0) = D(0), and
(ii) for every natural number 4, it(i + 1) = t(i) x D(i + 1).
Now we state the proposition:
(19) Let us consider a many sorted set D indexed by N. Then
(i) (the product domain D)(0) = D(0), and
(ii) (the product domain D)(1) = D(0) x D(1), and
(iii) (the product domain D)(2) = D(0) x D(1) x D(2), and
(iv) (the product domain D)(3) = D(0) x D(1) x D(2) x D(3).
Let D be a non-empty many sorted set indexed by N. Let us note that the
product domain D is non-empty.
Let D be a finite-yielding many sorted set indexed by N. One can check that
the product domain D is finite-yielding.

Let us consider 2 and ¥. Let P be a set. Assume P is a probability on X.
The functor modetrans(P, X)) yielding a probability on ¥ is defined by the term

(Def. 11)  P.

i
1
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Let D be a finite-yielding non-empty many sorted set indexed by N. The
functor the trivial o-field sequence D yielding a o-field sequence of D is defined
by

(Def. 12) Let us consider a natural number n. Then it(n) = the trivial o-field of
D(n).

Let P be a probability sequence of the trivial o-field sequence D and n be a
natural number. One can check that the functor P(n) yields a probability on the
trivial o-field of D(n). The functor ProductProbability (P, D) yielding a many
sorted set indexed by N is defined by

(Def. 13) (i) it(0) = P(0), and

(ii) for every natural number 4, it(i + 1) =
Product-Probability ((the product domain D)(i), D(i+ 1), modetrans
(it(7), the trivial o-field of (the product domain D)(7)), P(i + 1)).
Let us consider a finite-yielding non-empty many sorted set D indexed by N,
a probability sequence P of the trivial o-field sequence D, and a natural number
n. Now we state the propositions:

(20) (ProductProbability(P, D))(n) is a probability on the trivial o-field of
(the product domain D)(n).

(21) There exists a probability Py on the trivial o-field of (the product
domain D)(n) such that

(i) Py = (ProductProbability(P, D))(n), and
(ii) (ProductProbability(P, D))(n+1) = Product-Probability((the product
domain D)(n), D(n+ 1), Py, P(n+ 1)).
Now we state the proposition:

(22) Let us consider a finite-yielding non-empty many sorted set D indexed
by N and a probability sequence P of the trivial o-field sequence D. Then

(i) (ProductProbability(P, D))(0) = P(0), and

(ii) (ProductProbability(P, D))(1) =
Product-Probability (D(0), D(1), P(0), P(1)), and

(iii) there exists a probability P; on the trivial o-field of D(0) x D(1) such
that P; = (ProductProbability (P, D))(1) and (ProductProbability (P,
D))(2) = Product-Probability (D(0) x D(1), D(2), P1, P(2)), and

(iv) there exists a probability P» on the trivial o-field of D(0) x D(1) x
D(2) such that P» = (ProductProbability (P, D))(2) and
(ProductProbability (P, D))(3) = Product-Probability (D(0) x D(1) x
D(2),D(3), P, P(3)), and

(v) there exists a probability P3 on the trivial o-field of D(0) x D(1) x
D(2) x D(3) such that P3 = (ProductProbability(P, D))(3) and
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(ProductProbability (P, D))(4) = Product-Probability (D(0) x D(1) x

The theorem is a consequence of (19) and (21).
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1. PRELIMINARIES

In this paper X denotes a set, R, R;, Rs denote binary relations, x, y, 2z
denote sets, and n, m, k denote natural numbers.
Let us consider a binary relation R on X. Now we state the propositions:

(1) fieldR C X.
(2) Ifz,y€ R, thenz,yeX.

Now we state the propositions:
(3) Let us consider sets X, Y. Then (idx)°Y =X NY.
(4) {z,y) € R|? X if and only if z, y € X and {z, y) € R.
(5) dom(X1R) C dom R.
(6)

6) Let us consider a total reflexive binary relation R on X and a subset S

of X. Then R|?S is a total reflexive binary relation on S. The theorem is
a consequence of (4). PROOF: Set Q = R|?>S. domQ = S. O

(7) Let us consider transfinite sequences f, g. Then rng(f~¢g) = rng fUrngg.

Let us consider R. Let us note that R is transitive if and only if the condition
(Def. 1) is satisfied.
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(Def. 1) Ifz,y € Rand y,z € R, then =,z € R.

One can verify that R is antisymmetric if and only if the condition (Def. 2) is
satisfied.

(Def. 2) If z,y € R and y,x € R, then x = y.
Now we state the proposition:

(8) Let us consider a non empty set X, a total connected binary relation R
on X, and elements x, y of X. If x # y, then x,y € R or y,x € R.

2. COMPOSITION OF ORDERS

Let Ry, Ry be binary relations. The functor R;, Ry yielding a binary relation
is defined by the term

(Def. 3) Ry U(R2\ R1™).
Now we state the propositions:
(9) z,y € Ry, Ry if and only if z,y € Ry or y,x ¢ Ry and z,y € Ro.
(10) field(Ry, R2) = field Ry U field Re. The theorem is a consequence of (9).
(11) Ry, R2 € Ry U Ry. The theorem is a consequence of (9).

Let X be a set and Ry, Ry be binary relations on X. Note that the functor
R1, Ry yields a binary relation on X. Let Ry, Ro be reflexive binary relations.
One can verify that Ry, Ry is reflexive.

Let R;, Ro be antisymmetric binary relations. Note that R;, Ry is antisym-
metric.

Let X be a set and R be a binary relation on X. We say that R is S-transitive
if and only if

(Def. 4) Let us consider elements x, y of X. If x,y ¢ R, then for every element z
of X such that z,z € R holds y, z € R.

Observe that every binary relation on X which is connected total and trans-
itive is also (-transitive.
Let us observe that there exists an order in X which is connected.
Let Ry be a (-transitive transitive binary relation on X and Rs be a trans-
itive binary relation on X. Observe that R, Ro is transitive.
Let R; be a binary relation on X and R be a total reflexive binary relation
on X. Let us note that Rj, R is total and reflexive as a binary relation on X.
Let Ry be a total connected reflexive binary relation on X. One can verify
that R;, Ro is connected.
Now we state the propositions:
(12) (R, Ry), R2 = R, (R1, R2). The theorem is a consequence of (9).
(13) Let us consider a connected reflexive total binary relation R on X and a

binary relation Ry on X. Then R, Ry = R. The theorem is a consequence
of (9) and (2).
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3. number of ORDERING

Let X be a set and f be a function from X into N. The functor number of f
yielding a binary relation on X is defined by
(Def. 5) x,y € it if and only if z, y € X and f(x) < f(y).

Let us note that number of f is antisymmetric transitive and (-transitive.

Let X be a finite set and O be an operation of X. The functor value of O
yielding a function from X into N is defined by

(Def. 6) Let us consider an element x of X. Then it(z) = x(O).

Now we state the proposition:

(14) Let us consider a finite set X, an operation O of X, and elements z, y

of X. Then z,y € number of value of O if and only if z(0) < y(O).

Let us consider X. Let O be an operation of X. The functor first O yielding
a binary relation on X is defined by

(Def. 7) Let us consider elements xz, y of X. Then x,y € it if and only if (O) # ()
and y(0) = 0.

Let us observe that first O is antisymmetric transitive and (-transitive.

4. ORDERING BY RESOURCES

Let A be a finite sequence and x be an element. The functor A « x yielding
a set is defined by the term

(Def. 8) N(A~1({z}).

Let us consider x. Note that A « x is natural.
Let us consider a finite sequence A. Now we state the propositions:

(15) If x ¢ rng A, then A — z =0.

(16) If x € rng A, then A «— x € dom A and v = A(A < x).

(17) If A« x =0, then = ¢ rng A.
Let us consider X. Let A be a finite sequence and f be a function. The

functor resource(X, A, f) yielding a binary relation on X is defined by

(Def. 9) z,y €t ifand only if z, y € X and A «— (f(x)) #0 and A — (f(x)) <

A (f(y)) or A (f(y)) =0.

Let us observe that resource(X, A, f) is antisymmetric transitive and (-
transitive.
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5. ORDERING BY NUMBER OF ITERATION

Let us consider X. Let R be a binary relation on X and n be a natural
number. One can check that the functor R" yields a binary relation on X. Now
we state the propositions:

(18) If (R™)°X = 0 and m > n, then (R™)°X = 0.

(19) 1If for every n, (R™)°X # () and X is finite, then there exists 2 such that
x € X and for every n, (R™)°x # (). The theorem is a consequence of (18).
PROOF: Define Plelement, element] = there exists n such that $3 = n and
(R™)°$; = (. For every element z such that x € X there exists an element
y such that y € N and Plz,y]. Consider f being a function such that
dom f = X and rng f C N and for every element x such that x € X holds
Plz, f(x)]. Consider n such that rng f C Z,. {{z} where z is an element
of X : x € X} C 2%. Reconsider Y = {{x} where z is an element of
X :x € X} as a family of subsets of X. X = JY. {(R")°y where y is
a subset of X :y € Y} C{0}. O

(20) If R is reversely well founded and irreflexive and X is finite and R is finite,
then there exists n such that (R")°X = (). The theorem is a consequence
of (19). PROOF: Define Q[element] = for every n, (R™)°$; # 0. Consider z0
being a set such that 20 € X and Q[z0]. Define Plelement, element, element|
= if Q[3$y], then $35 € R°$5 and Q[$3]. For every natural number n and
for every set x, there exists a set y such that P[n,x,y]. Consider f being
a function such that dom f = N and f(0) = 20 and for every natural
number n, P[n, f(n), f(n + 1)]. Define R[natural number] = Q[f($1)].
rng f C field R. Consider z being an element such that z € rng f and for
every element = such that z € rng f and z # « holds (z, z) ¢ R. Consider
y being an element such that y € N and z = f(y). O

Let us consider X. Let O be an operation of X. Assume O is reversely well
founded, irreflexive, and finite. The functor iteration of O yielding a binary
relation on X is defined by

(Def. 10) There exists a function f from X into N such that
(i) it = number of f, and
(ii) for every element x of X such that z € X there exists n such that
f(z) =n and £(O™) # () or n = 0 and x(O™) = () and z(O"*!) = ().

Let us note that every binary relation which is empty is also irreflexive and
reversely well founded.

Let us consider X. Let us note that there exists an operation of X which is
empty.

Let O be a reversely well founded irreflexive finite operation of X. One can
check that iteration of O is antisymmetric transitive and (-transitive.
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6. value of ORDERING

Let X be a finite set. Let us observe that every order in X is well founded.

Note that every connected order in X is well-ordering.

Let us consider X. Let R be a connected order in X and S be a finite subset
of X. The functor order(S, R) yielding a finite 0-sequence of X is defined by

(Def. 11) (i) rngit = S, and
(ii) it is one-to-one, and

(iii) for every natural numbers ¢, j such that ¢, j € dom 4t holds ¢ < j iff
it(i),it(j) € R.
Now we state the proposition:

(21) Let us consider finite subsets S1, S2 of X and a connected order R in
X. Then order(S; U Sy, R) = order(S1, R) " order(S2, R) if and only if for
every x and y such that z € S; and y € Sy holds z # y and z,y € R.
The theorem is a consequence of (7). PROOF: Set 0ol = order(S1, R). Set
02 = order(Sa, R). order(S1, R) ~ order(S2, R) is one-to-one. [J

Let X be a finite set, O be an operation of X, and R be a connected order
in X. The functor value of (O, R) yielding a binary relation on X is defined by

(Def. 12) Let us consider elements z, y of X. Then x,y € it if and only if 2(O) # 0
and y(0) = 0 or y(O) # 0 and (order(xz(0), R))o, (order(y(0O),R))o € R
and (order(z(0), R))o # (order(y(0O), R))o.

Let Ry be a connected order in X. One can check that value of(O, Ry) is
antisymmetric transitive and [-transitive.
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Summary. A complex polynomial is called a Hurwitz polynomial, if all

its roots have a real part smaller than zero. This kind of polynomial plays an
all-dominant role in stability checks of electrical (analog or digital) networks.
In this article we prove that a polynomial p can be shown to be Hurwitz by
checking whether the rational function e(p)/o(p) can be realized as a reactance of
one port, that is as an electrical impedance or admittance consisting of inductors
and capacitors. Here e(p) and o(p) denote the even and the odd part of p [25].

MML identifier: HURWITZ2, version: 8.1.01 5.8.1171

The notation and terminology used in this paper have been introduced in the
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1. PRELIMINARIES

Now we state the propositions:

(1) Let us consider complex numbers z, y. If (z) = 0 and R(y) = 0, then
R(5) =0.
(2) Let us consider a complex number a. Then a - @ = |a|?.
One can check that there exists a polynomial of Cy which is Hurwitz and 0
is even.

Now we state the propositions:
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(3) Let us consider an add-associative right zeroed right complementable as-
sociative distributive non empty double loop structure L, an even element
k of N, and an element z of L. Then power; (—x, k) = powery (z, k).

(4) Let us consider an add-associative right zeroed right complementable
associative distributive non empty double loop structure L, an odd element
k of N, and an element z of L. Then power; (—z, k) = —powery (z, k). The
theorem is a consequence of (3).

(5) Let us consider an even element k of N and an element z of Cp. If
R(x) = 0, then I(powerc, (z,k)) = 0.

(6) Let us consider an odd element k of N and an element z of Cp. If R(z) =
0, then R(powerc, (v, k)) = 0.

2. EVEN AND ODD PART OF POLYNOMIALS

Let L be a non empty zero structure and p be a sequence of L. The functors
the even part of p and the odd part of p yielding sequences of L are defined by
the conditions, respectively.

(Def. 1) Let us consider an even natural number i. Then

(i) (the even part of p)(i) = p(i), and

(ii) for every odd natural number i, (the even part of p)(i) = Op.
(Def. 2) Let us consider an even natural number i. Then

(i) (the odd part of p)(i) = Or, and

(ii) for every odd natural number i, (the odd part of p)(i) = p(7).

Let p be a polynomial of L. Observe that the even part of p is finite-Support
and the odd part of p is finite-Support. Now we state the propositions:

(7) Let us consider a non empty zero structure L. Then
(i) the even part of 0.L =0.L, and
(ii) the odd part of 0.L = 0. L.

(8) Let us consider a non empty multiplicative loop with zero structure L.
Then

(i) the even part of 1.L =1.L, and
(ii) the odd part of 1.L =0. L.

Let us consider a left zeroed right zeroed non empty additive loop structure
L and a polynomial p of L. Now we state the propositions:
(9) (The even part of p) + (the odd part of p) = p.
(10) (The odd part of p) + (the even part of p) = p.
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Let us consider an add-associative right zeroed right complementable non
empty additive loop structure L and a polynomial p of L. Now we state the
propositions:

(11) p — the odd part of p = the even part of p.
(12) p — the even part of p = the odd part of p.

Let us consider an add-associative right zeroed right complementable Abe-
lian non empty additive loop structure L and a polynomial p of L. Now we state
the propositions:

(13) (The even part of p) — p = —the odd part of p.
(14) (The odd part of p) — p = —the even part of p.

Let us consider an add-associative right zeroed right complementable Abe-
lian non empty additive loop structure L and polynomials p, ¢ of L. Now we
state the propositions:

(15) The even part of p + g = (the even part of p) + (the even part of g).
(16) The odd part of p + ¢ = (the odd part of p) + (the odd part of q).

Let us consider a well unital non empty double loop structure L and a
polynomial p of L. Now we state the propositions:

(17) Suppose degp is even. Then the even part of Leading-Monomialp =
Leading-Monomial p.

(18) If degp is odd, then the even part of Leading-Monomialp = 0. L.
(19) 1If degp is even, then the odd part of Leading-Monomialp = 0. L.

(20) Suppose degp is odd. Then the odd part of Leading-Monomialp =
Leading-Monomial p.

Now we state the proposition:

(21) Let us consider a well unital add-associative right zeroed right com-
plementable Abelian associative distributive non degenerated double loop
structure L and a non zero polynomial p of L. Then deg the even part of
p # degthe odd part of p. The theorem is a consequence of (9).

Let us consider a well unital add-associative right zeroed right complemen-
table associative Abelian distributive non degenerated double loop structure L
and a polynomial p of L. Now we state the propositions:

(22) (i) degthe even part of p < degp, and
(ii) degthe odd part of p < degp.
(23) degp = max(degthe even part of p,degthe odd part of p).

3. EVEN AND ODD POLYNOMIALS AND RATIONAL FUNCTIONS

Let L be a non empty additive loop structure and f be a function from L
into L. We say that f is even if and only if
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(Def. 3) Let us consider an element x of L. Then f(—z) = f(x).
We say that f is odd if and only if
(Def. 4) Let us consider an element x of L. Then f(—z) = —f(x).

Let L be a well unital non empty double loop structure and p be a polynomial
of L. We say that p is even if and only if

(Def. 5) Polynomial-Function(L, p) is even.
We say that p is odd if and only if
(Def. 6) Polynomial-Function(L, p) is odd.
Let Z be a rational function of L. We say that Z is odd if and only if

(Def. 7) (i) Z1 is even and Zg is odd, or
(ii) Z1 is odd and Za is even.

We introduce Z is even as an antonym for Z is odd.

Observe that there exists a polynomial of L which is even.

Let L be an add-associative right zeroed right complementable well unital
non empty double loop structure. Let us note that there exists a polynomial of
L which is odd.

Let L be a well unital add-associative right zeroed right complementable
associative non degenerated double loop structure. Observe that there exists a
polynomial of L which is non zero and even.

Let L be an add-associative right zeroed right complementable Abelian well
unital non degenerated double loop structure. One can verify that there exists
a polynomial of L which is non zero and odd.

Now we state the propositions:

(24) Let us consider a well unital non empty double loop structure L, an even
polynomial p of L, and an element x of L. Then eval(p, —z) = eval(p, z).

(25) Let us consider an add-associative right zeroed right complementable
Abelian well unital non degenerated double loop structure L, an odd po-
lynomial p of L, and an element x of L. Then eval(p, —z) = —eval(p, x).

Let L be a well unital non empty double loop structure. One can verify that
0. L is even.

Let L be an add-associative right zeroed right complementable well unital
non empty double loop structure. One can verify that 0. L is odd.

Let L be a well unital add-associative right zeroed right complementable
associative non degenerated double loop structure. Note that 1. L is even.

Let L be an Abelian add-associative right zeroed right complementable well
unital left distributive non empty double loop structure and p, g be even poly-
nomials of L. Let us note that p + ¢ is even.

Let p, ¢ be odd polynomials of L. Let us note that p + ¢ is odd.

Let L be an Abelian add-associative right zeroed right complementable as-
sociative well unital distributive non degenerated double loop structure and p
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be a polynomial of L. One can check that the even part of p is even and the odd
part of p is odd.
Now we state the propositions:

(26) Let us consider an Abelian add-associative right zeroed right comple-
mentable well unital distributive non degenerated double loop structure
L, an even polynomial p of L, an odd polynomial ¢q of L, and an element
x of L. If x is a common root of p and ¢, then —z is a root of p 4+ ¢q. The
theorem is a consequence of (24) and (25).

(27) Let us consider a Hurwitz polynomial p of Cr. Then the even part of p
and the odd part of p have no common roots. The theorem is a consequence
of (9) and (26).

4. REAL POSITIVE POLYNOMIALS AND RATIONAL FUNCTIONS

Let p be a polynomial of Cr. We say that p is real if and only if
(Def. 8) Let us consider a natural number i. Then p(7) is a real number.
We say that p is positive if and only if
(Def. 9) Let us consider an element = of Cp. If R(x) > 0, then R(eval(p,x)) > 0.
Let us note that 0. Cp is real and non positive and 1. Cyp is real and positive
and there exists a polynomial of Cg which is non zero, real, and positive and
every polynomial of Cg which is real is also real-valued.
Let p be a real polynomial of Cg. One can verify that the even part of p is
real and the odd part of p is real.
Let L be a non empty additive loop structure and p be a polynomial of L.
We say that p has all coefficients if and only if
(Def. 10) Let us consider a natural number . If i < degp, then p(i) # 0.

Let p be a real polynomial of Cp. We say that p has positive coefficients if

and only if

(Def. 11) Let us consider a natural number . If ¢ < degp, then p(i) > 0.
We say that p is negative coefficients if and only if

(Def. 12) Let us consider a natural number i. If i < degp, then p(i) < 0.

One can check that every real polynomial of Cp which has positive coeffi-
cients has also all coefficients and every real polynomial of Cg which is negative
coefficients has also all coefficients and there exists a real polynomial of Cp
which is non constant and has positive coefficients.

Let p be a non zero real polynomial of Cr with all coefficients. Let us note
that the even part of p is non zero. Note that the odd part of p is non zero.

Let Z be a rational function of Cg. We say that Z is real if and only if

(Def. 13) Let us consider a natural number . Then
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(i) Z1(i) is a real number, and
(ii) Z2(i) is a real number.
We say that Z is positive if and only if
(Def. 14) Let us consider an element = of Cg. Suppose
(i) R(z) >0, and
(i) eval(Z2,z) # 0.
Then R(eval(Z,x)) > 0.
One can check that there exists a rational function of Cg which is non zero,
odd, real, and positive.

Let p1 be a real polynomial of Cy and p2 be a non zero real polynomial of
Cp. Let us note that (p1, p2) is real as a rational function of Cp.

5. THE ROUTH-SCHUR STABILITY CRITERION

A one port function is a real positive rational function of Cg. A reactance
one port function is an odd real positive rational function of Cg.
Let us consider a real polynomial p of Cg and an element x of Cg. Now we
state the propositions:
(28) If R(x) = 0, then I(eval(the even part of p,z)) = 0.
(29) If R(x) =0, then R(eval(the odd part of p,x)) = 0.
Now we state the proposition:
(30) Let us consider a non constant real polynomial p of Cp with positive
coefficients. Suppose
(i) (the even part of p, the odd part of p) is positive, and
(ii) the even part of p and the odd part of p have no common roots.
Then
(iii) for every element x of Cg such that R(z) = 0 and eval(the odd
part of p,x) # 0 holds R(eval({the even part of p, the odd part of
p,2)) > 0, and

(iv) (the even part of p) + (the odd part of p) is Hurwitz.

The theorem is a consequence of (28), (29), and (1).
Now we state the proposition:

(31) ROUTH-SCHUR STABILITY CRITERION (FOR A SINGLE-INPUT, SINGLE-
OUTPUT (SISO), LINEAR TIME INVARIANT (LTI) CONTROL SYSTEM):
Let us consider a non constant real polynomial p of Cg with positive
coefficients. Suppose

(i) (the even part of p, the odd part of p) is a one port function, and
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(ii) degree({the even part of p, the odd part of p)) = degree(p).
Then p is Hurwitz. The theorem is a consequence of (23), (30), and (9).
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Summary. The notion of a rough set, developed by Pawlak [I0], is an
important tool to describe situation of incomplete or partially unknown infor-
mation. In this article, which is essentially the continuation of [6], we try to
give the characterization of approximation operators in terms of ordinary pro-
perties of underlying relations (some of them, as serial and mediate relations,
were not available in the Mizar Mathematical Library). Here we drop the classi-
cal equivalence- and tolerance-based models of rough sets [I2] trying to formalize
some parts of [19] following also [I§] in some sense (Propositions 1-8, Corr. 1
and 2; the complete description is available in the Mizar script). Our main pro-
blem was that informally, there is a direct correspondence between relations and
underlying properties, in our approach however [7], which uses relational struc-
tures rather than relations, we had to switch between classical (based on pure
set theory) and abstract (using the notion of a structure) parts of the Mizar
Mathematical Library. Our next step will be translation of these properties into
the pure language of Mizar attributes.

MML identifier: ROUGHS_2, version:|8.1.01 5.8.1171

The notation and terminology used in this paper have been introduced in the
following articles: [13], [TT], [5], [T, [2], [14], [3], 9], [16], [6], [15], [I7], [8], and
4.

1. PRELIMINARIES

One can verify that there exists a relational structure which is non empty
and void.
Now we state the propositions:
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(1) Let us consider a total non empty relational structure R and an element
x of R. Then z € field the internal relation of R.

(2) Let us consider a non empty 1-sorted structure R and a subset X of
R. Then {x where z is an element of R : ) C X} = Qp. PROOF: y €
{z where z is an element of R: () C X}. O

(3) Let us consider a l-sorted structure R and a subset X of R. Then
{x where x is an element of R : () meets X} = 0p.

2. MISSING ORDINARY PROPERTIES OF BINARY RELATIONS

Let R be a binary relation and X be a set. We say that R is serial in X if
and only if
(Def. 1) Let us consider an element z. Suppose z € X. Then there exists an
element y such that

(i) y € X, and

(ii) (=, y) € R.
We say that R is serial if and only if
(Def. 2) R is serial in field R.
Let R be a relational structure. We say that R is serial if and only if
(Def. 3) the internal relation of R is serial in the carrier of R.
One can check that every relational structure which is reflexive is also serial.
Let R be a non empty relational structure. One can verify that R is serial if
and only if the condition (Def. 4) is satisfied.
(Def. 4) Let us consider an element x of R. Then there exists an element y of R
such that z < y.
Let us observe that every relational structure which is total is also serial and
every relational structure which is serial is also total.
Let R be a non empty serial relational structure and = be an element of R.
Let us note that [J"]the internal relation of R is non empty.
Now we state the proposition:

(4) Let us consider a non empty reflexive relational structure R and an
element x of R. Then = € [z],, where « is the internal relation of R. The
theorem is a consequence of (1).

Let R be a non empty reflexive relational structure and = be an element of
R. Note that [2],¢ internal relation of R 1S 101 empty.
Let R be a binary relation and X be a set. We say that R is mediate in X
if and only if
(Def. 5) Let us consider elements z, y. Suppose z, y € X. If {(z, y) € R, then
there exists an element z such that z € X and (z, z), (2, y) € R.
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We say that R is mediate if and only if
(Def. 6) R is mediate in field R.

Let R be a relational structure. We say that R is mediate if and only if
(Def. 7) the internal relation of R is mediate in the carrier of R.

Let us note that every relational structure which is reflexive is also mediate.

3. APPROXIMATIONS REVISITED

Now we state the proposition:

(5) Let us consider a non empty relational structure R and elements a, b of

R. Suppose a € UAp({b}). Then (a, b) € the internal relation of R.
Let R be a non empty relational structure and X be a subset of R. The
functor Uap X yielding a subset of R is defined by the term
(Def. 8) (LAp(X©))°.
The functor Lap X yielding a subset of R is defined by the term
(Def. 9) (UAp(X€©))e©.
Now we state the propositions:

(6) Let us consider a non empty relational structure R, a subset X of R,
and an element z. If z € LAp(X), then [z], C X, where « is the internal
relation of R.

(7) Let us consider a non empty relational structure R, a subset X of R,
and a set x. If v € UAp(X), then [z], meets X, where « is the internal
relation of R.

Let us consider a non empty relational structure R and a subset X of R.
Now we state the propositions:
(8) Uap X = UAp(X).
(9) Lap X = LAp(X).
Let us consider a non empty void relational structure R and a subset X of
R. Now we state the propositions:
(10) LAp(X) = Qg.
(11) UAp(X) =0g.

4. GENERAL PROPERTIES OF APPROXIMATIONS

Let R be a non empty relational structure. Observe that LAp(Q2g) reduces

to Q R-
Let R be a non empty serial relational structure. One can check that UAp(QR)

reduces to Qp.
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One can check that LAp(0z) reduces to 0g.

Let R be a non empty relational structure. Note that UAp(0g) reduces to
Or.

Let us consider a non empty relational structure R and subsets X, Y of R.
Now we state the propositions:

(12) LAp(XNY)=LAp(X)NnLAp(Y).

(13) UAp(X UY) = UAp(X) U UAp(Y).
(14) If X C Y, then LAp(X) C LAp(Y).
(15) If X CY, then UAp(X) C UAp(Y).

Now we state the propositions:
(16) Let us consider a non empty relational structure R and a subset X of
R. Then LAp(X°¢) = (UAp(X))°.
(17) Let us consider a non empty serial relational structure R and a subset
X of R. Then LAp(X) C UAp(X).

5. AUXILIARY OPERATIONS ON APPROXIMATION OPERATORS

Let R be a non empty relational structure. The functors LAp(R) and UAp(R)
yielding functions from 2the carrier of R e gthe carrier of R 410 defined by the con-
ditions, respectively.

(Def. 10) Let us consider a subset X of R. Then (LAp(R))(X) = LAp(X).
(Def. 11) Let us consider a subset X of R. Then (UAp(R))(X) = UAp(X).

Let A be a non empty set and U be a function from 24 into 24. We say that
U preserves empty set if and only if
(Def. 12) U(0) = 0.
We say that U preserves universe if and only if
(Def. 13) U(A) = A.
Observe that idya preserves empty set and universe as a function from 24
into 24.
One can verify that there exists a function from 24 into 24 which preserves
empty set and universe.
Let X be a set and f be a function from 2% into 2X. The functor Flip f
yielding a function from 2% into 2% is defined by

(Def. 14) Let us consider a subset x of X. Then it(x) = f(x)°.
Let us consider a set X and a function f from 2% into 2%. Now we state the
propositions:
(18) If f(0) =0, then (Flip f)(X) = X.
(19) If f(X) = X, then (Flip f)(0) = 0.
(20) If f =idyx, then Flip f = f.
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Let us consider a set X, a function f from 2% into 2%, and subsets A4, B of
X. Now we state the propositions:
(21) 1If for every subsets A, B of X, f(AUB) = f(A)Uf(B), then (Flip f)(AN
B) = (Flip f)(A) N (Flip f)(B).
(22) If for every subsets A, B of X, f(ANB) = f(A)Nf(B), then (Flip f)(AU
B) = (Flip f)(A) U (Flip f)(B).
Now we state the proposition:
(23) Let us consider a set X and a function f from 2% into 2X. Then Flip Flip f
= f. PROOF: Set g = Flip Flip f. For every subset x of X, g(z) = f(x). O
Let A be a non empty set and f be a function from 24 into 24. Observe

that Flip f preserves empty set.
Let f be a function from 24 into 24. One can verify that Flip f preserves

universe.
Now we state the proposition:
(24) Let us consider a non empty set A and functions L, U from 24 into 24.

Suppose
(i) U =Flip L, and
(ii) for every subset X of A, L(L(X)) C L(X).
Let us consider a subset X of A. Then U(X) C U(U(X)).

6. TOWARDS TOPOLOGICAL MODELS OF ROUGH SETS

Let T be a topological space. The functors ClMap T and IntMap T yielding
functions from 2the carrier of T i othe carrier of T 516 defined by the conditions,
respectively.
(Def. 15) Let us consider a subset X of 7. Then (ClMapT)(X) = X.
(Def. 16) Let us consider a subset X of T. Then (IntMapT)(X) = Int X.
Let f be a function from 2the carrier of T' i othe carrier of T' Wo gay that f is
closed-valued if and only if
(Def. 17) Let us consider a subset X of T. Then f(X) is closed.
We say that f is open-valued if and only if
(Def. 18) Let us consider a subset X of T'. Then f(X) is open.
Note that ClMap T is closed-valued and IntMap 7" is open-valued.

Let us observe that there exists a function
from 2the carrier of T' jp ¢4 othe carrier of T' which is closed-valued and there exists a

function from 2the carrier of T" jyy¢ gthe carrier of ' which is open-valued.
Let us consider a topological space T. Now we state the propositions:

(25) FlipClMap T = IntMap 7.
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(26) FlipIntMapT = ClMapT.
Let T be a non empty topological space. One can verify that ClMap T pre-
serves empty set and universe and IntMap T preserves empty set and universe.

7. FORMALIZATION OF ZHU’S PAPER [19]

Let us consider a non empty relational structure R. Now we state the pro-
positions:
(27) Flip UAp(R) = LAp(R).
(28) FlipLAp(R) = UAp(R).
Now we state the proposition:
(29) Let us consider a non empty finite set A and a function U from 24 into
24, Suppose
(i) U®) =0, and
(ii) for every subsets X, Y of A, U(XUY)=U(X)UU(Y).
Then there exists a non empty finite relational structure R such that
(iii) the carrier of R = A, and
(iv) U = UAp(R).
The theorem is a consequence of (13). PROOF: Define P[set,set] = $; €
L({$2}). Consider R being a binary relation on A such that for every
elements x, y of A, (z, y) € R iff P[z,y]. Reconsider RR = (A, R) as a
non empty finite relational structure. For every element y of RR and for

every subset Y of RR such that Y = {y} holds UAp(Y) = L(Y'). For every
element z such that x € dom UAp(RR) holds (UAp(RR))(z) = L(z). O

Let us consider a non empty finite set A and a function L from 24 into 24.
Now we state the propositions:

(30) Suppose L(A) = A and for every subsets X, Y of A, L(X NY) =
L(X)NL(Y). Then there exists a non empty finite relational structure R
such that

(i) the carrier of R = A, and
(i) L = LAp(R).

(31) Suppose L(A) = A and L()) = 0 and for every subsets X, Y of A,
L(XNY)=L(X)NL(Y). Then there exists a non empty serial relational
structure R such that

(i) the carrier of R = A, and
(i) L = LAp(R).

Now we state the propositions:
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(32) Let us consider a non empty finite set A and a function U from 24 into
24, Suppose

(i) U(A) = A, and

(i) U®) =0, and
(iii) for every subsets X, Y of A, U(X UY) =U(X)UU(Y).
Then there exists a non empty finite serial relational structure R such that
(iv) the carrier of R = A, and

(v) U=UAp(R).

The theorem is a consequence of (29). PROOF: Consider R being a non
empty finite relational structure such that the carrier of R = A and U =
UAp(R). For every element x such that z € the carrier of R there exists
an element y such that y € the carrier of R and (z, y) € the internal
relation of R. [J

(33) Let us consider a non empty finite set A and a function L from 24 into
24, Suppose

(i) L(A) = A, and

(ii) for every subset X of A, L(X) C L(X°)¢, and
(iii) for every subsets X, Y of A, L(X NY) =L(X)NL(Y).
Then there exists a non empty finite serial relational structure R such that
(iv) the carrier of R = A, and

(v) L =LAp(R).

The theorem is a consequence of (30). PROOF: Consider R being a non
empty finite relational structure such that the carrier of R = A and L =
LAp(R). For every element x such that x € the carrier of R there exists
an element y such that y € the carrier of R and (z, y) € the internal
relation of R. [J

(34) Let us consider a non empty finite set A and a function U from 24 into
24, Suppose

(i) U®) =0, and

(ii) for every subset X of A, U(X€)¢ C U(X), and
(iii) for every subsets X, Y of A, U(X UY) =U(X)UU(Y).
Then there exists a non empty serial relational structure R such that
(iv) the carrier of R = A, and

(v) U=UAp(R).
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The theorem is a consequence of (29), (19), and (27). PROOF: Consider
R being a non empty finite relational structure such that the carrier of
R = A and U = UAp(R). For every element z such that = € the carrier
of R there exists an element y such that y € the carrier of R and (=,
y) € the internal relation of R. OJ

Let us consider a non empty reflexive relational structure R and a subset X
of R. Now we state the propositions:

(35) LAp(X)C X.
(36) X C UAp(X).
Now we state the propositions:
(37) Let us consider a non empty finite set A and a function U from 24 into
24, Suppose
(i) U®) =0, and
(ii) for every subset X of A, X C U(X), and
(iii) for every subsets X, Y of A, U(XUY)=U(X)UU(Y).
Then there exists a non empty finite reflexive relational structure R such
that
(iv) the carrier of R = A, and
(v) U =UAp(R).

The theorem is a consequence of (32). PROOF: Consider R being a non
empty finite serial relational structure such that the carrier of R = A and
U = UAp(R). For every element x such that = € the carrier of R holds
(z, z) € the internal relation of R. O

(38) Let us consider a non empty finite set A and a function L from 24 into
24, Suppose

(i) L(A) = A, and
(ii) for every subset X of A, L(X) C X, and
(iii) for every subsets X, Y of A, L(X NY) = L(X)NL(Y).

Then there exists a non empty finite reflexive relational structure R such
that

(iv) the carrier of R = A, and

(v) L =LAp(R).
The theorem is a consequence of (19), (22), (37), (23), and (27). PROOF:
Set U = Flip L. For every subset X of A, X C U(X). Consider R being

a non empty finite reflexive relational structure such that the carrier of
R=Aand U=UAp(R). O
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Let us consider a non empty mediate relational structure R and a subset X
of R. Now we state the propositions:

(39) UAp(X) C UAp(UAp(X)).
(10) LAp(LAD(X)) € LAp(X).
Now we state the proposition:
(41) Let us consider a non empty finite set A and a function U from 24 into
24, Suppose
(i) U®) =0, and
(ii) for every subset X of A, U(X) CU(U(X)), and
(iii) for every subsets X, Y of A, U(X UY)=U(X)UU(Y).
Then there exists a non empty mediate finite relational structure R such
that
(iv) the carrier of R = A, and
(v) U =UAp(R).
The theorem is a consequence of (29) and (5). PROOF: Consider R being
a non empty finite relational structure such that the carrier of R = A and
U = UAp(R). For every elements z, y such that x, y € the carrier of R
holds if (x, y) € the internal relation of R, then there exists an element z
such that z € the carrier of R and (z, z), (2, y) € the internal relation of
R. O
Let us consider a non empty finite set A and a function L from 24 into 24.
Now we state the propositions:
(42) Suppose L(A) = A and for every subset X of A, L(L(X)) C L(X) and
for every subsets X, Y of A, L(XNY) = L(X)NL(Y). Then there exists
a non empty mediate finite relational structure R such that

(i) the carrier of R = A, and
(ii) L = LAp(R).
(43) Suppose L(A) = A and for every subsets X, Y of A, L(X NY) =
L(X)N L(Y). Then for every subset X of A, L(X) C L(X°)¢ if and only
if L(0) = 0.
Now we state the proposition:

(44) Let us consider a non empty finite set A and a function U from 24 into
24, Suppose

(i) U(0) =0, and
(ii) for every subsets X, Y of A, U(XUY)=U(X)UU(Y).

Then for every subset X of A, U(X¢)¢ C U(X) if and only if U(A) = A.
The theorem is a consequence of (34), (32), (27), and (17).
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1. PRELIMINARIES

Now we state the propositions:
(1) Let us consider sets A, B, A1, By. Suppose

(i) A misses B, and
(i) A} C A, and
(iii) By € B, and
(iv) AiUuB; =AUB.
Then
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(v) A; = A, and
(vi) By = B.
ProOOF: AC A;. BC By. I
(2) Let us consider non empty finite sets H, K. Then [[(H,K) = H- K.
Let us consider bags p2, p1, f of Prime and a natural number ¢q. Now we
state the propositions:
(3) If support p2 misses support p; and f = pa + p; and ¢ € support pa, then

p2(q) = f(q)-
(4) If support p2 misses support p; and f = ps + p1 and ¢ € support p1, then
pi(q) = f(a).

Now we state the propositions:

(5) Let us consider a non zero natural number h and a prime number ¢. If
q and h are not relatively prime, then ¢ | h.

(6) Let us consider non zero natural numbers h, s. Suppose a prime num-
ber ¢. Suppose ¢ € support PrimeFactorization(s). Then ¢ and h are not
relatively prime. Then support PrimeFactorization(s) C
support PrimeFactorization(h). The theorem is a consequence of (5).

(7) Let us consider non zero natural numbers h, k, s, t. Suppose
(i) h and k are relatively prime, and
(ii) s-t=h-k, and

(iii) for every prime number ¢ such that ¢ € support PrimeFactorization(s)
holds ¢ and h are not relatively prime, and

(iv) for every prime number g such that ¢ € support PrimeFactorization(t)
holds ¢ and k are not relatively prime.

Then
(v) s=h, and
(vi) t =k.

The theorem is a consequence of (6), (1), (3), and (4). PROOF: Set ps =
PrimeFactorization(s). Set p; = PrimeFactorization(t). For every natural
number p such that p € support PFExp(h) holds po(p) = pPe0w(h) For
every natural number p such that p € support PFExp(k) holds pi(p) =
pp—count(k). 0O
Let G be a non empty multiplicative magma, I be a finite set, and b be a
(the carrier of G)-valued total I-defined function. The functor []b yielding an
element of G is defined by

(Def. 1) There exists a finite sequence f of elements of G such that
(i) it =]1f, and
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(i) f=b-CFS().
Now we state the propositions:

(8) Let us consider a commutative group G, non empty finite sets A, B, a
(the carrier of G)-valued total A-defined function F3, a (the carrier of G)-
valued total B-defined function F», and a (the carrier of G)-valued total
A U B-defined function Fj. Suppose

(i) A misses B, and
(i) Fy = Fsy+ Fy.
Then [[ F1 =1 F5 - [] Fa.
(9) Let us consider a non empty multiplicative magma G, a set ¢, an element

z of G, and a (the carrier of G)-valued total {¢}-defined function f. If
f=q——z then [[f = 2.

2. DiIREcT PrRODUCT OF FINITE COMMUTATIVE GROUPS

Now we state the propositions:

(10) Let us consider non empty multiplicative magmas X, Y. Then the carrier
of [[{X,Y) = [I(the carrier of X, the carrier of Y'). PROOF: Set CarrX =
the carrier of X. Set CarrY = the carrier of Y. For every element a such
that a € domthe support of (X,Y) holds (the support of (X,Y))(a) =
(the carrier of X, the carrier of Y)(a). O

(11) Let us consider a group G and normal subgroups A, B of G. Suppose
(the carrier of A) N (the carrier of B) = {1¢}. Let us consider elements a,
bof G.Ifac Aand be B, thena-b=1b-a.

(12) Let us consider a group G and normal subgroups A, B of G. Suppose

(i) for every element x of G, there exist elements a, b of G such that
a€ Aand b€ B and x =a-b, and

(ii) (the carrier of A) N (the carrier of B) = {1¢}.

Then there exists a homomorphism A from [[(4, B) to G such that

(iii) h is bijective, and

(iv) for every elements a, b of G such that a € A and b € B holds h({(a,
b)) =a-b.

The theorem is a consequence of (11). PROOF: Define P|[set, set] = there

exists an element x of G and there exists an element y of G such that x € A

and y € B and $; = (z,y) and $2 = x - y. For every element z of [](A,

B), there exists an element w of G such that P[z, w]. Consider h being a

function from [](A, B) into G such that for every element z of [[(A, B),
P[z,h(z)]. For every elements a, b of G such that a € A and b € B holds
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h({a,b)) = a-b. For every elements z, w of [[(4, B), h(z-w) = h(z)-h(w).
O

Let us consider a finite commutative group G, a natural number m, and a
subset A of G. Now we state the propositions:
(13) Suppose A = {z where x is an element of G : 2™ = 1¢}. Then
(i) A#0, and
(ii) for every elements g1, g2 of G such that g1, g2 € A holds g; - g2 € A,
and

iii) for every element ¢ of G such that g € A holds ¢~ ! € A.
(iii) y g g g

(14) Suppose A = {z where x is an element of G : 2™ = 1¢}. Then there
exists a strict finite subgroup H of G such that

(i) the carrier of H = A, and
(ii) H is commutative and normal.
Now we state the propositions:

(15) Let us consider a finite commutative group G, a natural number m,
and a finite subgroup H of G. Suppose the carrier of H = {z where x is
an element of G : 2™ = 1¢}. Let us consider a prime number g. Suppo-

se ¢ € support PrimeFactorization( H ). Then ¢ and m are not relatively
prime.

(16) Let us consider a finite commutative group G and natural numbers h,
k. Suppose

(i) G =h-k, and
(ii) h and k are relatively prime.
Then there exist strict finite subgroups H, K of G such that
(iii) the carrier of H = {x where x is an element of G : 2" = 15}, and
(iv
(v

) the carrier of K = {z where x is an element of G : ¥ = 15}, and

)
(vi) K is normal, and

)

H is normal, and

(vii) for every element x of G, there exist elements a, b of G such that
a€ Hand be K and x =a-b, and

(viii) (the carrier of H) N (the carrier of K) = {1¢}.

The theorem is a consequence of (14). PROOF: Set A = {z where z is
an element of G : 2" = 15}. Set B = {z where z is an element of G :
ak = 1¢}. A C the carrier of G. B C the carrier of G. Consider H being
a strict finite subgroup of GG such that the carrier of H = A and H is
commutative and H is normal. Consider K being a strict finite subgroup
of GG such that the carrier of K = B and K is commutative and K is
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normal. Consider a, b being integers such that a-h+b-k = 1. (The carrier
of H) N (the carrier of K) C {1¢}. For every element x of G, there exist
elements s, t of G such that s € H andt € K and z =s-t. O

(17) Let us consider finite groups H, K. Then [[(H,K) = H - K. The
theorem is a consequence of (10) and (2).

(18) Let us consider a finite commutative group G and non zero natural
numbers h, k. Suppose

(i) G=h-k, and
(ii) h and k are relatively prime.
Then there exist strict finite subgroups H, K of GG such that
(iii) H = h, and
(iv) K =k, and
(v) (the carrier of H) N (the carrier of K) = {1¢}, and
)

(vi) there exists a homomorphism F' from [[(H, K) to G such that F is

bijective and for every elements a, b of G such that a € H and b € K
holds F'({a,b)) =a - b.

The theorem is a consequence of (16), (12), (17), (15), and (7).

3. FINITE DIRECT ProODUCTS OF FINITE COMMUTATIVE GROUPS

Let us consider a group G, a set ¢, an associative group-like multiplicative
magma family F of {q}, and a function f from G into [[ F. Now we state the
propositions:

(19) If F = ¢——G and for every element = of G, f(x) = g—x, then f is a
homomorphism from G to [ F.

(20) If FF = ¢——G and for every element x of G, f(zr) = ¢—=x, then f is
bijective.

Now we state the propositions:

(21) Let us consider a set ¢, an associative group-like multiplicative magma
family F of {¢q}, and a group G. Suppose F' = g——@G. Then there exists a
homomorphism [ from G to [[ F' such that

(i) I is bijective, and
(ii) for every element x of G, I(x) = ¢——u.

The theorem is a consequence of (19) and (20). PROOF: Define P[set, set] =
$2 = g——8,. For every element z of G, there exists an element w of [[ F
such that P[z, w]. Consider I being a function from G into [] F' such that
for every element z of G, Plz, I(x)]. O
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(22) Let us consider non empty finite sets Iy, I, an associative group-like mul-
tiplicative magma family Fy of Iy, an associative group-like multiplicative
magma family F' of I, groups H, K, an element g of I, an element k of
K, and a function g. Suppose

(i) g € the carrier of [] Fp, and
(ii) q ¢ Ip, and
(i) I =1IyU{q}, and
() F = Fot-(g-—K).
Then g+-(¢——k) € the carrier of [[ F. PROOF: Set HK = (H, K). Set

w = g+-(¢g——k). For every element x such that x € dom the support of
F holds w(x) € (the support of F)(x). O
Let us consider non empty finite sets Iy, I, an associative group-like multi-
plicative magma family Fy of I, an associative group-like multiplicative magma
family F of I, groups H, K, an element ¢ of I, a function Gy from H into [] Fp,
and a function G from [[(H, K) into [] F'. Now we state the propositions:

(23) Suppose Gy is a homomorphism from H to [] Fy and G is bijective and
q ¢ Ipand I = IhU{q} and F = Fy+-(¢—K). Then suppose for every
element h of H and for every element k of K, there exists a function g such
that g = Go(h) and G((h, k)) = g+-(¢——k). Then G is a homomorphism
from [](H, K) to [[ F.

(24) Suppose Gy is a homomorphism from H to [] Fy and Gy is bijective and
q ¢ Ipand I = Iy U {q} and F = Fy+(¢——K). Then suppose for every
element h of H and for every element k& of K, there exists a function g
such that g = Go(h) and G((h,k)) = g+-(g——k). Then G is bijective.

Now we state the propositions:

(25) Let us consider a set ¢, a multiplicative magma family F' of {¢}, and a
non empty multiplicative magma G. Suppose F = g——G'. Let us consider
a (the carrier of G)-valued total {q}-defined function y. Then

(i) y € the carrier of [] F, and
(ii) y(q) € the carrier of G, and
(il)) ¥ = ¢——y(q).
(26) Let us consider a set ¢, an associative group-like multiplicative magma

family F' of {¢}, and a group G. Suppose F' = g——G. Then there exists a
homomorphism Hy from [] F' to G such that

(i) Hy is bijective, and

(ii) for every (the carrier of G)-valued total {q}-defined function z, Hy(x) =
]z
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The theorem is a consequence of (21), (25), and (9). PROOF: Consider I
being a homomorphism from G to [[ F such that I is bijective and for
every element z of G, I(x) = g——x. Set Hy = I~!. For every (the carrier
of G)-valued total {¢}-defined function y, Hyo(y) = [[y. O

(27) Let us consider non empty finite sets Iy, I, an associative group-like mul-
tiplicative magma family Fj of Iy, an associative group-like multiplicative
magma family F of I, groups H, K, an element ¢ of I, and a homomor-
phism Gg from H to [] Fp. Suppose

(i) ¢ & Io, and
(ii) I =1IyU{q}, and
(iii) F = Fy+-(¢——K), and
(iv) Gy is bijective.
Then there exists a homomorphism G from [[(H, K) to [] F such that
(v) G is bijective, and
(vi) for every element h of H and for every element k of K, there exists
a function g such that g = Go(h) and G((h,k)) = g+-(g—k).

The theorem is a consequence of (22), (23), and (24). PROOF: Set HK =
(H, K). Define P[set,set] = there exists an element h of H and there
exists an element k of K and there exists a function g such that $; = (h,
k) and g = Go(h) and $2 = g+-(q——k). For every element z of [[(H,
K), there exists an element w of the carrier of [[ F' such that P[z, w].
Consider G being a function from [[(H, K) into [] F' such that for every
element x of [[(H, K), Plz, G(z)]. For every element h of H and for every
element k of K, there exists a function g such that ¢ = Go(h) and G((h,
k)) = g+-(¢——k). O

(28) Let us consider non empty finite sets Iy, I, an associative group-like mul-
tiplicative magma family Fj of Iy, an associative group-like multiplicative
magma family F of I, groups H, K, an element ¢ of I, and a homomor-
phism Gq from [] Fy to H. Suppose

(i) ¢ & Io, and
(ii) I =1IyU{q}, and
(iii) F = Fy+-(¢——K), and
(iv) Gy is bijective.
Then there exists a homomorphism G from [] F' to [[(H, K) such that
(v) G is bijective, and

(vi) for every function xy and for every element k of K and for eve-
ry element h of H such that h = Gp(zg) and zo € []Fp holds
G(zo+-(g=—k)) = (h, k).
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The theorem is a consequence of (27). PROOF: Set L0 = G~ !. Consider
L being a homomorphism from [[(H, K) to [[ F such that L is bijective
and for every element h of H and for every element k of K, there exists a
function g such that g = LO(h) and L((h, k)) = g+ (g——k). Set G = L~L.
For every function xg and for every element k of K and for every element
h of H such that h = Go(xp) and zg € [] Fp holds G(zo+-(g——k)) = (h,
k). O

(29) Let us consider a non empty finite set I, an associative group-like multi-
plicative magma family F' of I, and a total I-defined function x. Suppose
an element p of I. Then z(p) € F(p). Then x € the carrier of [] F.

(30) Let us consider non empty finite sets Iy, I, an associative group-like mul-
tiplicative magma family Fy of Iy, an associative group-like multiplicative
magma family F of I, a group K, an element ¢ of I, and an element x of
[1 F. Suppose

(i) q ¢ Iy, and

(ii) I =1IpU{q}, and

(ili) F = Fo+(q——K).
Then there exists a total Ip-defined function xy and there exists an element
k of K such that zo € [] Fy and x = z¢+-(¢g——k) and for every element
p of Iy, xzo(p) € Fy(p). PROOF: Reconsider y = z as a total I-defined
function. Reconsider k£ = y(¢) as an element of K. Reconsider y0 = y[Ij
as an [p-defined function. For every element i of Iy, y0(i) € (the support
of Fy)(i) and y0(¢) € Fy(s). O

(31) Let us consider a group G, a subgroup H of G, a finite sequence f of
elements of G, and a finite sequence g of elements of H. If f = g, then
[1f =11g- PrROOF: Define P[natural number] = for every finite sequence
f of elements of G for every finite sequence g of elements of H such that
$1 =len f and f = g holds [] f = [1g. P[0]. For every natural number k
such that P[k] holds Pk + 1]. O

(32) Let us consider a non empty finite set I, a group G, a subgroup H of G,
a (the carrier of G)-valued total I-defined function x, and a (the carrier
of H)-valued total I-defined function xq. If © = xq, then [[x = [[zo. The
theorem is a consequence of (31).

(33) Let us consider a commutative group G, non empty finite sets Iy, I, an
element ¢ of I, a (the carrier of GG)-valued total I-defined function z, a
(the carrier of G)-valued total Ip-defined function g, and an element k of
G. Suppose

(i) ¢ ¢ Iy, and
(ii) I =1IoU{q}, and
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(i) = = xo+-(g—k).
Then [« = []2o-k. The theorem is a consequence of (8) and (9). PROOF:

Reconsider y = g——k as a (the carrier of G)-valued total {q}-defined
function. Iy misses {¢}. O

Let us consider a finite commutative group G. Now we state the propositions:

(34) Suppose G > 1. Then there exists a non empty finite set I and there
exists an associative group-like commutative multiplicative magma family
F of I and there exists a homomorphism Hy from [[F to G such that

I = support PrimeFactorization(G) and for every element p of I, F(p) is

a subgroup of G and F(p) = (PrimeFactorization(G))(p) and for every
elements p, q of I such that p # ¢ holds (the carrier of F/(p)) N (the carrier
of F(q)) = {1g} and Hj is bijective and for every (the carrier of G)-valued
total I-defined function x such that for every element p of I, z(p) € F(p)
holds « € [T F and Hy(z) =[] =.

(35) Suppose G > 1. Then there exists a non empty finite set I and there
exists an associative group-like commutative multiplicative magma family

F of I such that I = support PrimeFactorization(G) and for every element

p of I, F(p) is a subgroup of G and F(p) = (PrimeFactorization(G))(p)
and for every elements p, ¢ of I such that p # ¢ holds (the carrier of
F(p)) N (the carrier of F(q)) = {1¢} and for every element y of G, there
exists a (the carrier of G)-valued total I-defined function x such that for
every element p of I, x(p) € F(p) and y = [[z and for every (the carrier
of G)-valued total I-defined functions z1, xa such that for every element
p of I, x1(p) € F(p) and for every element p of I, xz2(p) € F(p) and
Hml = HQZQ holds 1 = X2.
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