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Summary. The binary set {0, 1} together with modulo-2 addition and
multiplication is called a binary field, which is denoted by F2 . The binary field
F2 is defined in [1]. A vector space over F2 is called a binary vector space. The
set of all binary vectors of length n forms an n-dimensional vector space Vn over
F2 . Binary fields and n-dimensional binary vector spaces play an important role
in practical computer science, for example, coding theory [15] and cryptology.
In cryptology, binary fields and n-dimensional binary vector spaces are very important in proving the security of cryptographic systems [13]. In this article we
define the n-dimensional binary vector space Vn . Moreover, we formalize some
facts about the n-dimensional binary vector space Vn .
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The notation and terminology used in this paper have been introduced in the
following articles: [6], [1], [2], [16], [5], [7], [11], [17], [8], [9], [18], [24], [14], [4],
[25], [26], [19], [23], [12], [20], [21], [22], [27], and [10].
In this paper m, n, s denote non zero elements of N.
Now we state the proposition:
(1) Let us consider elements u1 , v1 , w1 of Boolean n . Then Op-XOR((Op-XOR
(u1 , v1 )), w1 ) = Op-XOR(u1 , (Op-XOR(v1 , w1 ))).
Let n be a non zero element of N. The functor XORB (n) yielding a binary
operation on Boolean n is defined by
(Def. 1) Let us consider elements x, y of Boolean n . Then it(x, y) = Op-XOR(x, y).
The functor ZeroB (n) yielding an element of Boolean n is defined by the term
(Def. 2) n 7→ 0.
1
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The functor n-binary additive group yielding a strict additive loop structure
is defined by the term
(Def. 3) hBoolean n , XORB (n), ZeroB (n)i.
Let us consider an element u1 of Boolean n . Now we state the propositions:
(2) Op-XOR(u1 , ZeroB (n)) = u1 .
(3) Op-XOR(u1 , u1 ) = ZeroB (n).
Let n be a non zero element of N. Note that n-binary additive group is addassociative right zeroed right complementable Abelian and non empty and every
element of Z2 is Boolean.
Let u, v be elements of Z2 . We identify u ⊕ v with u + v. We identify u ∧ v
with u · v. Let n be a non zero element of N. The functor MLTB (n) yielding a
function from (the carrier of Z2 ) × Boolean n into Boolean n is defined by
(Def. 4) Let us consider an element a of Boolean, an element x of Boolean n , and
a set i. If i ∈ Seg n, then it(a, x)(i) = a ∧ x(i).
The functor n-binary vector space yielding a vector space over Z2 is defined
by the term
(Def. 5) hBoolean n , XORB (n), ZeroB (n), MLTB (n)i.
Let us note that n-binary vector space is finite.
Let us note that every subspace of n-binary vector space is finite.
Now we state the propositions:
P
(4) Let us consider a natural number n. Then n 7→ 0Z2 = 0Z2 .
(5) Let us consider a finite sequence x of elements of Z2 , an element v of Z2 ,
and a natural number j. Suppose
(i) len x = m, and
(ii) j ∈ Seg m, and
(iii) for every natural number i such that i ∈ Seg m holds if i = j, then
x(i) = v and if i 6= j, then x(i) = 0Z2 .
P

Then
x = v. The theorem is a consequence of (4). Proof: Define
P[natural number] ≡ for every non zero element m of N for every finite sequence x of elements of Z2 for every element v of Z2 for every natural
number j such that $1 = m and len x = m and j ∈ Seg m and for every
natural number i such that i ∈ Seg m holds if i = j, then x(i) = v and if
P
i 6= j, then x(i) = 0Z2 holds
x = v. For every natural number k such
that P[k] holds P[k + 1] by [3, (11)], [5, (59), (5), (1)]. For every natural
number k, P[k] from [3, Sch. 2]. 
(6) Let us consider a (the carrier of n-binary vector space)-valued finite sequence L and a natural number j. Suppose
(i) len L = m, and
(ii) m ¬ n, and
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(iii) j ∈ Seg n.
Then there exists a finite sequence x of elements of Z2 such that
(iv) len x = m, and
(v) for every natural number i such that i ∈ Seg m there exists an element
K of Boolean n such that K = L(i) and x(i) = K(j).
Proof: Define Q[natural number, set] ≡ there exists an element K of
Boolean n such that K = L($1 ) and $2 = K(j). For every natural number
i such that i ∈ Seg m there exists an element y of Boolean such that
Q[i, y]. Consider x being a finite sequence of elements of Boolean such
that dom x = Seg m and for every natural number i such that i ∈ Seg m
holds Q[i, x(i)] from [5, Sch. 5]. 
(7) Let us consider a (the carrier of n-binary vector space)-valued finite sequence L, an element S of Boolean n , and a natural number j. Suppose
(i) len L = m, and
(ii) m ¬ n, and
(iii) S =

P

L, and

(iv) j ∈ Seg n.
Then there exists a finite sequence x of elements of Z2 such that
(v) len x = m, and
(vi) S(j) =

P

x, and

(vii) for every natural number i such that i ∈ Seg m there exists an element
K of Boolean n such that K = L(i) and x(i) = K(j).
The theorem is a consequence of (6). Proof: Consider x being a finite
sequence of elements of Z2 such that len x = m and for every natural
number i such that i ∈ Seg m there exists an element K of Boolean n
such that K = L(i) and x(i) = K(j). Consider f being a function
P
from N into n-binary vector space such that
L = f (len L) and f (0) =
0n-binary vector space and for every natural number j and for every element
v of n-binary vector space such that j < len L and v = L(j + 1) holds
f (j + 1) = f (j) + v. Define Q[natural number, set] ≡ there exists an element K of Boolean n such that K = f ($1 ) and $2 = K(j). For every element i of N, there exists an element y of the carrier of Z2 such that Q[i, y]
by [1, (3)]. Consider g being a function from N into Z2 such that for every
element i of N, Q[i, g(i)] from [9, Sch. 3]. Set Sj = S(j). Sj = g(len x).
g(0) = 0Z2 by [1, (5)]. For every natural number k and for every element
v2 of Z2 such that k < len x and v2 = x(k + 1) holds g(k + 1) = g(k) + v2
by [3, (11), (13)]. 
(8) Suppose m ¬ n. Then there exists a finite sequence A of elements of
Boolean n such that
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(i) len A = m, and
(ii) A is one-to-one, and
(iii) rng A = m, and
(iv) for every natural numbers i, j such that i ∈ Seg m and j ∈ Seg n
holds if i = j, then A(i)(j) = true and if i 6= j, then A(i)(j) = false.
Proof: Define P[natural number, function] ≡ for every natural number
j such that j ∈ Seg n holds if $1 = j, then $2 (j) = true and if $1 6= j,
then $2 (j) = false. For every natural number k such that k ∈ Seg m there
exists an element x of Boolean n such that P[k, x]. Consider A being a
finite sequence of elements of Boolean n such that dom A = Seg m and for
every natural number k such that k ∈ Seg m holds P[k, A(k)] from [5,
Sch. 5]. For every elements x, y such that x, y ∈ dom A and A(x) = A(y)
holds x = y by [5, (5)]. 
(9) Let us consider a finite sequence A of elements of Boolean n , a finite
subset B of n-binary vector space, a linear combination l of B, and an
element S of Boolean n . Suppose
(i) rng A = B, and
(ii) m ¬ n, and
(iii) len A = m, and
(iv) S =

P

l, and

(v) A is one-to-one, and
(vi) for every natural numbers i, j such that i ∈ Seg n and j ∈ Seg m
holds if i = j, then A(i)(j) = true and if i 6= j, then A(i)(j) = false.
Let us consider a natural number j. If j ∈ Seg m, then S(j) = l(A(j)).
The theorem is a consequence of (7) and (5). Proof: Set V = n-binary
vector space. Reconsider F1 = A as a finite sequence of elements of V .
Consider x being a finite sequence of elements of Z2 such that len x = m
P
and S(j) =
x and for every natural number i such that i ∈ Seg m
there exists an element K of Boolean n such that K = (l · F1 )(i) and
x(i) = K(j). For every natural number i such that i ∈ Seg m holds if
i = j, then x(i) = l(A(j)) and if i 6= j, then x(i) = 0Z2 by [5, (5)], [1, (3),
(5)]. 
(10) Let us consider a finite sequence A of elements of Boolean n and a finite
subset B of n-binary vector space. Suppose
(i) rng A = B, and
(ii) m ¬ n, and
(iii) len A = m, and
(iv) A is one-to-one, and
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(v) for every natural numbers i, j such that i ∈ Seg n and j ∈ Seg m
holds if i = j, then A(i)(j) = true and if i 6= j, then A(i)(j) = false.
Then B is linearly independent. The theorem is a consequence of (9).
Proof: Set V = n-binary vector space. For every linear combination l of
P
B such that l = 0V holds the support of l = ∅ by [1, (5)]. 
(11) Let us consider a finite sequence A of elements of Boolean n , a finite subset
B of n-binary vector space, and an element v of Boolean n . Suppose
(i) rng A = B, and
(ii) len A = n, and
(iii) A is one-to-one.
Then there exists a linear combination l of B such that for every natural number j such that j ∈ Seg n holds v(j) = l(A(j)). Proof: Set
V = n-binary vector space. Define Q[element, element] ≡ there exists a
natural number j such that j ∈ Seg n and $1 = A(j) and $2 = v(j).
For every element x such that x ∈ B there exists an element y such that
y ∈ the carrier of Z2 and Q[x, y] by [1, (3)]. Consider l1 being a function
from B into the carrier of Z2 such that for every element x such that
x ∈ B holds Q[x, l1 (x)] from [9, Sch. 1]. For every natural number j such
that j ∈ Seg n holds l1 (A(j)) = v(j) by [8, (3)]. Set f = (the carrier of
V ) 7−→ 0Z2 . Set l = f +·l1 . For every element v of V such that v ∈
/ B holds
l(v) = 0Z2 by [17, (7)]. For every element x such that x ∈ the support
of l holds x ∈ B. For every natural number j such that j ∈ Seg n holds
v(j) = l(A(j)) by [8, (3)]. 
(12) Let us consider a finite sequence A of elements of Boolean n and a finite
subset B of n-binary vector space. Suppose
(i) rng A = B, and
(ii) len A = n, and
(iii) A is one-to-one, and
(iv) for every natural numbers i, j such that i, j ∈ Seg n holds if i = j,
then A(i)(j) = true and if i 6= j, then A(i)(j) = false.
Then Lin(B) = hthe carrier of n-binary vector space, the addition of n-bi−
nary vector space, the zero of n-binary vector space, the left multiplication
of n-binary vector spacei. The theorem is a consequence of (11) and (9).
Proof: Set V = n-binary vector space. For every element x, x ∈ the carrier
of Lin(B) iff x ∈ the carrier of V by [5, (13)], [22, (7)]. 
(13) There exists a finite subset B of n-binary vector space such that
(i) B is a basis of n-binary vector space, and
(ii) B = n, and
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(iii) there exists a finite sequence A of elements of Boolean n such that
len A = n and A is one-to-one and rng A = n and rng A = B and for
every natural numbers i, j such that i, j ∈ Seg n holds if i = j, then
A(i)(j) = true and if i 6= j, then A(i)(j) = false.

The theorem is a consequence of (8), (10), and (12).
(14)
(i) n-binary vector space is finite dimensional, and
(ii) dim(n-binary vector space) = n.
The theorem is a consequence of (13).
Let n be a non zero element of N. One can verify that n-binary vector space
is finite dimensional.
Now we state the proposition:
(15) Let us consider a finite sequence A of elements of Boolean n and a subset
C of n-binary vector space. Suppose
(i) len A = n, and
(ii) A is one-to-one, and
(iii) rng A = n, and
(iv) for every natural numbers i, j such that i, j ∈ Seg n holds if i = j,
then A(i)(j) = true and if i 6= j, then A(i)(j) = false, and
(v) C ⊆ rng A.
Then
(vi) Lin(C) is a subspace of n-binary vector space, and
(vii) C is a basis of Lin(C), and
(viii) dim(Lin(C)) = C .
The theorem is a consequence of (10).
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Summary. We first provide a modified version of the proof in [3] that
the Sorgenfrey line is T1 . Here, we prove that it is in fact T2 , a stronger result.
Next, we prove that all subspaces of R1 (that is the real line with the usual
topology) are Lindelöf. We utilize this result in the proof that the Sorgenfrey
line is Lindelöf, which is based on the proof found in [8]. Next, we construct the
Sorgenfrey plane, as the product topology of the Sorgenfrey line and itself. We
prove that the Sorgenfrey plane is not Lindelöf, and therefore the product space
of two Lindelöf spaces need not be Lindelöf. Further, we note that the Sorgenfrey
line is regular, following from [3]:59. Next, we observe that the Sorgenfrey line is
normal since it is both regular and Lindelöf. Finally, we prove that the Sorgenfrey
plane is not normal, and hence the product of two normal spaces need not be
normal. The proof that the Sorgenfrey plane is not normal and many of the
lemmas leading up to this result are modelled after the proof in [3], that the
Niemytzki plane is not normal. Information was also gathered from [15].
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The notation and terminology used in this paper have been introduced in the
following articles: [16], [1], [13], [12], [11], [14], [19], [18], [9], [2], [10], [3], [7],
[20], and [6].
In this paper T denotes a topological space, x, y, a, b, U , U1 , r1 denote sets,
p, q denote rational numbers, F , G denote families of subsets of T , and U2 , I
denote families of subsets of Sorgenfrey line.
Observe that Sorgenfrey line is T2 .
Now we state the proposition:
(1) Let us consider real numbers x, a, b. Suppose x ∈ ]a, b[. Then there exist
rational numbers p, r such that
c
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(i) x ∈ ]p, r[, and
(ii) ]p, r[ ⊆ ]a, b[.
Proof: Consider p being a rational number such that p > a and x > p.
Consider r being a rational number such that x < r < b. ]p, r[ ⊆ ]a, b[. 

Let us observe that every subspace of R1 is Lindelöf and Sorgenfrey line is
Lindelöf.
The Sorgenfrey plane yielding a non empty strict topological space is defined
by the term
(Def. 1) Sorgenfrey line × Sorgenfrey line.
The functor real-anti-diagonal yielding a subset of R × R is defined by the
term
(Def. 2) {hhx, yii, where x, y are real numbers : y = −x}.
Now we state the propositions:
(2) Q × Q is a dense subset of the Sorgenfrey plane. Proof: Q × Q ⊆ Ωα ,
where α is the Sorgenfrey plane by [17, (12)]. Reconsider C = Q × Q as a
subset of the Sorgenfrey plane. For every subset A of the Sorgenfrey plane
such that A 6= ∅ and A is open holds A meets C by [16, (5)], [6, (90)], [4,
(31)]. 
(3)

real-anti-diagonal = c. Proof: R ≈ real-anti-diagonal by [5, (4)]. 

(4) real-anti-diagonal is a closed subset of the Sorgenfrey plane. Proof: Set
L = real-anti-diagonal. Set S = the Sorgenfrey plane. L ⊆ ΩS . Reconsider L = real-anti-diagonal as a subset of the Sorgenfrey plane. Define
P[element, element] ≡ there exist real numbers x, y such that $1 = h x,
yii and $2 = x + y. For every element z such that z ∈ the carrier of
S there exists an element u such that u ∈ the carrier of R1 and P[z, u]
by [7, (17)]. Consider f being a function from S into R1 such that for
every element z such that z ∈ the carrier of S holds P[z, f (z)] from [5,
Sch. 1]. For every elements x, y of R such that h x, yii ∈ the carrier of
S holds f (hhx, yii) = x + y. For every point p of S and for every positive
real number r, there exists an open subset W of S such that p ∈ W and
f ◦ W ⊆ ]f (p) − r, f (p) + r[ by [2, (11)], [16, (6)]. Reconsider z1 = 0 as an
element of R. Reconsider k = {z1 } as a subset of R1 . L = f −1 (k) by [5,
(38)]. 
(5) Let us consider a subset A of the Sorgenfrey plane.
Suppose A = real-anti-diagonal. Then Der A is empty.
(6) Every subset of real-anti-diagonal is a closed subset of the Sorgenfrey
plane. The theorem is a consequence of (4) and (5).
Note that the Sorgenfrey plane is non Lindelöf and Sorgenfrey line is regular
and Sorgenfrey line is normal and the Sorgenfrey plane is non normal.
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The notation and terminology used in this paper have been introduced in the
following articles: [21], [25], [18], [1], [14], [12], [8], [9], [23], [17], [22], [2], [16],
[19], [3], [4], [5], [6], [10], [15], [13], [26], [27], [24], and [11].

1. Preliminaries on Finite Sequences
In this paper n, k, b denote natural numbers and i denotes an integer.
Let us consider a non empty finite 0-sequence f . Now we state the propositions:
(1) f 1 = hf (0)i.
(2) f = hf (0)i a f1 .
Now we state the proposition:
(3) Let us consider a finite 0-sequence f . Then mid(f, 2, len f ) = f1 .
Let us consider finite natural-membered sets X, Y . Now we state the propositions:
c
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(4) If X misses Y , then dom(Sgm0 X a Sgm0 Y ) = dom Sgm0 (X ∪ Y ).
(5) rng(Sgm0 X a Sgm0 Y ) = rng Sgm0 (X ∪ Y ).
Now we state the proposition:
(6) Let us consider a finite 0-sequence F and a set X.
Then dom the X-subsequence of F = dom Sgm0 (X ∩ dom F ).
One can check that the functor Neven is defined by the term

(Def. 1) {n, where n is a natural number : n is even}.
Note that the functor Nodd is defined by the term
(Def. 2) {n, where n is a natural number : n is odd}.
Now we state the propositions:
(7) Neven misses Nodd . Proof: Neven ∩ Nodd ⊆ ∅. 
(8) Neven ∪ Nodd = N.
Let F be a transfinite sequence and P be a permutation of dom F . One can
verify that F · P is transfinite sequence-like.
Now we state the propositions:
(9) Let us consider a finite 0-sequence F and sets X, Y . Suppose X misses
Y . Then there exists a permutation P of dom the X ∪ Y -subsequence of
F such that (the X ∪ Y -subsequence of F ) · P = (the X-subsequence of
F ) a (the Y -subsequence of F ). The theorem is a consequence of (5), (4),
and (6).
(10) Let us consider a complex-valued finite 0-sequence F and sets B1 , B2 .
P
Suppose B1 misses B2 . Then the B1 ∪ B2 -subsequence of F =
P
P
the B1 -subsequence of F + the B2 -subsequence of F. The theorem is
a consequence of (9).
(11) Let us consider a finite 0-sequence F . Then F = the N-subsequence of
F.
Let us consider natural numbers N , i. Now we state the propositions:
(12) If i ∈ dom Sgm0 (N ∩ Neven ), then (Sgm0 (N ∩ Neven ))(i) = 2 · i.
(13) If i ∈ dom Sgm0 (N ∩ Nodd ), then (Sgm0 (N ∩ Nodd ))(i) = 2 · i + 1.

2. Lemmas on Some Divisibility Properties
Now we state the propositions:
(14) Let us consider integers i, j. Then (i mod j) mod j = i mod j.
(15) Let us consider integers i, j, k, l. Suppose i mod l = j mod l. Then
(k + i) mod l = (k + j) mod l.
(16) Let us consider a finite 0-sequence d of Z and an integer n. Suppose a
P
natural number i. If i ∈ dom d, then n | d(i). Then n | d.
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(17) Let us consider finite 0-sequences d, e of Z and an integer n. Suppose
(i) dom d = dom e, and
(ii) for every natural number i such that i ∈ dom d holds e(i) = d(i) mod
n.
P

P

Then
d mod n =
e mod n. The theorem is a consequence of (14).
Proof: Define P[finite 0-sequence of Z] ≡ for every finite 0-sequence e
of Z such that dom $1 = dom e and for every natural number i such that
P
P
i ∈ dom $1 holds e(i) = $1 (i) mod n holds $1 mod n = e mod n. For
every finite 0-sequence p of Z and for every element l of Z such that P[p]
holds P[p a hli] by [2, (44), (13)], [25, (33)]. P[hiZ ] by [25, (15)]. For every
finite 0-sequence p of Z, P[p] from [18, Sch. 2]. 
(18) Let us consider finite 0-sequences f , g of N and an integer i. Suppose
(i) dom f = dom g, and
(ii) for every element n such that n ∈ dom f holds f (n) = i · g(n).
Then f = i · g.
(19) If b > 1, then n = b · value(mid(digits(n, b), 2, len digits(n, b)), b)+
(digits(n, b))(0). The theorem is a consequence of (2), (18), and (3).
Let us consider natural numbers n, k. Now we state the propositions:
(20) If k = 102·n − 1, then 11 | k.
(21) If k = 102·n+1 + 1, then 11 | k.
Now we state the propositions:
(22) 7 and 10 are relatively prime.
(23) 29 is prime.
(24) 31 is prime.
(25) 41 is prime.
(26) 47 is prime.
(27) 53 is prime.
(28) 59 is prime.
(29) 61 is prime.
(30) 67 is prime.
(31) 71 is prime.
(32) 73 is prime.
(33) 79 is prime.
(34) 89 is prime.
(35) 97 is prime.
(36) 101 is prime.
P

P
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3. Divisibility Criteria for Primes up to 101

Let us consider a prime natural number p and natural numbers n, f , b. Now
we state the propositions:
(37) Suppose there exists a natural number k such that b · f + 1 = p · k
and b > 1 and p and b are relatively prime. Then p | n if and only if
p | value(mid(digits(n, b), 2, len digits(n, b)), b) − f · (digits(n, b))(0).
(38) Suppose there exists a natural number k such that b · f − 1 = p · k
and b > 1 and p and b are relatively prime. Then p | n if and only if
p | value(mid(digits(n, b), 2, len digits(n, b)), b) + f · (digits(n, b))(0).
Now we state the propositions:
(39) Divisibility rule–Divisibility by 7:
7 | n if and only if 7 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) − 2 ·
(digits(n, 10))(0). The theorem is a consequence of (37) and (22).
(40) 7 | n if and only if 7 | value((digits(n, 10))1 , 10) − 2 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (39).
(41) 11 | n if and only if 11 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
(digits(n, 10))(0). The theorem is a consequence of (37).
(42) 11 | n if and only if 11 | value((digits(n, 10))1 , 10) − (digits(n, 10))(0).
The theorem is a consequence of (3) and (41).
Now we state the proposition:
(43) Divisibility rule–Divisibility by 11:
P
11 | n if and only if 11 |
the Neven -subsequence of digits(n, 10) −
P
the Nodd -subsequence of digits(n, 10). The theorem is a consequence
of (10), (7), (8), (11), (6), (12), (13), (20), (16), (21), and (14). Proof:
Set d = digits(n, 10). Consider p being a finite 0-sequence of N such that
dom p = dom d and for every natural number i such that i ∈ dom p holds
P
p(i) = d(i) · 10i and value(d, 10) = p. Set p3 = the Neven -subsequence
of p. Set p2 = the Nodd -subsequence of p. Set d2 = the Neven -subsequence
of d. Set d3 = the Nodd -subsequence of d. For every natural number i
such that i ∈ dom d2 holds d2 (i) = d(2 · i) by [8, (11), (12)]. For every natural number i such that i ∈ dom p3 holds p3 (i) = d2 (i) · 102·i by
[8, (11), (12)]. For every natural number i such that i ∈ dom d3 holds
d3 (i) = d(2 · i + 1) by [8, (11), (12)]. For every natural number i such that
i ∈ dom p2 holds p2 (i) = d3 (i)·102·i+1 by [8, (11), (12)]. Define E[set, set] ≡
$2 = p3 ($1 ) − d2 ($1 ). For every natural number k such that k ∈ Zdom p3
there exists an element x of Z such that E[k, x]. Consider p1 being a finite
0-sequence of Z such that dom p1 = Zdom p3 and for every natural number
k such that k ∈ Zdom p3 holds E[k, p1 (k)] from [20, Sch. 5]. For every natural number i such that i ∈ dom p3 holds p3 (i) = +Z (p1 (i), d2 (i)). Define
O[set, set] ≡ $2 = p2 ($1 ) + d3 ($1 ). Consider p4 being a finite 0-sequence of
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N such that dom p4 = Zdom p2 and for every natural number k such that
k ∈ Zdom p2 holds O[k, p4 (k)] from [20, Sch. 5]. Set m = (−1)·d3 . For every
natural number i such that i ∈ dom p2 holds p2 (i) = +Z (p4 (i), m(i)). If
P
P
P
P
11 | n, then 11 | d2 − d3 by [19, (5)], [23, (62)]. If 11 | d2 − d3 ,
then 11 | n by [23, (62)], [19, (5)]. 
Now we state the propositions:
(44) Divisibility rule–Divisibility by 13:
13 | n if and only if 13 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10) +
4 · (digits(n, 10))(0). The theorem is a consequence of (38).
(45) 13 | n if and only if 13 | value((digits(n, 10))1 , 10) + 4 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (44).
(46) 17 | n if and only if 17 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
5 · (digits(n, 10))(0). The theorem is a consequence of (37).
(47) 17 | n if and only if 17 | value((digits(n, 10))1 , 10) − 5 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (46).
(48) 19 | n if and only if 19 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
2 · (digits(n, 10))(0). The theorem is a consequence of (38).
(49) 19 | n if and only if 19 | value((digits(n, 10))1 , 10) + 2 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (48).
(50) 23 | n if and only if 23 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
7 · (digits(n, 10))(0). The theorem is a consequence of (38).
(51) 23 | n if and only if 23 | value((digits(n, 10))1 , 10) + 7 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (50).
(52) 29 | n if and only if 29 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
3 · (digits(n, 10))(0). The theorem is a consequence of (23) and (38).
(53) 29 | n if and only if 29 | value((digits(n, 10))1 , 10) + 3 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (52).
(54) 31 | n if and only if 31 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
3 · (digits(n, 10))(0). The theorem is a consequence of (24) and (37).
(55) 31 | n if and only if 31 | value((digits(n, 10))1 , 10) − 3 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (54).
(56) 37 | n if and only if 37 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
11 · (digits(n, 10))(0). The theorem is a consequence of (37).
(57) 37 | n if and only if 37 | value((digits(n, 10))1 , 10)−11·(digits(n, 10))(0).
The theorem is a consequence of (3) and (56).
(58) 41 | n if and only if 41 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
4 · (digits(n, 10))(0). The theorem is a consequence of (25) and (37).
(59) 41 | n if and only if 41 | value((digits(n, 10))1 , 10) − 4 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (58).
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(60) 43 | n if and only if 43 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
13 · (digits(n, 10))(0). The theorem is a consequence of (38).
(61) 43 | n if and only if 43 | value((digits(n, 10))1 , 10)+13·(digits(n, 10))(0).
The theorem is a consequence of (3) and (60).
(62) 47 | n if and only if 47 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
14 · (digits(n, 10))(0). The theorem is a consequence of (26) and (37).
(63) 47 | n if and only if 47 | value((digits(n, 10))1 , 10)−14·(digits(n, 10))(0).
The theorem is a consequence of (3) and (62).
(64) 53 | n if and only if 53 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
16 · (digits(n, 10))(0). The theorem is a consequence of (27) and (38).
(65) 53 | n if and only if 53 | value((digits(n, 10))1 , 10)+16·(digits(n, 10))(0).
The theorem is a consequence of (3) and (64).
(66) 59 | n if and only if 59 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
6 · (digits(n, 10))(0). The theorem is a consequence of (28) and (38).
(67) 59 | n if and only if 59 | value((digits(n, 10))1 , 10) + 6 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (66).
(68) 61 | n if and only if 61 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
6 · (digits(n, 10))(0). The theorem is a consequence of (29) and (37).
(69) 61 | n if and only if 61 | value((digits(n, 10))1 , 10) − 6 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (68).
(70) 67 | n if and only if 67 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
20 · (digits(n, 10))(0). The theorem is a consequence of (30) and (37).
(71) 67 | n if and only if 67 | value((digits(n, 10))1 , 10)−20·(digits(n, 10))(0).
The theorem is a consequence of (3) and (70).
(72) 71 | n if and only if 71 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
7 · (digits(n, 10))(0). The theorem is a consequence of (31) and (37).
(73) 71 | n if and only if 71 | value((digits(n, 10))1 , 10) − 7 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (72).
(74) 73 | n if and only if 73 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
22 · (digits(n, 10))(0). The theorem is a consequence of (32) and (38).
(75) 73 | n if and only if 73 | value((digits(n, 10))1 , 10)+22·(digits(n, 10))(0).
The theorem is a consequence of (3) and (74).
(76) 79 | n if and only if 79 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
8 · (digits(n, 10))(0). The theorem is a consequence of (33) and (38).
(77) 79 | n if and only if 79 | value((digits(n, 10))1 , 10) + 8 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (76).
(78) 83 | n if and only if 83 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
25 · (digits(n, 10))(0). The theorem is a consequence of (38).
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(79) 83 | n if and only if 83 | value((digits(n, 10))1 , 10)+25·(digits(n, 10))(0).
The theorem is a consequence of (3) and (78).
(80) 89 | n if and only if 89 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)+
9 · (digits(n, 10))(0). The theorem is a consequence of (34) and (38).
(81) 89 | n if and only if 89 | value((digits(n, 10))1 , 10) + 9 · (digits(n, 10))(0).
The theorem is a consequence of (3) and (80).
(82) 97 | n if and only if 97 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
29 · (digits(n, 10))(0). The theorem is a consequence of (35) and (37).
(83) 97 | n if and only if 97 | value((digits(n, 10))1 , 10)−29·(digits(n, 10))(0).
The theorem is a consequence of (3) and (82).
(84) 101 | n if and only if 101 | value(mid(digits(n, 10), 2, len digits(n, 10)), 10)−
10 · (digits(n, 10))(0). The theorem is a consequence of (36) and (37).
(85) 101 | n if and only if 101 | value((digits(n, 10))1 , 10)−10·(digits(n, 10))(0).
The theorem is a consequence of (3) and (84).
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Let us consider non empty sets D, E, F . Now we state the propositions:
(1) There exists a function I from (F E )D into F D×E such that
(i) I is bijective, and
(ii) for every function f from D into F E and for every elements d, e such
that d ∈ D and e ∈ E holds I(f )(d, e) = f (d)(e).
(2) There exists a function I from (F E )D into F E×D such that
(i) I is bijective, and
(ii) for every function f from D into F E and for every elements e, d such
that e ∈ E and d ∈ D holds I(f )(e, d) = f (d)(e).
Now we state the propositions:
(3) Let us consider non-empty non empty finite sequences Q
D, E
Q and a
E
D
non
empty
set
F
.
Then
there
exists
a
function
L
from
(F
)
into
Q a
(E D)
F
such that
(i) L is bijective, and
1
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Q

(ii) for every function f from D into F E and for every finite sequenQ
Q
ces e, d such that e ∈ E and d ∈ D holds L(f )(e a d) = f (d)(e).
Q

The theorem
is a consequence
of (2). Proof: Consider I being a function
Q Q
Q Q
E
D
E× D
from (F
)
into F
such that I is bijective and for every
Q
Q
function f from D into F E and for every elements e, d such that
Q
Q
e ∈
E and d ∈
D holds I(f )(e, d) = f (d)(e). Consider J being a
Q
Q
Q
function from E × D into (E a D) such that J is one-to-one and
Q
Q
onto and for every finite sequences x, y such that x ∈ E and y ∈ D
Q
holds J(x, y) = xa y. Reconsider K = J −1 as a function from (E a D) into
Q
Q
E × QD. Q
Define G(element) =Q
I($1 ) · K. For every element x such that
(E a D)
x ∈ (F E ) D holds G(x) ∈
F
by [7,
(8), (128)]. Consider
Q Q
Q (5),
E
D
(E a D)
L being a function from (FQ )Q
into F
such that for every
element e such that e ∈ (F E ) D holds
L(e)
=
G(e)
from [7, Sch. 2].
Q
Q
E
For every function f from D into F
and for every finite sequences
Q
Q
e, d such that e ∈ E and d ∈ D holds L(f )(e a d) = f (d)(e) by [9,
(87)], [7, (26), (8), (5)]. 
(4) Let us consider non empty sets X, Y . Then there exists a function I
Q
from X × Y into X × hY i such that
(i) I is bijective, and
(ii) for every elements x, y such that x ∈ X and y ∈ Y holds I(x, y) = h x,
hyiii.
Proof: Consider J being a function from Y into hY i such that J is oneto-one and onto and for every element y such that y ∈ Y holds J(y) = hyi.
Define P[element, element, element] ≡ $3 = h $1 , h$2 iii. For every elements
x, y such that x ∈ X and y ∈ Y there exists an element z such that
Q
z ∈ X × hY i and P[x, y, z] by [7, (5)], [9, (87)]. Consider I being a
Q
function from X × Y into X × hY i such that for every elements x, y such
that x ∈ X and y ∈ Y holds P[x, y, I(x, y)] from [5, Sch. 1]. 
(5) Let us consider a non-empty non empty finite sequence X and a non
Q
Q
empty set Y . Then there exists a function K from X ×Y into (X a hY i)
such that
Q

(i) K is bijective, and
(ii) for every finite sequence x and for every element y such that x ∈
and y ∈ Y holds K(x, y) = x a hyi.

Q

X

The theorem is a consequence of (4). Proof: Consider I being a function
Q
Q
Q
from X × Y into X × hY i such that I is bijective and for every
Q
element x and for every element y such that x ∈ X and y ∈ Y holds
Q
Q
I(x, y) = h x, hyiii. Consider J being a function from X × hY i into
Q
(X a hY i) such that J is one-to-one and onto and for every finite sequQ
Q
ences x, y such that x ∈ X and y ∈ hY i holds J(x, y) = x a y. Set
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K = J · I. For every finite sequence x and for every element y such that
Q
x ∈ X and y ∈ Y holds K(x, y) = x a hyi by [9, (87)], [7, (5), (15)]. 
(6) Let us consider a non empty set D, a non-empty non empty finite sequence
empty set F . Then there exists a function L from
Q E, and aQnon
a
(F E )D into F (E hDi) such that
(i) L is bijective, and
Q

(ii) for every function f from D into F E and for every finite sequence
Q
e and for every element d such that e ∈
E and d ∈ D holds
L(f )(e a hdi) = f (d)(e).
The theorem is a consequence
of Q
(2) and (5). Proof: Consider I being
Q
E D
a function from (F
) into Q
F E×D such that I is bijective and for
every function f from D into F E and for every elements e, d such that
Q
e ∈ E and d ∈ D holds I(f )(e, d) = f (d)(e). Consider J being a function
Q
Q
from E × D into (E a hDi) such that J is bijective and for every finite
Q
sequence x and for every element y such that x ∈ E and y ∈ D holds
Q
J(x, y) = x a hyi. Reconsider K = J −1 as a function from (E a hDi) into
Q
E ×Q
D. Define G(element) =
1 ) · K. For every element x such that
Q I($
a
x ∈ (F E )D holds G(x)Q∈ F (E hDi)
Q bya [7, (5), (8), (128)]. Consider L
E D
being a function from
) into F (E hDi) such that for every element
Q(F
E D
e such that e ∈ (F
) Qholds L(e) = G(e) from [7, Sch. 2]. For every
function f from D into F E and for every finite sequence e and for every
Q
element d such that e ∈ E and d ∈ D holds L(f )(e a hdi) = f (d)(e) by
[7, (5), (26), (8)]. 
In this paper S, T denote real normed spaces, f , f1 , f2 denote partial functions from S to T , Z denotes a subset of S, and i, n denote natural numbers.
Let S be a set. Assume S is a real normed space. The functor NormSpR (S)
yielding a real normed space is defined by the term
(Def. 1) S.
Let S, T be real normed spaces. The functor diff SP (S, T ) yielding a function
is defined by
(Def. 2)

(i) dom it = N, and
(ii) it(0) = T , and
(iii) for every natural number i, it(i+1) = the real norm space of bounded
linear operators from S into NormSpR (it(i)).

Now we state the proposition:
(7)

(i) (diff SP (S, T ))(0) = T , and
(ii) (diff SP (S, T ))(1) = the real norm space of bounded linear operators
from S into T , and
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(iii) (diff SP (S, T ))(2) = the real norm space of bounded linear operators
from S into the real norm space of bounded linear operators from S
into T .
Let us consider a natural number i. Now we state the propositions:
(8) (diff SP (S, T ))(i) is a real normed space.
(9) There exists a real normed space H such that
(i) H = (diff SP (S, T ))(i), and
(ii) (diff SP (S, T ))(i+1) = the real norm space of bounded linear operators
from S into H.

Let S, T be real normed spaces and i be a natural number. The functor
diff SP (S i , T ) yielding a real normed space is defined by the term
(Def. 3) (diff SP (S, T ))(i).
Now we state the proposition:
(10) Let us consider a natural number i. Then diff SP (S (i+1) , T ) = the real
norm space of bounded linear operators from S into diff SP (S i , T ). The
theorem is a consequence of (9).
Let S, T be real normed spaces and f be a set. Assume f is a partial function
from S to T . The functor PartFuncs(f, S, T ) yielding a partial function from S
to T is defined by the term
(Def. 4) f .
Let f be a partial function from S to T and Z be a subset of S. The functor
0
f (Z) yielding a function is defined by
(Def. 5)
(i) dom it = N, and
(ii) it(0) = f Z, and
(iii) for every natural number i, it(i + 1) =
(PartFuncs(it(i), S, diff SP (S i , T )))0Z .
Now we state the propositions:
(11)
(i) f 0 (Z)(0) = f Z, and
(ii) f 0 (Z)(1) = (f Z)0Z , and
(iii) f 0 (Z)(2) = ((f Z)0Z )0Z .
The theorem is a consequence of (7).
(12) Let us consider a natural number i. Then f 0 (Z)(i) is a partial function
from S to diff SP (S i , T ). The theorem is a consequence of (7). Proof:
Define P[natural number] ≡ f 0 (Z)($1 ) is a partial function from S to
diff SP (S $1 , T ). For every natural number n, P[n] from [2, Sch. 2]. 
Let S, T be real normed spaces, f be a partial function from S to T , Z be a
subset of S, and i be a natural number. The functor diff Z (f, i) yielding a partial
function from S to diff SP (S i , T ) is defined by the term
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(Def. 6) f 0 (Z)(i).
Now we state the proposition:
(13) diff Z (f, i + 1) = diff Z (f, i)0Z . The theorem is a consequence of (12) and
(8).
Let S, T be real normed spaces, f be a partial function from S to T , Z be a
subset of S, and n be a natural number. We say that f is differentiable n times
on Z if and only if
(Def. 7)
(i) Z ⊆ dom f , and
(ii) for every natural number i such that i ¬ n − 1 holds
PartFuncs(f 0 (Z)(i), S, diff SP (S i , T )) is differentiable on Z.
Now we state the propositions:
(14) f is differentiable n times on Z if and only if Z ⊆ dom f and for every
natural number i such that i ¬ n − 1 holds diff Z (f, i) is differentiable on
Z.
(15) f is differentiable 1 times on Z if and only if Z ⊆ dom f and f Z is
differentiable on Z. The theorem is a consequence of (14) and (7). Proof: For every natural number i such that i ¬ 1 − 1 holds diff Z (f, i) is
differentiable on Z. 
(16) f is differentiable 2 times on Z if and only if Z ⊆ dom f and f Z is
differentiable on Z and (f Z)0Z is differentiable on Z. The theorem is a
consequence of (14), (7), and (11). Proof: For every natural number i
such that i ¬ 2 − 1 holds diff Z (f, i) is differentiable on Z by [2, (14)]. 
(17) Let us consider real normed spaces S, T , a partial function f from S to
T , a subset Z of S, and a natural number n. Suppose f is differentiable
n times on Z. Let us consider a natural number m. If m ¬ n, then f is
differentiable m times on Z.
(18) Let us consider a natural number n and a partial function f from S to
T . If 1 ¬ n and f is differentiable n times on Z, then Z is open. The
theorem is a consequence of (17) and (15).
(19) Let us consider a natural number n and a partial function f from S to
T . Suppose
(i) 1 ¬ n, and
(ii) f is differentiable n times on Z.
Let us consider a natural number i. Suppose i ¬ n. Then
(iii) (diff SP (S, T ))(i) is a real normed space, and
(iv) f 0 (Z)(i) is a partial function from S to diff SP (S i , T ), and
(v) dom diff Z (f, i) = Z.
The theorem is a consequence of (13) and (14).
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(20) Let us consider a natural number n and partial functions f , g from S to
T . Suppose
(i) 1 ¬ n, and
(ii) f is differentiable n times on Z, and
(iii) g is differentiable n times on Z.
Let us consider a natural number i. Suppose i ¬ n. Then diff Z (f + g, i) =
diff Z (f, i) + diff Z (g, i). The theorem is a consequence of (18), (14), (19),
(13), and (10). Proof: Define P[natural number] ≡ if $1 ¬ n, then
diff Z (f + g, $1 ) = diff Z (f, $1 ) + diff Z (g, $1 ). P[0] by [21, (27)]. For every natural number i such that P[i] holds P[i + 1] by [2, (11)], [11, (39)],
[8, (5)]. For every natural number n, P[n] from [2, Sch. 2]. 
(21) Let us consider a natural number n and partial functions f , g from S to
T . Suppose
(i) 1 ¬ n, and
(ii) f is differentiable n times on Z, and
(iii) g is differentiable n times on Z.
Then f + g is differentiable n times on Z. The theorem is a consequence of
(18), (14), (19), and (20). Proof: For every natural number i such that
i ¬ n − 1 holds diff Z (f + g, i) is differentiable on Z by [11, (39)]. 
(22) Let us consider a natural number n and partial functions f , g from S to
T . Suppose
(i) 1 ¬ n, and
(ii) f is differentiable n times on Z, and
(iii) g is differentiable n times on Z.
Let us consider a natural number i. Suppose i ¬ n. Then diff Z (f − g, i) =
diff Z (f, i) − diff Z (g, i). The theorem is a consequence of (18), (14), (19),
(13), and (10). Proof: Define P[natural number] ≡ if $1 ¬ n, then
diff Z (f − g, $1 ) = diff Z (f, $1 ) − diff Z (g, $1 ). P[0] by [21, (30)]. For every natural number i such that P[i] holds P[i + 1] by [2, (11)], [11, (40)],
[8, (5)]. For every natural number n, P[n] from [2, Sch. 2]. 
(23) Let us consider a natural number n and partial functions f , g from S to
T . Suppose
(i) 1 ¬ n, and
(ii) f is differentiable n times on Z, and
(iii) g is differentiable n times on Z.
Then f − g is differentiable n times on Z. The theorem is a consequence of
(18), (14), (19), and (22). Proof: For every natural number i such that
i ¬ n − 1 holds diff Z (f − g, i) is differentiable on Z by [11, (40)]. 
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(24) Let us consider a natural number n, a real number r, and a partial
function f from S to T . Suppose
(i) 1 ¬ n, and
(ii) f is differentiable n times on Z.
Let us consider a natural number i. If i ¬ n, then diff Z (r · f, i) = r ·
diff Z (f, i). The theorem is a consequence of (18), (14), (19), (10), and
(13). Proof: Define P[natural number] ≡ if $1 ¬ n, then diff Z (r · f, $1 ) =
r · diff Z (f, $1 ). P[0] by [21, (31)]. For every natural number i such that
P[i] holds P[i + 1] by [2, (11)], [11, (41)]. For every natural number n,
P[n] from [2, Sch. 2]. 
(25) Let us consider a natural number n, a real number r, and a partial
function f from S to T . Suppose
(i) 1 ¬ n, and
(ii) f is differentiable n times on Z.
Then r · f is differentiable n times on Z. The theorem is a consequence of
(18), (14), (24), and (19). Proof: For every natural number i such that
i ¬ n − 1 holds diff Z (r · f, i) is differentiable on Z by [11, (41)]. 
(26) Let us consider a natural number n and a partial function f from S to
T . Suppose
(i) 1 ¬ n, and
(ii) f is differentiable n times on Z.
Let us consider a natural number i. Suppose i ¬ n. Then diff Z (−f , i) =
−diff Z (f, i). The theorem is a consequence of (24).
(27) Let us consider a natural number n and a partial function f from S to
T . Suppose
(i) 1 ¬ n, and
(ii) f is differentiable n times on Z.
Then −f is differentiable n times on Z. The theorem is a consequence of
(25).
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Summary. In the article the formal characterization of triangular numbers
(famous from [15] and words “EYPHKA! num = ∆ + ∆ + ∆”) [17] is given. Our
primary aim was to formalize one of the items (#42) from Wiedijk’s Top 100
Mathematical Theorems list [33], namely that the sequence of sums of reciprocals
of triangular numbers converges to 2. This Mizar representation was written
in 2007. As the Mizar language evolved and attributes with arguments were
implemented, we decided to extend these lines and we characterized polygonal
numbers.
We formalized centered polygonal numbers, the connection between triangular and square numbers, and also some equalities involving Mersenne primes
and perfect numbers. We gave also explicit formula to obtain from the polygonal
number its ordinal index. Also selected congruences modulo 10 were enumerated. Our work basically covers the Wikipedia item for triangular numbers and
the Online Encyclopedia of Integer Sequences (http://oeis.org/A000217).
An interesting related result [16] could be the proof of Lagrange’s four-square
theorem or Fermat’s polygonal number theorem [32].
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The notation and terminology used in this paper have been introduced in the
following articles: [27], [24], [14], [4], [5], [11], [6], [7], [1], [30], [22], [28], [2], [26],
[21], [3], [8], [13], [34], [18], [35], [9], [19], [20], [25], [29], [31], and [10].
1. Preliminaries
The scheme LNatRealSeq deals with a unary functor F yielding a real number
and states that
c
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(Sch. 1) there exists a sequence s3 of real numbers such that for every natural
number n, s3 (n) = F(n) and for every sequences s1 , s2 of real numbers
such that for every natural number n, s1 (n) = F(n) and for every natural
number n, s2 (n) = F(n) holds s1 = s2 .
Now we state the proposition:
(1) Let us consider non zero natural numbers n, a. Then 1 ¬ a · n.
Let n be an integer. One can verify that n · (n − 1) is even and n · (n + 1) is
even.
Now we state the proposition:
(2) Let us consider an even integer n. Then n2 is an integer.
Let n be an even natural number. One can verify that n2 is natural.
Let n be an odd natural number. One can verify that n − 1 is natural.
Let us note that n − 1 is even.
In this paper n, s denote natural numbers.
Now we state the propositions:
(3) n mod 5 = 0 or ... or n mod 5 = 4.
(4) Let us consider a natural number k. If k 6= 0, then n ≡ n mod k (mod k).
(5) n ≡ 0 (mod 5) or ... or n ≡ 4 (mod 5). The theorem is a consequence of
(3) and (4).
Now we state the propositions:
(6) n · n + n 6≡ 4 (mod 5).
(7) n · n + n 6≡ 3 (mod 5).
Now we state the propositions:
(8) n mod 10 = 0 or ... or n mod 10 = 9.
(9) n ≡ 0 (mod 10) or ... or n ≡ 9 (mod 10). The theorem is a consequence
of (8) and (4).
Note that every natural number which is non trivial is also 2 or greater and
every natural number which is 2 or greater is also non trivial and every natural
number which is 4 or greater is also 3 or greater and non zero and every natural
number which is 4 or greater is also non trivial and there exists a natural number
which is 4 or greater and there exists a natural number which is 3 or greater.
2. Triangular Numbers
Let n be a natural number. The functor Triangle n yielding a real number
is defined by the term
P
(Def. 1)
idseq(n).
Let n be a number. We say that n is triangular if and only if
(Def. 2) There exists a natural number k such that n = Triangle k.
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Let n be a zero number. Let us observe that Triangle n is zero.
Now we state the propositions:
(10) Triangle(n+1) = Triangle n+(n+1). Proof: Define P[natural number] ≡
Triangle $1 + ($1 + 1) = Triangle($1 + 1). For every natural number k such
that P[k] holds P[k + 1] by [5, (51)], [9, (74)]. For every natural number
n, P[n] from [2, Sch. 2]. 
(11) Triangle 1 = 1.
(12) Triangle 2 = 3.
(13) Triangle 3 = 6.
(14) Triangle 4 = 10. The theorem is a consequence of (10) and (13).
(15) Triangle 5 = 15. The theorem is a consequence of (10) and (14).
(16) Triangle 6 = 21. The theorem is a consequence of (10) and (15).
(17) Triangle 7 = 28. The theorem is a consequence of (10) and (16).
(18) Triangle 8 = 36. The theorem is a consequence of (10) and (17).
(19) Triangle n = n·(n+1)
. The theorem is a consequence of (10). Proof:
2
Define P[natural number] ≡ Triangle $1 = $1 ·($21 +1) . For every natural
number k such that P[k] holds P[k + 1]. For every natural number n, P[n]
from [2, Sch. 2]. 
(20) Triangle n  0. The theorem is a consequence of (19).
Let n be a natural number. Observe that Triangle n is non negative.
Let n be a non zero natural number. Let us note that Triangle n is positive.
Let n be a natural number. Observe that Triangle n is natural.
Now we state the proposition:
(21) Triangle(n −0 1) = n·(n−1)
. The theorem is a consequence of (1) and (19).
2
One can check that every number which is triangular is also natural and
there exists a number which is triangular and non zero.
Let us consider a triangular number n. Now we state the propositions:
(22) n 6≡ 7 (mod 10).
(23) n 6≡ 9 (mod 10).
(24) n 6≡ 2 (mod 10).
(25) n 6≡ 4 (mod 10).
Now we state the proposition:
(26) Let us consider a triangular number n. Then
(i) n ≡ 0 (mod 10), or
(ii) n ≡ 1 (mod 10), or
(iii) n ≡ 3 (mod 10), or
(iv) n ≡ 5 (mod 10), or
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(v) n ≡ 6 (mod 10), or
(vi) n ≡ 8 (mod 10).
The theorem is a consequence of (9), (24), (25), (22), and (23).

3. Polygonal Numbers
Let s, n be natural numbers. The functor Polygon(s, n) yielding an integer
is defined by the term
2

(Def. 3) n ·(s−2)−n·(s−4)
.
2
Now we state the propositions:
(27) If s  2, then Polygon(s, n) is natural.
+ n.
(28) Polygon(s, n) = (n·(s−2))·(n−1)
2
Let s be a natural number and x be an element. We say that x is s-gonal if
and only if
(Def. 4) There exists a natural number n such that x = Polygon(s, n).
We say that x is polygonal if and only if
(Def. 5) There exists a natural number s such that x is s-gonal.
Now we state the propositions:
(29) Polygon(s, 1) = 1.
(30) Polygon(s, 2) = s.
Let s be a natural number. Note that there exists a number which is s-gonal.
Let s be a non zero natural number. One can verify that there exists a
number which is non zero and s-gonal.
Let s be a natural number. One can verify that every number which is s-gonal
is also real.
Let s be a non trivial natural number. Let us observe that every number
which is s-gonal is also natural.
Now we state the proposition:
(31) Polygon(s, n + 1) − Polygon(s, n) = (s − 2) · n + 1.
Let s be a natural number and x be an s-gonal number.
The functor IndexPoly(s, x) yielding a real number is defined by the term
√
( (8·s−16)·x+(s−4)2 +s)−4
(Def. 6)
.
2·s−4
Let us consider a non zero natural number s and a non zero s-gonal number
x. Now we state the propositions:
(32) If x = Polygon(s, n), then (8·s−16)·x+(s−4)2 = ((2·n)·(s−2)−(s−4))2 .
(33) If s  4, then (8 · s − 16) · x + (s − 4)2 is square.
(34) If s  4, then IndexPoly(s, x) ∈ N.
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Now we state the propositions:
(35) Let us consider a non trivial natural number s and an s-gonal number
x. Then 0 ¬ (8 · s − 16) · x + (s − 4)2 .
(36) Let us consider an odd natural number n. If s  2, then n | Polygon(s, n).

4. Centered Polygonal Numbers
Let s, n be natural numbers. The functor CentPoly(s, n) yielding an integer
is defined by the term
(Def. 7) s·n
2 · (n − 1) + 1.
Let s be a natural number and n be a non zero natural number. One can
verify that CentPoly(s, n) is natural.
Now we state the propositions:
(37) CentPoly(0, n) = 1.
(38) CentPoly(s, 0) = 1.
(39) CentPoly(s, n) = s · Triangle(n −0 1) + 1. The theorem is a consequence
of (21).

5. On the Connection between Triangular and Other Polygonal
Numbers
Now we state the propositions:
(40) Triangle n = Polygon(3, n). The theorem is a consequence of (19).
(41) Let us consider an odd natural number n. Then n | Triangle n. The
theorem is a consequence of (36) and (40).
(42) Triangle n ¬ Triangle(n + 1). The theorem is a consequence of (10).
(43) Let us consider a natural number k. If k ¬ n, then Triangle k ¬ Triangle n.
The theorem is a consequence of (42). Proof: Consider i being a natural
number such that n = k + i. Define P[natural number] ≡ for every natural
number n, Triangle n ¬ Triangle(n + $1 ). For every natural number k such
that P[k] holds P[k +1]. For every natural number n, P[n] from [2, Sch. 2].

(44) n ¬ Triangle n. The theorem is a consequence of (10). Proof: Define
P[natural number] ≡ $1 ¬ Triangle $1 . For every natural number k such
that P[k] holds P[k + 1] by [2, (11)]. For every natural number n, P[n]
from [2, Sch. 2]. 
(45) Let us consider a non trivial natural number n. Then n < Triangle n.
The theorem is a consequence of (12) and (10). Proof: Define P[natural
number] ≡ $1 < Triangle $1 . For every non trivial natural number k such
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that P[k] holds P[k + 1] by [2, (16)]. For every non trivial natural number
n, P[n] from [23, Sch. 2]. 
(46) If n 6= 2, then Triangle n is not prime. The theorem is a consequence of
(11), (41), (45), and (19).
Let n be a 3 or greater natural number. Observe that Triangle n is non prime
and every 4 or greater natural number which is triangular is also non prime.
Let s be a 4 or greater non zero natural number and x be a non zero s-gonal
number. Note that IndexPoly(s, x) is natural.
Now we state the propositions:
(47) Let us consider a 4 or greater natural number s and a non zero s-gonal
number x. If s 6= 2, then Polygon(s, IndexPoly(s, x)) = x. The theorem is
a consequence of (35).
(48) 36 is square and triangular. The theorem is a consequence of (19).
Let n be a natural number. One can check that Polygon(3, n) is natural.
Observe that Polygon(3, n) is triangular.
Now we state the propositions:
(49) Polygon(s, n) = (s−2)·Triangle(n−0 1)+n. The theorem is a consequence
of (21).
(50) Polygon(s, n) = (s − 3) · Triangle(n −0 1) + Triangle n. The theorem is a
consequence of (21) and (19).
(51) Polygon(0, n) = n · (2 − n).
(52) Polygon(1, n) = n·(3−n)
.
2
(53) Polygon(2, n) = n.
Let s be a non trivial natural number and n be a natural number. Observe
that Polygon(s, n) is natural.
One can check that Polygon(4, n) is square and every natural number which
is 3-gonal is also triangular and every natural number which is triangular is
also 3-gonal and every natural number which is 4-gonal is also square and every
natural number which is square is also 4-gonal.
Now we state the propositions:
(54) Triangle(n −0 1) + Triangle n = n2 . The theorem is a consequence of (19).
(55) Triangle n + Triangle(n + 1) = (n + 1)2 . The theorem is a consequence
of (19).
Let n be a natural number. Observe that Triangle n + Triangle(n + 1) is
square.
Let us consider a non trivial natural number n. Now we state the propositions:
(56)

1
3

n·(3·n−1)
.
2
n·(4·n−2)
.
2

· Triangle(3 · n −0 1) =

(57) Triangle(2 · n −0 1) =
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Let n, k be natural numbers. The functor PowerN (n, k) yielding a finite
sequence of elements of R is defined by
(Def. 8)

(i) dom it = Seg k, and

(ii) for every natural number i such that i ∈ dom it holds it(i) = in .
Now we state the proposition:
(58) Let us consider a natural number k. Then PowerN (n, k+1) = PowerN (n, k)a
h(k + 1)n i. Proof: dom PowerN (n, k+1) = dom(PowerN (n, k)a h(k + 1)n i)
by [4, (6), (40)]. For every natural number l such that l ∈ dom PowerN (n, k+
1) holds (PowerN (n, k + 1))(l) = (PowerN (n, k) a h(k + 1)n i)(l) by [4, (1)],
[2, (8)], [4, (6), (42)]. 
P
Let n be a natural number. Let us observe that PowerN (n, 0) reduces to 0.
Now we state the propositions:
(59) (Triangle n)2 =
PowerN (3, n). The theorem is a consequence of (19)
P
and (58). Proof: Define P[natural number] ≡ (Triangle $1 )2 = PowerN
(3, $1 ). P[0] by [21, (81)]. For every natural number k such that P[k] holds
P[k + 1] by [21, (81), (7)], [12, (27)]. For every natural number n, P[n]
from [2, Sch. 2]. 
(60) Let us consider a non trivial natural number n. Then Triangle n +
Triangle(n −0 1) · Triangle(n + 1) = (Triangle n)2 . The theorem is a consequence of (19).
(61) (Triangle n)2 + (Triangle(n + 1))2 = Triangle (n + 1)2 . The theorem is a
consequence of (19).
(62) (Triangle(n + 1))2 − (Triangle n)2 = (n + 1)3 . The theorem is a consequence of (19).
(63) Let us consider a non zero natural number n. Then 3 · Triangle n +
Triangle(n −0 1) = Triangle(2 · n). The theorem is a consequence of (19).
(64) 3 · Triangle n + Triangle(n + 1) = Triangle(2 · n + 1). The theorem is a
consequence of (19).
Let us consider a non zero natural number n. Now we state the propositions:
P

(65) (Triangle(n −0 1) + 6 · Triangle n) + Triangle(n + 1) = 8 · Triangle n + 1.
(66) Triangle n + Triangle(n −0 1) =
Now we state the propositions:

((1+2·n)−1)·n
.
2

(67) 1 + 9 · Triangle n = Triangle(3 · n + 1). The theorem is a consequence of
(19).
(68) Let us consider a natural number m. Then Triangle(n+m) = (Triangle n+
Triangle m) + n · m. The theorem is a consequence of (19).
(69) Let us consider non trivial natural numbers n, m. Then Triangle n ·
Triangle m + Triangle(n −0 1) · Triangle(m −0 1) = Triangle(n · m). The
theorem is a consequence of (19).
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6. Sets of Polygonal Numbers

Let s be a natural number. The functor PolyNum s yielding a set is defined
by the term
(Def. 9) the set of all Polygon(s, n) where n is a natural number.
Let s be a non trivial natural number. Let us observe that the functor
PolyNum s yields a subset of N. The functors: the set of all triangular numbers
and the set of all square numbers yielding subsets of N are defined by terms,
respectively.
(Def. 10) PolyNum 3.
(Def. 11) PolyNum 4.
Let s be a non trivial natural number. Note that PolyNum s is non empty
and the set of all triangular numbers is non empty and the set of all square
numbers is non empty and every element of the set of all triangular numbers is
triangular and every element of the set of all square numbers is square.
Let us consider a number x. Now we state the propositions:
(70) x ∈ the set of all triangular numbers if and only if x is triangular.
(71) x ∈ the set of all square numbers if and only if x is square.

7. Some Well-known Properties
Now we state the propositions:
(72)
(73)

n·(n+1)
.
2
n+1
Triangle n = 2 .
n+1
2

=

The theorem is a consequence of (72) and (19).

(74) Let us consider a non zero natural number n. If n is even and perfect, then
n is triangular. The theorem is a consequence of (19). Proof: Consider p
0
being a natural number such that 2p −0 1 is prime and n = 2p− 1 · (2p −0 1).
p 6= 0 by [21, (4)]. 
Let n be a non zero natural number. Let us note that Mn is non zero.
Let n be a number. We say that n is Mersenne if and only if
(Def. 12) There exists a natural number p such that n = Mp .
Note that there exists a prime number which is Mersenne and there exists a
natural number which is non prime and there exists a natural number which is
Mersenne and non prime and every prime number is non zero.
Let n be a Mersenne prime number. One can check that Triangle n is perfect
and every non zero natural number which is even and perfect is also triangular.
Now we state the propositions:
(75) 8 · Triangle n + 1 = (2 · n + 1)2 . The theorem is a consequence of (19).
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(76) If n is triangular, then 8 · n + 1 is square. The theorem is a consequence
of (75).
(77) If n is triangular, then 9·n+1 is triangular. The theorem is a consequence
of (67).
(78) If Triangle n is triangular and square, then Triangle((4 · n) · (n + 1)) is
triangular and square. The theorem is a consequence of (19).
Let us observe that the set of all triangular numbers is infinite and the set
of all square numbers is infinite and there exists a natural number which is
triangular, square, and non zero.
Now we state the proposition:
(79) 0 is triangular and square.
Let us observe that every number which is zero is also triangular and square.
Now we state the proposition:
(80) 1 is triangular and square. The theorem is a consequence of (11).
Now we state the propositions:
(81) Square triangular number:
36 is triangular and square. The theorem is a consequence of (11), (80),
(78), and (18).
(82) 1225 is triangular and square. The theorem is a consequence of (19).
Let n be a triangular natural number. One can check that 9 · n + 1 is triangular.
Let us note that 8 · n + 1 is square.
8. Reciprocals of Triangular Numbers
Let a be a real number. One can verify that lim{a}n∈N reduces to a.
The functor ReciTriang yielding a sequence of real numbers is defined by
1
(Def. 13) Let us consider a natural number i. Then it(i) = Triangle
i.
Let us note that (ReciTriang)(0) reduces to 0.
Now we state the propositions:
1
2
(83) Triangle
n = n·(n+1) . The theorem is a consequence of (19).
2
(84) ( κα=0 (ReciTriang)(α))κ∈N (n) = 2 − n+1
. The theorem is a consequence
P
of (83). Proof: Define P[natural number] ≡ ( κα=0 (ReciTriang)(α))κ∈N ($1 )
= 2− $12+1 . P[0]. For every natural number k such that P[k] holds P[k +1].
For every natural number k, P[k] from [2, Sch. 2]. 
The functors: SumsReciTriang and GeoSeq(a, b) yielding sequences of real
numbers are defined by conditions, respectively.
(Def. 14) Let us consider a natural number n. Then (SumsReciTriang)(n) = 2 −
2
n+1 .

P
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(Def. 15) Let us consider a natural number n. Then (GeoSeq(a, b))(n) =

a
n+b .

Let a, b be real numbers.
Now we state the propositions:
(85) Let us consider real numbers a, b. Suppose b > 0. Then
(i) GeoSeq(a, b) is convergent, and
(ii) lim GeoSeq(a, b) = 0.
(86) SumsReciTriang = {2}n∈N + −GeoSeq(2, 1). Proof: For every natural
number k, (SumsReciTriang)(k) = ({2}n∈N )(k) + (−GeoSeq(2, 1))(k) by
[19, (57)]. 
(87)
(i) SumsReciTriang is convergent, and
(ii) lim SumsReciTriang = 2.
The theorem is a consequence of (85) and (86).
P
(88) ( κα=0 (ReciTriang)(α))κ∈N = SumsReciTriang.
Now we state the proposition:
(89) Reciprocals of triangular numbers:
P
ReciTriang = 2.
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1. Gaussian Integer Ring
Now we state the proposition:
(1) Let us consider natural numbers x, y. If x + y = 1, then x = 1 and y = 0
or x = 0 and y = 1. Proof: x ¬ 1. 
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Let z be a complex. We say that z is Gaussian integer if and only if

(Def. 1) <(z), =(z) ∈ Z.
Note that every integer is Gaussian integer.
An element of Gaussian integers is a Gaussian integer complex. Let z be an
element of Gaussian integers. Note that <(z) is integer and =(z) is integer.
Let z1 , z2 be elements of Gaussian integers. One can verify that z1 + z2 is
Gaussian integer and z1 − z2 is Gaussian integer and z1 · z2 is Gaussian integer
and i is Gaussian integer.
Let z be an element of Gaussian integers. Let us note that −z is Gaussian
integer and z is Gaussian integer.
Let n be an integer. One can check that n · z is Gaussian integer.
The set of Gaussian integers yielding a subset of C is defined by the term
(Def. 2) the set of all z where z is an element of Gaussian integers.
Note that the set of Gaussian integers is non empty.
Let i be an integer. Let us observe that i(∈ the set of Gaussian integers)
reduces to i.
Let us consider a set x. Now we state the propositions:
(2) If x ∈ the set of Gaussian integers, then x is an element of Gaussian
integers.
(3) If x is an element of Gaussian integers, then x ∈ the set of Gaussian
integers.
The addition of Gaussian integers yielding a binary operation on the set of
Gaussian integers is defined by the term
(Def. 3) +C  the set of Gaussian integers.
The multiplication of Gaussian integers yielding a binary operation on the
set of Gaussian integers is defined by the term
(Def. 4) ·C  the set of Gaussian integers.
The scalar multiplication of Gaussian integers yielding a function from Z ×
the set of Gaussian integers into the set of Gaussian integers is defined by the
term
(Def. 5) ·C (Z × the set of Gaussian integers).
Now we state the propositions:
(4) Let us consider elements z, w of Gaussian integers. Then (the addition
of Gaussian integers)(z, w) = z + w.
(5) Let us consider an element z of Gaussian integers and an integer i. Then
(the scalar multiplication of Gaussian integers)(i, z) = i · z.
The Gaussian integer module yielding a strict non empty Z-module structure
is defined by the term
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(Def. 6) h the set of Gaussian integers, 0(∈ the set of Gaussian integers), the addition of Gaussian integers, the scalar multiplication of Gaussian integersii.
Observe that the Gaussian integer module is Abelian add-associative right
zeroed right complementable scalar distributive vector distributive scalar associative and scalar unital.
Now we state the proposition:
(6) Let us consider elements z, w of Gaussian integers. Then (the multiplication of Gaussian integers)(z, w) = z · w.
The Gaussian integer ring yielding a strict non empty double loop structure
is defined by the term
(Def. 7) hthe set of Gaussian integers, the addition of Gaussian integers, the multiplication of Gaussian integers, 1(∈ the set of Gaussian integers), 0(∈ the set
of Gaussian integers)i.
One can check that the Gaussian integer ring is Abelian add-associative
right zeroed right complementable associative well unital and distributive, and
the Gaussian integer ring is integral domain-like, and the Gaussian integer ring
is commutative.
Now we state the propositions:
(7) Every element of the Gaussian integer ring is an element of Gaussian
integers.
(8) Every element of Gaussian integers is an element of the Gaussian integer
ring.

2. Z-Algebra
We consider Z-algebra structures which extend double loop structures and
Z-module structures and are systems
h a carrier, a multiplication, an addition, an external multiplication,
a one, a zeroii
where the carrier is a set, the multiplication and the addition are binary operations on the carrier, the external multiplication is a function from Z×the carrier
into the carrier, the one and the zero are elements of the carrier.
Let us observe that there exists a Z-algebra structure which is non empty.
Let I1 be a non empty Z-algebra structure. We say that I1 is vector associative if and only if
(Def. 8) Let us consider elements x, y of I1 and an integer a1 . Then a1 · (x · y) =
(a1 · x) · y.
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Let us observe that h the set of Gaussian integers, (the multiplication of
Gaussian integers), (the addition of Gaussian integers), (the scalar multiplication
of Gaussian integers), 1(∈ the set of Gaussian integers), 0(∈ the set of Gaussian
integers)ii is non empty and h the set of Gaussian integers, (the multiplication of
Gaussian integers), (the addition of Gaussian integers), (the scalar multiplication
of Gaussian integers), 1(∈ the set of Gaussian integers), 0(∈ the set of Gaussian
integers)ii is strict Abelian add-associative right zeroed right complementable
commutative associative right unital right distributive vector associative scalar associative vector distributive and scalar distributive and there exists a non
empty Z-algebra structure which is strict, Abelian, add-associative, right zeroed,
right complementable, commutative, associative, right unital, right distributive,
vector associative, scalar associative, vector distributive, and scalar distributive.
A Z-algebra is an Abelian add-associative right zeroed right complementable
commutative associative right unital right distributive vector associative scalar
associative vector distributive scalar distributive non empty Z-algebra structure.
Now we state the proposition:
(9) h the set of Gaussian integers, (the multiplication of Gaussian integers),
(the addition of Gaussian integers), (the scalar multiplication of Gaussian
integers), 1(∈ the set of Gaussian integers), 0(∈ the set of Gaussian
integers)ii is a right complementable associative commutative right distributive right unital Abelian add-associative right zeroed vector distributive
scalar distributive scalar associative strict vector associative non empty Zalgebra structure.
One can verify that Z is denumerable and the set of Gaussian integers is
denumerable and the Gaussian integer ring is non degenerated.
3. Quotient Field of Gaussian Integer Ring
The Gaussian number field yielding a strict non empty double loop structure
is defined by the term
(Def. 9) The field of quotients of the Gaussian integer ring.
Observe that the Gaussian number field is non degenerated almost left invertible strict Abelian associative and distributive.
Let z be a complex. We say that z is Gaussian rational if and only if
(Def. 10) <(z), =(z) ∈ Q.
One can verify that every rational number is Gaussian rational.
An element of Gaussian rationals is a Gaussian rational complex. Let z be
an element of Gaussian rationals. One can verify that <(z) is rational and =(z)
is rational.
Let z1 , z2 be elements of Gaussian rationals. Observe that z1 +z2 is Gaussian
rational and z1 − z2 is Gaussian rational and z1 · z2 is Gaussian rational.
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Let z be an element of Gaussian rationals and n be a rational number. One
can check that n · z is Gaussian rational.
Let us observe that −z is Gaussian rational and z −1 is Gaussian rational.
The set of Gaussian rationals yielding a subset of C is defined by the term
(Def. 11) the set of all z where z is an element of Gaussian rationals.
Let us observe that the set of Gaussian rationals is non empty and every
element of Gaussian integers is Gaussian rational.
Let us consider a set x. Now we state the propositions:
(10) If x ∈ the set of Gaussian rationals, then x is an element of Gaussian
rationals.
(11) If x is an element of Gaussian rationals, then x ∈ the set of Gaussian
rationals.
Now we state the proposition:
(12) Let us consider an element p of Gaussian rationals. Then there exist
elements x, y of Gaussian integers such that
(i) y 6= 0, and
(ii) p = xy .
The addition of Gaussian rationals yielding a binary operation on the set of
Gaussian rationals is defined by the term
(Def. 12) +C  the set of Gaussian rationals.
The multiplication of Gaussian rationals yielding a binary operation on the
set of Gaussian rationals is defined by the term
(Def. 13) ·C  the set of Gaussian rationals.
4. Rational Field
Let i be an integer. One can check that i(∈ Q) reduces to i.
The rational number field yielding a strict non empty double loop structure
is defined by the term
(Def. 14) hQ, +Q , ·Q , 1(∈ Q), 0(∈ Q)i.
Now we state the propositions:
(13)
(i) the carrier of the rational number field is a subset of the carrier of
RF , and
(ii) the addition of the rational number field = (the addition of RF ) 
(the carrier of the rational number field), and
(iii) the multiplication of the rational number field = (the multiplication
of RF )  (the carrier of the rational number field), and
(iv) 1α = 1RF , and
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(v) 0α = 0RF , and

(vi) the rational number field is right complementable, commutative, almost left invertible, and non degenerated,
where α is the rational number field. Proof: Every element of the rational
number field is right complementable. For every element v of the rational
number field such that v 6= 0α holds v is left invertible, where α is the
rational number field. 
(14) The rational number field is a subfield of RF .
Let us note that the rational number field is add-associative right zeroed
right complementable Abelian commutative associative left and right unital distributive almost left invertible and non degenerated and the rational number
field is well unital and every element of the rational number field is rational.
Let x be an element of the rational number field and y be a rational number.
We identify −y with −x where x = y. Now we state the propositions:
(15) Let us consider an element x of the rational number field and a rational
number x1 . If x 6= 0α and x1 = x, then x−1 = x1 −1 , where α is the rational
number field.
(16) Let us consider elements x, y of the rational number field and rational
numbers x1 , y1 . Suppose
(i) x1 = x, and
(ii) y1 = y, and
(iii) y 6= 0α .
Then xy = xy11 , where α is the rational number field. The theorem is a
consequence of (15).
Let us consider a field K, a subfield K1 of K, elements x, y of K, and
elements x1 , y1 of K1 . Now we state the propositions:
(17) If x = x1 and y = y1 , then x + y = x1 + y1 .
(18) If x = x1 and y = y1 , then x · y = x1 · y1 .
Now we state the proposition:
(19) Let us consider a field K, a subfield K1 of K, an element x of K, and an
element x1 of K1 . If x = x1 , then −x = −x1 . The theorem is a consequence
of (17).
Let us consider a field K, a subfield K1 of K, elements x, y of K, and
elements x1 , y1 of K1 . Now we state the propositions:
(20) If x = x1 and y = y1 , then x − y = x1 − y1 .
(21) If x = x1 and x 6= 0K , then x−1 = x1 −1 .
(22) If x = x1 and y = y1 and y 6= 0K , then xy = xy11 .
Let us consider a subfield K1 of the rational number field. Now we state the
propositions:
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(23) N ⊆ the carrier of K1 .
(24) Z ⊆ the carrier of K1 .
(25) The carrier of K1 = the carrier of the rational number field.
Now we state the proposition:
(26) Let us consider a strict subfield K1 of the rational number field. Then
K1 = the rational number field. The theorem is a consequence of (25).
One can verify that the rational number field is prime.
5. Gaussian Rational Number Field
Let i be a rational number. Note that i(∈ the set of Gaussian rationals)
reduces to i.
The scalar multiplication of Gaussian rationals yielding a function from
(the carrier of the rational number field) × the set of Gaussian rationals into
the set of Gaussian rationals is defined by the term
(Def. 15) ·C ((the carrier of the rational number field)×the set of Gaussian rationals).
Now we state the propositions:
(27) Let us consider elements z, w of Gaussian rationals. Then (the addition
of Gaussian rationals)(z, w) = z + w.
(28) Let us consider an element z of Gaussian rationals and an element i of
Q. Then (the scalar multiplication of Gaussian rationals)(i, z) = i · z.
The Gaussian rational module yielding a strict non empty vector space structure over the rational number field is defined by the term
(Def. 16) hthe set of Gaussian rationals, the addition of Gaussian rationals, 0(∈
the set of Gaussian rationals), the scalar multiplication of Gaussian rationalsi.
Observe that the Gaussian rational module is scalar distributive vector distributive scalar associative scalar unital add-associative right zeroed right complementable and Abelian.
Now we state the proposition:
(29) Let us consider elements z, w of Gaussian rationals. Then (the multiplication of Gaussian rationals)(z, w) = z · w.
The Gaussian rational ring yielding a strict non empty double loop structure
is defined by the term
(Def. 17) hthe set of Gaussian rationals, the addition of Gaussian rationals, the multiplication of Gaussian rationals, 1(∈ the set of Gaussian rationals), 0(∈
the set of Gaussian rationals)i.
Let us note that the Gaussian rational ring is add-associative right zeroed
right complementable Abelian commutative associative well unital distributive
almost left invertible and non degenerated.
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Now we state the proposition:
(30) There exists a function I from the Gaussian number field into the Gaussian rational ring such that
(i) for every element z such that z ∈ the carrier of the Gaussian number
field there exist elements x, y of Gaussian integers and there exists
an element u of Q(the Gaussian integer ring) such that y 6= 0 and
u = h x, yii and z = QClass(u) and I(z) = xy , and
(ii) I is one-to-one and onto, and
(iii) for every elements x, y of the Gaussian number field, I(x + y) =
I(x) + I(y) and I(x · y) = I(x) · I(y), and
(iv) I(0α ) = 0, and
(v) I(1α ) = 1,
where α is the Gaussian number field. The theorem is a consequence of (2),
(10), (12), (3), (6), (4), (27), and (29). Proof: Define P[element, element] ≡
there exist elements x, y of Gaussian integers and there exists an element u of Q(the Gaussian integer ring) such that y 6= 0 and u = h x,
yii and $1 = QClass(u) and $2 = xy . For every element z such that
z ∈ the carrier of the Gaussian number field there exists an element w
such that w ∈ the carrier of the Gaussian rational ring and P[z, w]. Consider I being a function from the Gaussian number field into the Gaussian
rational ring such that for every element z such that z ∈ the carrier of
the Gaussian number field holds P[z, I(z)] from [8, Sch. 1]. For every elements z1 , z2 of the Gaussian number field, I(z1 + z2 ) = I(z1 ) + I(z2 ) and
I(z1 · z2 ) = I(z1 ) · I(z2 ) by [20, (9), (5), (10)]. 
6. Gaussian Integer Ring is Euclidean
Let a1 , b1 be elements of Gaussian integers. We say that a1 divides b1 if and
only if
(Def. 18) There exists an element c of Gaussian integers such that b1 = a1 · c.
Note that the predicate is reflexive.
Let us consider elements a1 , b1 of the Gaussian integer ring and elements a2 ,
b2 of Gaussian integers. Now we state the propositions:
(31) If a1 = a2 and b1 = b2 , then if a1 | b1 , then a2 divides b2 .
(32) If a1 = a2 and b1 = b2 , then if a2 divides b2 , then a1 | b1 .
Let z be an element of Gaussian rationals. Observe that the functor z yields
an element of Gaussian rationals. The functor Norm z yielding a rational number
is defined by the term
(Def. 19) z · z .
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Let us observe that Norm z is non negative.
Let z be an element of Gaussian integers. Observe that Norm z is natural.
Now we state the propositions:
(33) Let us consider an element x of Gaussian rationals. Then Norm x =
Norm x.
(34) Let us consider elements x, y of Gaussian rationals. Then Norm(x · y) =
Norm x · Norm y.
Let us consider an element x of Gaussian integers. Now we state the propositions:
(35) Norm x = 1 if and only if x = 1 or x = −1 or x = i or x = −i.
(36) If Norm x = 0, then x = 0.
Let z be an element of Gaussian integers. We say that z is unit of Gaussian
integers if and only if
(Def. 20) Norm z = 1.
Let x, y be elements of Gaussian integers. We say that x is associated to y
if and only if
(Def. 21)
(i) x divides y, and
(ii) y divides x.
Let us observe that the predicate is symmetric.
Let us consider elements a1 , b1 of the Gaussian integer ring and elements a2 ,
b2 of Gaussian integers. Now we state the propositions:
(37) If a1 = a2 and b1 = b2 , then if a1 is associated to b1 , then a2 is associated
to b2 .
(38) If a1 = a2 and b1 = b2 , then if a2 is associated to b2 , then a1 is associated
to b1 .
Now we state the propositions:
(39) Let us consider an element z of the Gaussian integer ring and an element
z3 of Gaussian integers. If z3 = z, then z is unital iff z3 is unit of Gaussian
integers. The theorem is a consequence of (2), (6), (34), (35), and (3).
Proof: There exists an element w of the Gaussian integer ring such that
1α = z · w, where α is the Gaussian integer ring. 
(40) Let us consider elements x, y of Gaussian integers. Then x is associated
to y if and only if there exists an element c of Gaussian integers such that
c is unit of Gaussian integers and x = c · y. The theorem is a consequence
of (3), (38), (2), (39), (6), and (37).
(41) Let us consider an element x of Gaussian integers. Suppose
(i) <(x) 6= 0, and
(ii) =(x) 6= 0, and
(iii) <(x) 6= =(x), and
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(iv) −<(x) 6= =(x).

Then x is not associated to x. The theorem is a consequence of (40) and
(35).
(42) Let us consider elements x, y, z of Gaussian integers. Suppose
(i) x is associated to y, and
(ii) y is associated to z.
Then x is associated to z. The theorem is a consequence of (40) and (34).
Let us consider elements x, y of Gaussian integers. Now we state the propositions:
(43) If x is associated to y, then x is associated to y .
(44) Suppose <(y) 6= 0 and =(y) 6= 0 and <(y) 6= =(y) and −<(y) 6= =(y)
and x is associated to y. Then
(i) does not x divide y, and
(ii) does not y divide x.
Let p be an element of Gaussian integers. We say that p is Gaussian prime
if and only if
(Def. 22)

(i) Norm p > 1, and

(ii) for every element z of Gaussian integers, does not z divide p or z is
unit of Gaussian integers or z is associated to p.
Let us consider an element q of Gaussian integers. Now we state the propositions:
(45) If Norm q is a prime number and Norm q 6= 2, then <(q) 6= 0 and =(q) 6= 0
and <(q) 6= =(q) and −<(q) 6= =(q).
(46) If Norm q is a prime number, then q is Gaussian prime.
Now we state the propositions:
(47) Let us consider an element q of Gaussian rationals. Then Norm q =
|<(q)|2 + |=(q)|2 .
(48) Let us consider an element q of R. Then there exists an element m of Z
such that |q − m| ¬ 12 .
One can check that the Gaussian integer ring is Euclidean.
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Let A be a non empty set, x be an element, and a be an element of A. Let
us observe that (A 7−→ x)(a) reduces to x.
Let A, B be non empty topological spaces, C be a set, and f be a function
from A×B into C. Let b be an element of B. Let us note that the functor f (a, b)
yields an element of C. Let G be a multiplicative magma and g be an element
of G. We say that g is unital if and only if
(Def. 1) g = 1G .
One can check that 1G is unital.
Let G be a unital multiplicative magma. Let us note that there exists an
element of G which is unital.
Let g be an element of G and h be a unital element of G. One can check
that g · h reduces to g. One can check that h · g reduces to g.
Let G be a group. One can verify that (1G )−1 reduces to 1G .
The scheme TopFuncEx deals with non empty topological spaces S, T and
a non empty set X and a binary functor F yielding an element of X and states
that
c
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(Sch. 1) There exists a function f from S × T into X such that for every point s
of S for every point t of T , f (s, t) = F(s, t).
The scheme TopFuncEq deals with non empty topological spaces S, T and
a non empty set X and a binary functor F yielding an element of X and states
that
(Sch. 2) For every functions f , g from S × T into X such that for every point s
of S and for every point t of T , f (s, t) = F(s, t) and for every point s of
S and for every point t of T , g(s, t) = F(s, t) holds f = g.
Let X be a non empty set, T be a non empty multiplicative magma, and f ,
g be functions from X into T . The functor f · g yielding a function from X into
T is defined by
(Def. 2) Let us consider an element x of X. Then it(x) = f (x) · g(x).
Now we state the proposition:
(1) Let us consider a non empty set X, an associative non empty multiplicative magma T , and functions f , g, h from X into T . Then (f · g) · h =
f · (g · h).
Let X be a non empty set, T be a commutative non empty multiplicative
magma, and f , g be functions from X into T . Observe that the functor f · g is
commutative.
Let T be a non empty topological group structure, t be a point of T , and f ,
g be loops of t. The functor f • g yielding a function from I into T is defined by
the term
(Def. 3) f · g.
In this paper T denotes a continuous unital topological space-like non empty
topological group structure, x, y denote points of I, s, t denote unital points of
T , f , g denote loops of t, and c denotes a constant loop of t.
Let us consider T , t, f , and g. One can check that the functor f • g yields a
loop of t. Let T be an inverse-continuous semi topological group. Observe that
·−1
T is continuous.
Let T be a semi topological group, t be a point of T , and f be a loop of t.
The functor f −1 yielding a function from I into T is defined by the term
(Def. 4) ·−1
T · f.
Let us consider a semi topological group T , a point t of T , and a loop f of
t. Now we state the propositions:
(2) (f −1 )(x) = f (x)−1 .
(3) (f −1 )(x) · f (x) = 1T .
(4) f (x) · (f −1 )(x) = 1T .
Let T be an inverse-continuous semi topological group, t be a unital point
of T , and f be a loop of t. One can check that the functor f −1 yields a loop of
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t. Let s, t be points of I. One can check that the functor s · t yields a point of
I. The functor ⊗R1 yielding a function from R1 × R1 into R1 is defined by
(Def. 5) Let us consider points x, y of R1 . Then it(x, y) = x · y.
Observe that ⊗R1 is continuous.
Now we state the proposition:
(5) (R1 × R1 )(R1 [0, 1] × R1 [0, 1]) = I × I.
The functor ⊗I yielding a function from I × I into I is defined by the term
(Def. 6) ⊗R1  R1 [0, 1].
Now we state the proposition:
(6) (⊗I )(x, y) = x · y.
One can verify that ⊗I is continuous.
Now we state the proposition:
(7) Let us consider points a, b of I and a neighbourhood N of a · b. Then
there exists a neighbourhood N1 of a and there exists a neighbourhood
N2 of b such that for every points x, y of I such that x ∈ N1 and y ∈ N2
holds x · y ∈ N . The theorem is a consequence of (6).
Let T be a non empty multiplicative magma and F , G be functions from I ×
I into T . The functor F ∗ G yielding a function from I × I into T is defined by
(Def. 7) Let us consider points a, b of I. Then it(a, b) = F (a, b) · G(a, b).
Now we state the proposition:
(8) Let us consider functions F , G from I × I into T and subsets M , N of
I × I. Then (F ∗ G)◦ (M ∩ N ) ⊆ F ◦ M · G◦ N .
Let us consider T . Let F , G be continuous functions from I × I into T .
Observe that F ∗ G is continuous.
Now we state the propositions:
(9) Let us consider loops f1 , f2 , g1 , g2 of t. Suppose
(i) f1 , f2 are homotopic, and
(ii) g1 , g2 are homotopic.
Then f1 • g1 , f2 • g2 are homotopic.
(10) Let us consider loops f1 , f2 , g1 , g2 of t, a homotopy F between f1 and
f2 , and a homotopy G between g1 and g2 . Suppose
(i) f1 , f2 are homotopic, and
(ii) g1 , g2 are homotopic.
Then F ∗ G is a homotopy between f1 • g1 and f2 • g2 . The theorem is a
consequence of (9).
(11) f + g = (f + c) • (c + g).
(12) f •g, (f +c)•(c+g) are homotopic. The theorem is a consequence of (9).
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Let T be a semi topological group, t be a point of T , and f , g be loops of t.
The functor HopfHomotopy(f, g) yielding a function from I × I into T is defined
by
(Def. 8) Let us consider points a, b of I. Then it(a, b) = (((f −1 )(a · b) · f (a)) ·
g(a)) · f (a · b).
Note that HopfHomotopy(f, g) is continuous.
In the sequel T denotes a topological group, t denotes a unital point of T ,
and f , g denote loops of t.
Now we state the proposition:
(13) f • g, g • f are homotopic.
Let us consider T , t, f , and g. Let us note that the functor HopfHomotopy(f, g)
yields a homotopy between f • g and g • f .
Now we are at the position where we can present the Main Theorem of the
paper: π1 (T, t) is commutative.
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Summary. Huffman coding is one of a most famous entropy encoding methods for lossless data compression [16]. JPEG and ZIP formats employ variants
of Huffman encoding as lossless compression algorithms. Huffman coding is a
bijective map from source letters into leaves of the Huffman tree constructed by
the algorithm. In this article we formalize an algorithm constructing a binary
code tree, Huffman tree.
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1. Constructing Binary Decoded Trees
Let D be a non empty set and x be an element of D. Observe that the root
tree of x is binary as a decorated tree.
The functor RN yielding a set is defined by the term
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(Def. 1) N × R.
Note that RN is non empty.
Let D be a non empty set. The binary finite trees of D yielding a set of trees
decorated with elements of D is defined by
(Def. 2) Let us consider a tree T decorated with elements of D. Then dom T is
finite and T is binary if and only if T ∈ it.
The Boolean binary finite trees of D yielding a non empty subset
of 2the binary finite trees of D is defined by the term
(Def. 3) {x, where x is an element of 2α : x is finite and x 6= ∅}, where α is the
binary finite trees of D.
In this paper S denotes a non empty finite set, p denotes a probability on
the trivial σ-field of S, T1 denotes a finite sequence of elements of the Boolean
binary finite trees of RN , and q denotes a finite sequence of elements of N.
Let us consider S and p. The functor InitTrees p yielding a non empty finite
subset of the binary finite trees of RN is defined by the term
(Def. 4) {T , where T is an element of FinTrees(RN ) : T is a finite binary tree
decorated with elements of RN and there exists an element x of S such
that T = the root tree of h (CFS(S))−1 (x), p({x})ii}.
Let p be a tree decorated with elements of RN . The value of root from right
of p yielding a real number is defined by the term
(Def. 5) p(∅)2 .
The value of root from left of p yielding a natural number is defined by the term
(Def. 6) p(∅)1 .
Let T be a finite binary tree decorated with elements of RN and p be an
element of dom T . The value of tree of p yielding a real number is defined by
the term
(Def. 7) T (p)2 .
Let p, q be finite binary trees decorated with elements of RN and k be
a natural number. The functor MakeTree(p, q, k) yielding a finite binary tree
decorated with elements of RN is defined by the term
(Def. 8) h k, (the value of root from right of p) + (the value of root from right of
q)ii-tree(p, q).
Let X be a non empty finite subset of the binary finite trees of RN . The
maximal value of X yielding a natural number is defined by
(Def. 9) There exists a non empty finite subset L of N such that
(i) L = {the value of root from left of p, where p is an element of
the binary finite trees of RN : p ∈ X}, and
(ii) it = max L.
Now we state the propositions:
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(1) Let us consider a non empty finite subset X of the binary finite trees
of RN and a finite binary tree w decorated with elements of RN . Suppose
X = {w}. Then the maximal value of X = the value of root from left
of w. Proof: Consider L being a non empty finite subset of N such that
L = {the value of root from left of p, where p is an element of the binary
finite trees of RN : p ∈ X} and the maximal value of X = max L. For
every element n such that n ∈ L holds n = the value of root from left
of w. For every element n such that n = the value of root from left of w
holds n ∈ L. 
(2) Let us consider non empty finite subsets X, Y , Z of the binary finite trees of RN . Suppose Z = X ∪ Y . Then the maximal value of
Z = max(the maximal value of X, the maximal value of Y ).
(3) Let us consider non empty finite subsets X, Z of the binary finite trees
of RN and a set Y . Suppose Z = X \ Y . Then the maximal value of
Z ¬ the maximal value of X. The theorem is a consequence of (2).
(4) Let us consider a non empty finite subset X of the binary finite trees
of RN and an element p of the binary finite trees of RN . Suppose p ∈ X.
Then the value of root from left of p ¬ the maximal value of X.
Let X be a non empty finite subset of the binary finite trees of RN . A
minimal value tree of X is a finite binary tree decorated with elements of RN
and is defined by
(Def. 10)

(i) it ∈ X, and
(ii) for every finite binary tree q decorated with elements of RN such that
q ∈ X holds the value of root from right of it ¬ the value of root
from right of q.

Now we state the propositions:
(5)

InitTrees p = S. Proof: Reconsider f1 = (CFS(S))−1 as a function from
S into Seg S. Define P[element, element] ≡ $2 = the root tree of h f1 ($1 ),
p({$1 })ii. For every element x such that x ∈ S there exists an element
y such that y ∈ InitTrees p and P[x, y] by [12, (5)], [13, (87)], [7, (3)].
Consider f being a function from S into InitTrees p such that for every
element x such that x ∈ S holds P[x, f (x)] from [12, Sch. 1]. 

(6) Let us consider a non empty finite subset X of the binary finite trees
of RN and finite binary trees s, t decorated with elements of RN . Then
MakeTree(t, s, ((the maximal value of X) + 1)) ∈
/ X.
Let X be a set. The set of leaves of X yielding a subset of 2RN is defined by
the term
(Def. 11) {Leaves(p), where p is an element of the binary finite trees of RN : p ∈ X}.
Now we state the propositions:
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(7) Let us consider a finite binary tree X decorated with elements of RN .
Then the set of leaves of {X} = {Leaves(X)}. Proof: For every element
x, x ∈ the set of leaves of {X} iff x ∈ {Leaves(X)}. 
(8) Let us consider sets X, Y . Then the set of leaves of X ∪ Y = (the set
of leaves of X) ∪ (the set of leaves of Y ). Proof: For every element x,
x ∈ the set of leaves of X ∪ Y iff x ∈ (the set of leaves of X) ∪ (the set of
leaves of Y ). 
z}|{

(9) Let us consider trees s, t. Then ∅ ∈
/ Leaves( t, s ). Proof: For every
z}|{

element p, p ∈ t, s iff p ∈ the elementary tree of 0 by [4, (19), (29)], [10,
(130)]. 
z}|{

(10) Let us consider trees s, t. Then Leaves( t, s ) = {h0i a p, where p is
an element of t : p ∈ Leaves(t)} ∪ {h1i a p, where p is an element of
s : p ∈ Leaves(s)}. The theorem is a consequence of (9). Proof: Set
L = {h0i a p, where p is an element of t : p ∈ Leaves(t)}. Set R = {h1i a
z}|{

p, where p is an element of s : p ∈ Leaves(s)}. Set H = Leaves( t, s ). For
every element x, x ∈ H iff x ∈ L ∪ R by [2, (23)], [9, (6)]. 
Let us consider decorated trees s, t, an element x, and a finite sequence q of
elements of N. Now we state the propositions:
(11) If q ∈ dom t, then (x-tree(t, s))(h0i a q) = t(q).
(12) If q ∈ dom s, then (x-tree(t, s))(h1i a q) = s(q).
Now we state the propositions:
(13) Let us consider decorated trees s, t and an element x.
Then Leaves(x-tree(t, s)) = Leaves(t) ∪ Leaves(s). The theorem is a consequence of (10), (11), and (12). Proof: Set L = {h0i a p, where p is
an element of dom t : p ∈ Leaves(dom t)}. Set R = {h1i a p, where
p is an element of dom s : p ∈ Leaves(dom s)}. For every element z,
z ∈ (x-tree(t, s))◦ L iff z ∈ t◦ (Leaves(dom t)). For every element z, z ∈
(x-tree(t, s))◦ R iff z ∈ s◦ (Leaves(dom s)). 
(14) Let us consider a natural number k and finite binary trees s, t decorated
S
S
with elements of RN . Then the set of leaves of {s, t} = the set of
leaves of {MakeTree(t, s, k)}. The theorem is a consequence of (8), (7),
and (13).
(15) Leaves(the elementary tree of 0) = the elementary tree of 0. Proof: For
every element x, x ∈ Leaves(the elementary tree of 0) iff x ∈ the elementary
tree of 0 by [4, (29), (54)]. 
(16) Let us consider an element x, a non empty set D, and a finite binary tree
T decorated with elements of D. Suppose T = the root tree of x. Then
Leaves(T ) = {x}. The theorem is a consequence of (15).
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2. Binary Huffman Tree
Let us consider S, p, T1 , and q. We say that T1 , q, and p are constructing
binary Huffman tree if and only if
(Def. 12)
(i) T1 (1) = InitTrees p, and
(ii) len T1 = S, and
(iii) for every natural number i such that 1 ¬ i < len T1 there exist
non empty finite subsets X, Y of the binary finite trees of RN and
there exists a minimal value tree s of X and there exists a minimal
value tree t of Y and there exists a finite binary tree v decorated
with elements of RN such that T1 (i) = X and Y = X \ {s} and v ∈
{MakeTree(t, s, ((the maximal value of X)+1)), MakeTree(s, t, ((the
maximal value of X) + 1))} and T1 (i + 1) = (X \ {t, s}) ∪ {v}, and
(iv) there exists a finite binary tree T decorated with elements of RN such
that {T } = T1 (len T1 ), and
(v) dom q = Seg S, and
(vi) for every natural number k such that k ∈ Seg S holds q(k) = T1 (k)
and q(k) 6= 0, and
(vii) for every natural number k such that k < S holds q(k +1) = q(1)−k,
and
(viii) for every natural number k such that 1 ¬ k < S holds 2 ¬ q(k).
Now we state the proposition:
(17) There exists T1 and there exists q such that T1 , q, and p are constructing
binary Huffman tree. The theorem is a consequence of (5) and (6). Proof:
Define A[natural number, set, set] ≡ if there exist elements u, v such that
u 6= v and u, v ∈ $2 , then there exist non empty finite subsets X, Y
of the binary finite trees of RN and there exists a minimal value tree s
of X and there exists a minimal value tree t of Y and there exists a
finite binary tree w decorated with elements of RN such that $2 = X
and Y = X \ {s} and w ∈ {MakeTree(t, s, ((the maximal value of X) +
1)), MakeTree(s, t, ((the maximal value of X)+1))} and $3 = (X \{t, s})∪
{w}. For every natural number n such that 1 ¬ n < S for every element
x of the Boolean binary finite trees of RN , there exists an element y of
the Boolean binary finite trees of RN such that A[n, x, y]. Reconsider I =
InitTrees p as an element of the Boolean binary finite trees of RN . Consider
T1 being a finite sequence of elements of the Boolean binary finite trees
of RN such that len T1 = S and T1 (1) = I or S = 0 and for every natural
number n such that 1 ¬ n < S holds A[n, T1 (n), T1 (n + 1)] from [15,
Sch. 4]. Define B[element, element] ≡ there exists a finite set X such that

138

hiroyuki okazaki, yuichi futa, and yasunari shidama
T1 ($1 ) = X and $2 = X and $2 6= 0. For every natural number k such
that k ∈ Seg S there exists an element x of N such that B[k, x] by [11, (3)].
Consider q being a finite sequence of elements of N such that dom q = Seg S
and for every natural number k such that k ∈ Seg S holds B[k, q(k)] from
[8, Sch. 5]. For every natural number k such that k ∈ Seg S holds q(k) =
T1 (k) and q(k) 6= 0. For every natural number k such that 1 ¬ k < S
holds if 2 ¬ q(k), then q(k + 1) = q(k) − 1 by [8, (1)], [2, (11), (13)]. Define
C[natural number] ≡ if $1 < S, then q($1 + 1) = q(1) − $1 . For every
natural number n such that C[n] holds C[n + 1] by [2, (11)], [8, (1)], [2,
(14), (13)]. For every natural number n, C[n] from [2, Sch. 2]. For every
natural number n such that 1 ¬ n < S holds 2 ¬ q(n) by [2, (21), (13)].
For every natural number k such that 1 ¬ k < len T1 there exist non
empty finite subsets X, Y of the binary finite trees of RN and there exists
a minimal value tree s of X and there exists a minimal value tree t of Y
and there exists a finite binary tree w decorated with elements of RN such
that T1 (k) = X and Y = X \ {s} and w ∈ {MakeTree(t, s, ((the maximal
value of X) + 1)), MakeTree(s, t, ((the maximal value of X) + 1))} and
T1 (k + 1) = (X \ {t, s}) ∪ {w} by [8, (1)]. Consider T2 being a finite set
such that T1 (S) = T2 and q(S) = T2 and q(S) 6= 0. Consider u being an
element such that T2 = {u}. 

Let us consider S and p. A binary Huffman tree of p is a finite binary tree
decorated with elements of RN and is defined by
(Def. 13) There exists a finite sequence T1 of elements of the Boolean binary finite
trees of RN and there exists a finite sequence q of elements of N such that
T1 , q, and p are constructing binary Huffman tree and {it} = T1 (len T1 ).
In this paper T denotes a binary Huffman tree of p.
Now we state the propositions:
(18)

the set of leaves of InitTrees p = {z, where z is an element of N × R :
there exists an element x of S such that z = h (CFS(S))−1 (x), p({x})ii}.
S
The theorem is a consequence of (16). Proof: Set L = the set of leaves
of InitTrees p. Set R = {z, where z is an element of N × R : there exists
an element x of S such that z = h (CFS(S))−1 (x), p({x})ii}. For every element x, x ∈ L iff x ∈ R by [13, (87)], [7, (3)]. 
S

(19) Suppose T1 , q, and p are constructing binary Huffman tree. Let us consiS
der a natural number i. Suppose 1 ¬ i ¬ len T1 . Then the set of leaves of
T1 (i) = {z, where z is an element of N × R : there exists an element x of
S such that z = h (CFS(S))−1 (x), p({x})ii}. The theorem is a consequence
of (18), (8), and (14). Proof: Define P[natural number] ≡ if $1 < len T1 ,
S
then the set of leaves of T1 ($1 + 1) = {z, where z is an element of
N × R : there exists an element x of S such that z = h (CFS(S))−1 (x),
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p({x})ii}. For every natural number k such that P[k] holds P[k + 1] by [2,
(11)], [13, (78), (32)]. For every natural number k, P[k] from [2, Sch. 2].

(20) Leaves(T ) = {z, where z is an element of N×R : there exists an element
x of S such that z = h (CFS(S))−1 (x), p({x})ii}. The theorem is a consequence of (19) and (7).
(21) Suppose T1 , q, and p are constructing binary Huffman tree. Let us consider a natural number i, a finite binary tree T decorated with elements
of RN , and elements t, s, r of dom T . Suppose
(i) T ∈ T1 (i), and
(ii) t ∈ dom T \ Leaves(dom T ), and
(iii) s = t a h0i, and
(iv) r = t a h1i.
Then the value of tree of t = (the value of tree of s) + (the value of tree of
r). The theorem is a consequence of (15), (11), and (12). Proof: Define
P[natural number] ≡ if 1 ¬ $1 ¬ len T1 , then for every finite binary tree
T decorated with elements of RN and for every elements a, b, c of dom T
such that T ∈ T1 ($1 ) and a ∈ dom T \ Leaves(dom T ) and b = a a h0i and
c = a a h1i holds the value of tree of a = (the value of tree of b)+(the value
of tree of c). For every natural number i such that P[i] holds P[i + 1] by
[2, (16), (14)], [8, (44)]. For every natural number i, P[i] from [2, Sch. 2].

(22) Let us consider elements t, s, r of dom T . Suppose
(i) t ∈ dom T \ Leaves(dom T ), and
(ii) s = t a h0i, and
(iii) r = t a h1i.
Then the value of tree of t = (the value of tree of s) + (the value of tree
of r). The theorem is a consequence of (21).
(23) Let us consider a non empty finite subset X of the binary finite trees of
RN . Suppose a finite binary tree T decorated with elements of RN . Suppose
T ∈ X. Let us consider an element p of dom T and an element r of N.
Suppose r = T (p)1 . Then r ¬ the maximal value of X. Let us consider
finite binary trees s, t, w decorated with elements of RN . Suppose
(i) s, t ∈ X, and
(ii) w = MakeTree(t, s, ((the maximal value of X) + 1)).
Let us consider an element p of dom w and an element r of N. Suppose
r = w(p)1 . Then r ¬ (the maximal value of X) + 1. The theorem is
a consequence of (11) and (12). Proof: For every element a such that
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a ∈ dom d holds a = ∅ or there exists an element f of dom t such that
a = h0i a f or there exists an element f of dom s such that a = h1i a f by
[2, (23)]. 

(24) Suppose T1 , q, and p are constructing binary Huffman tree. Let us consider a natural number i. Suppose 1 ¬ i < len T1 . Let us consider non
empty finite subsets X, Y of the binary finite trees of RN . Suppose
(i) X = T1 (i), and
(ii) Y = T1 (i + 1).
Then the maximal value of Y = (the maximal value of X) + 1. Proof:
Consider X, Y being non empty finite subsets of the binary finite trees
of RN , s being a minimal value tree of X, t being a minimal value tree
of Y , v being a finite binary tree decorated with elements of RN such
that T1 (i) = X and Y = X \ {s} and v ∈ {MakeTree(t, s, ((the maximal
value of X) + 1)), MakeTree(s, t, ((the maximal value of X) + 1))} and
T1 (i + 1) = (X \ {t, s}) ∪ {v}. Consider L1 being a non empty finite
subset of N such that L1 = {the value of root from left of p, where p is
an element of the binary finite trees of RN : p ∈ X0} and the maximal
value of X0 = max L1 . Consider L4 being a non empty finite subset of N
such that L4 = {the value of root from left of p, where p is an element
of the binary finite trees of RN : p ∈ Y 0} and the maximal value of
Y 0 = max L4 . Reconsider p1 = v as an element of the binary finite trees
of RN . For every extended real x such that x ∈ L4 holds x ¬ the value of
root from left of p1 by [2, (16)]. 
Let us consider a natural number i, a non empty finite subset X of the
binary finite trees of RN , a finite binary tree T decorated with elements of RN ,
an element p of dom T , and an element r of N. Now we state the propositions:
(25) Suppose T1 , q, and p are constructing binary Huffman tree. Then if
X = T1 (i), then if T ∈ X, then if r = T (p)1 , then r ¬ the maximal value
of X.
(26) Suppose T1 , q, and p are constructing binary Huffman tree. Then if
X = T1 (i), then if T ∈ X, then if r = T (p)1 , then r ¬ the maximal value
of X.
Now we state the proposition:
(27) Suppose T1 , q, and p are constructing binary Huffman tree. Let us consider a natural number i, finite binary trees s, t decorated with elements
of RN , and a non empty finite subset X of the binary finite trees of RN .
Suppose
(i) X = T1 (i), and
(ii) s, t ∈ X.
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Let us consider a finite binary tree z decorated with elements of RN . Suppose z ∈ X. Then h (the maximal value of X) + 1, (the value of root from
right of t) + (the value of root from right of s)ii ∈
/ rng z. The theorem is a
consequence of (26).
Let x be an element. Note that the root tree of x is one-to-one.
Now we state the propositions:
(28) Let us consider a non empty finite subset X of the binary finite trees of
RN and finite binary trees s, t, w decorated with elements of RN . Suppose
(i) for every finite binary tree T decorated with elements of RN such that
T ∈ X for every element p of dom T for every element r of N such
that r = T (p)1 holds r ¬ the maximal value of X, and
(ii) for every finite binary trees p, q decorated with elements of RN such
that p, q ∈ X and p 6= q holds rng p ∩ rng q = ∅, and
(iii) s, t ∈ X, and
(iv) s 6= t, and
(v) w ∈ X \ {s, t}.
Then rng MakeTree(t, s, ((the maximal value of X) + 1)) ∩ rng w = ∅. The
theorem is a consequence of (11) and (12). Proof: Set d = MakeTree(t, s,
((the maximal value of X) + 1)). For every element a such that a ∈ dom d
holds a = ∅ or there exists an element f of dom t such that a = h0i a f
or there exists an element f of dom s such that a = h1i a f by [2, (23)].
Consider n2 being an element such that n2 ∈ rng d ∩ rng w. Consider a1
being an element such that a1 ∈ dom d and n2 = d(a1 ). Consider b1 being
an element such that b1 ∈ dom w and n2 = w(b1 ). w ∈ X and w 6= s and
w 6= t. 
(29) Suppose T1 , q, and p are constructing binary Huffman tree. Let us consider a natural number i and finite binary trees T , S decorated with elements
of RN . Suppose
(i) T , S ∈ T1 (i), and
(ii) T 6= S.
Then rng T ∩ rng S = ∅. The theorem is a consequence of (26) and (28).
Proof: Define P[natural number] ≡ if 1 ¬ $1 ¬ len T1 , then for every
finite binary trees T , S decorated with elements of RN such that T , S ∈
T1 ($1 ) and T 6= S holds rng T ∩ rng S = ∅. For every natural number i
such that P[i] holds P[i + 1] by [21, (8)], [2, (16), (14)]. For every natural
number i, P[i] from [2, Sch. 2]. 
(30) Let us consider a non empty finite subset X of the binary finite trees of
RN and finite binary trees s, t decorated with elements of RN . Suppose
(i) s is one-to-one, and
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(ii) t is one-to-one, and
(iii) t, s ∈ X, and
(iv) rng s ∩ rng t = ∅, and
(v) for every finite binary tree z decorated with elements of RN such that
z ∈ X holds h (the maximal value of X) + 1, (the value of root from
right of t) + (the value of root from right of s)ii ∈
/ rng z.

Then MakeTree(t, s, ((the maximal value of X) + 1)) is one-to-one. The
theorem is a consequence of (11) and (12). Proof: Set d = MakeTree(t, s,
((the maximal value of X) + 1)). For every element a such that a ∈ dom d
holds a = ∅ or there exists an element f of dom t such that a = h0i a f
or there exists an element f of dom s such that a = h1i a f by [2, (23)].
For every element x such that x ∈ dom d and x 6= ∅ holds d(x) 6= d(∅)
by [11, (3)]. For every elements x1 , x2 such that x1 , x2 ∈ dom d and
d(x1 ) = d(x2 ) holds it is not true that there exists an element f of dom s
such that x1 = h1i a f and there exists an element f of dom t such that
x2 = h0i a f by [11, (3)]. For every elements x1 , x2 such that x1 , x2 ∈ dom d
and d(x1 ) = d(x2 ) holds x1 = x2 . 
(31) Suppose T1 , q, and p are constructing binary Huffman tree. Let us consider a natural number i and a finite binary tree T decorated with elements of RN . If T ∈ T1 (i), then T is one-to-one. The theorem is a consequence of (27), (29), and (30). Proof: Define P[natural number] ≡ if
1 ¬ $1 ¬ len T1 , then for every finite binary tree T decorated with elements of RN such that T ∈ T1 ($1 ) holds T is one-to-one. For every natural
number i such that P[i] holds P[i + 1] by [2, (16), (14)]. For every natural
number i, P[i] from [2, Sch. 2]. 
Let us consider p.
Now we are at the position where we can present the Main
Theorem of the paper: Every binary Huffman tree of p is one-to-one.
References
[1] Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377–382, 1990.
[2] Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathematics, 1(1):41–46, 1990.
[3] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91–96, 1990.
[4] Grzegorz Bancerek. Introduction to trees. Formalized Mathematics, 1(2):421–427, 1990.
[5] Grzegorz Bancerek. König’s lemma. Formalized Mathematics, 2(3):397–402, 1991.
[6] Grzegorz Bancerek. Sets and functions of trees and joining operations of trees. Formalized
Mathematics, 3(2):195–204, 1992.
[7] Grzegorz Bancerek. Joining of decorated trees. Formalized Mathematics, 4(1):77–82,
1993.
[8] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107–114, 1990.
[9] Grzegorz Bancerek and Piotr Rudnicki. On defining functions on binary trees. Formalized
Mathematics, 5(1):9–13, 1996.

Constructing binary Huffman tree

143

[10] Czesław Byliński. Finite sequences and tuples of elements of a non-empty sets. Formalized
Mathematics, 1(3):529–536, 1990.
[11] Czesław Byliński. Functions and their basic properties. Formalized Mathematics, 1(1):
55–65, 1990.
[12] Czesław Byliński. Functions from a set to a set. Formalized Mathematics, 1(1):153–164,
1990.
[13] Czesław Byliński. Some basic properties of sets. Formalized Mathematics, 1(1):47–53,
1990.
[14] Agata Darmochwał. Finite sets. Formalized Mathematics, 1(1):165–167, 1990.
[15] Krzysztof Hryniewiecki. Recursive definitions. Formalized Mathematics, 1(2):321–328,
1990.
[16] D. A. Huffman. A method for the construction of minimum-redundancy codes. Proceedings
of the I.R.E, 1952.
[17] Andrzej Kondracki. Basic properties of rational numbers. Formalized Mathematics, 1(5):
841–845, 1990.
[18] Andrzej Nędzusiak. σ-fields and probability. Formalized Mathematics, 1(2):401–407, 1990.
[19] Hiroyuki Okazaki and Yasunari Shidama. Probability on finite set and real-valued random
variables. Formalized Mathematics, 17(2):129–136, 2009. doi:10.2478/v10037-009-0014-x.
[20] Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics, 1(1):
115–122, 1990.
[21] Andrzej Trybulec. Binary operations applied to functions. Formalized Mathematics, 1
(2):329–334, 1990.
[22] Andrzej Trybulec. On the sets inhabited by numbers. Formalized Mathematics, 11(4):
341–347, 2003.
[23] Michał J. Trybulec. Integers. Formalized Mathematics, 1(3):501–505, 1990.
[24] Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67–71, 1990.
[25] Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics, 1
(1):73–83, 1990.
[26] Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181–186,
1990.

Received June 18, 2013

FORMALIZED
Vol.

MATHEMATICS

21, No. 2, Pages 145–152, 2013

DOI: 10.2478/forma-2013-0016

degruyter.com/view/j/forma

Riemann Integral of Functions from R into
Real Banach Space1
Keiko Narita
Hirosaki-city
Aomori, Japan

Noboru Endou
Gifu National College of Technology
Japan
Yasunari Shidama
Shinshu University
Nagano, Japan

Summary. In this article we deal with the Riemann integral of functions
from R into a real Banach space. The last theorem establishes the integrability
of continuous functions on the closed interval of reals. To prove the integrability
we defined uniform continuity for functions from R into a real normed space, and
proved related theorems. We also stated some properties of finite sequences of
elements of a real normed space and finite sequences of real numbers.
In addition we proved some theorems about the convergence of sequences.
We applied definitions introduced in the previous article [21] to the proof of
integrability.
MSC: 26A42

03B35

Keywords: formalization of Riemann integral
MML identifier: INTEGR20, version: 8.1.02 5.17.1181

The notation and terminology used in this paper have been introduced in the
following articles: [6], [1], [7], [22], [4], [8], [14], [9], [10], [21], [15], [16], [17], [18],
[28], [26], [5], [27], [2], [23], [24], [3], [11], [19], [25], [32], [33], [30], [12], [20], [31],
and [13].
1. Some Properties of Continuous Functions
In this paper s1 , s2 , q1 denote sequences of real numbers.
Let X be a real normed space and f be a partial function from R to the
carrier of X. We say that f is uniformly continuous if and only if
1
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(Def. 1) Let us consider a real number r. Suppose 0 < r. Then there exists a real
number s such that
(i) 0 < s, and
(ii) for every real numbers x1 , x2 such that x1 , x2 ∈ dom f and |x1 −x2 | <
s holds kfx1 − fx2 k < r.
Now we state the propositions:
(1) Let us consider a set X, a real normed space Y , and a partial function f
from R to the carrier of Y . Then f X is uniformly continuous if and only
if for every real number r such that 0 < r there exists a real number s such
that 0 < s and for every real numbers x1 , x2 such that x1 , x2 ∈ dom(f X)
and |x1 − x2 | < s holds kfx1 − fx2 k < r. Proof: If f X is uniformly
continuous, then for every real number r such that 0 < r there exists a
real number s such that 0 < s and for every real numbers x1 , x2 such
that x1 , x2 ∈ dom(f X) and |x1 − x2 | < s holds kfx1 − fx2 k < r by [11,
(80)]. Consider s being a real number such that 0 < s and for every real
numbers x1 , x2 such that x1 , x2 ∈ dom(f X) and |x1 − x2 | < s holds
kfx1 − fx2 k < r. 
(2) Let us consider sets X, X1 , a real normed space Y , and a partial function
f from R to the carrier of Y . Suppose
(i) f X is uniformly continuous, and
(ii) X1 ⊆ X.
Then f X1 is uniformly continuous. The theorem is a consequence of (1).
(3) Let us consider a real normed space X, a partial function f from R to
the carrier of X, and a subset Z of R. Suppose
(i) Z ⊆ dom f , and
(ii) Z is compact, and
(iii) f Z is continuous.
Then f Z is uniformly continuous. The theorem is a consequence of (1).

2. Some Properties of Sequences
Now we state the proposition:
(4) Let us consider a real normed space X, natural numbers n, m, a function
a from Seg n × Seg m into X, and finite sequences p, q of elements of X.
Suppose
(i) dom p = Seg n, and
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(ii) for every natural number i such that i ∈ dom p there exists a finite
P
sequence r of elements of X such that dom r = Seg m and p(i) = r
and for every natural number j such that j ∈ dom r holds r(j) =
a(i, j), and
(iii) dom q = Seg m, and
(iv) for every natural number j such that j ∈ dom q there exists a finite
P
sequence s of elements of X such that dom s = Seg n and q(j) = s
and for every natural number i such that i ∈ dom s holds s(i) =
a(i, j).
Then
p = q. Proof: Define P[natural number] ≡ for every natural
number m for every function a from Seg $1 × Seg m into X for every
finite sequences p, q of elements of X such that dom p = Seg $1 and for
every natural number i such that i ∈ dom p there exists a finite sequence
P
r of elements of X such that dom r = Seg m and p(i) =
r and for
every natural number j such that j ∈ dom r holds r(j) = a(i, j) and
dom q = Seg m and for every natural number j such that j ∈ dom q there
exists a finite sequence s of elements of X such that dom s = Seg $1 and
P
q(j) =
s and for every natural number i such that i ∈ dom s holds
P
P
s(i) = a(i, j) holds p = q. For every natural number n such that P[n]
holds P[n + 1] by [4, (5)], [2, (11)], [13, (95)]. For every natural number
n, P[n] from [2, Sch. 2]. 
Let A be a subset of R. The extension of vol(A) yielding a real number is
defined by the term
(
0,
if A is empty,
(Def. 2)
vol(A), otherwise.
In the sequel n denotes an element of N and a, b denote real numbers.
Now we state the propositions:
P

P

(5) Let us consider a real bounded subset A of R. Then 0 ¬ the extension
of vol(A).
(6) Let us consider a non empty closed interval subset A of R, a Division D
of A, and a finite sequence q of elements of R. Suppose
(i) dom q = Seg len D, and
(ii) for every natural number i such that i ∈ Seg len D holds q(i) =
vol(divset(D, i)).
Then
q = vol(A). Proof: Set p = lower volume(χA,A , D). For every
natural number k such that k ∈ dom q holds q(k) = p(k) by [15, (19)]. 
(7) Let us consider a real normed space Y , a point E of Y , a finite sequence
q of elements of R, and a finite sequence S of elements of Y . Suppose
P

(i) len S = len q, and
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(ii) for every natural number i such that i ∈ dom S there exists a real
number r such that r = q(i) and S(i) = r · E.
Then S = q · E. Proof: Define P[natural number] ≡ for every finite
sequence q of elements of R for every finite sequence S of elements of Y
such that $1 = len S and len S = len q and for every natural number i
such that i ∈ dom S there exists a real number r such that r = q(i) and
P
P
S(i) = r · E holds S = q · E. P[0] by [30, (10)], [12, (72)], [30, (43)].
For every natural number i, P[i] from [2, Sch. 2]. 
P

P

(8) Let us consider a non empty closed interval subset A of R, a Division D
of A, a non empty closed interval subset B of R, and a finite sequence v
of elements of R. Suppose
(i) B ⊆ A, and
(ii) len D = len v, and
(iii) for every natural number i such that
i ∈ dom v holds v(i) = the extension of vol(B ∩ divset(D, i)).
P

Then v = vol(B). The theorem is a consequence of (5). Proof: Define
P[natural number] ≡ for every non empty closed interval subset A of R for
every Division D of A for every non empty closed interval subset B of R for
every finite sequence v of elements of R such that $1 = len D and B ⊆ A
and len D = len v and for every natural number k such that k ∈ dom v
P
holds v(k) = the extension of vol(B ∩ divset(D, k)) holds
v = vol(B).
For every natural number i such that P[i] holds P[i + 1] by [29, (29)], [4,
(4)], [2, (11)]. For every natural number i, P[i] from [2, Sch. 2]. 
(9) Let us consider a real normed space Y , a finite sequence x3 of elements
of Y , and a finite sequence y of elements of R. Suppose
(i) len x3 = len y, and
(ii) for every element i of N such that i ∈ dom x3 there exists a point v
of Y such that v = x3i and y(i) = kvk.
Then k x3 k ¬ y. Proof: Define P[natural number] ≡ for every finite
sequence x3 of elements of Y for every finite sequence y of elements of
R such that $1 = len x3 and len x3 = len y and for every element i of N
such that i ∈ dom x3 there exists a point v of Y such that v = x3i and
P
P
y(i) = kvk holds k x3 k ¬
y. P[0] by [30, (43)], [12, (72)]. For every
natural number i, P[i] from [2, Sch. 2]. 
P

P

(10) Let us consider a real normed space Y , a finite sequence p of elements
of Y , and a finite sequence q of elements of R. Suppose
(i) len p = len q, and
(ii) for every natural number j such that j ∈ dom p holds kpj k ¬ q(j).
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Then k pk ¬ q. The theorem is a consequence of (9). Proof: Define
Q[natural number, set] ≡ there exists a point v of Y such that v = p$1 and
$2 = kvk. For every natural number i such that i ∈ Seg len p there exists
an element x of R such that Q[i, x]. Consider u being a finite sequence of
elements of R such that dom u = Seg len p and for every natural number i
such that i ∈ Seg len p holds Q[i, u(i)] from [4, Sch. 5]. For every element
i of N such that i ∈ dom p there exists a point v of Y such that v = pi
and u(i) = kvk. 
P

P

(11) Let us consider an element j of N, a non empty closed interval subset A of
R, and a Division D1 of A. Suppose j ∈ dom D1 . Then vol(divset(D1 , j)) ¬
δD1 .
(12) Let us consider a non empty closed interval subset A of R, a Division
D of A, and a real number r. Suppose δD < r. Let us consider a natural
number i and real numbers s, t. If i ∈ dom D and s, t ∈ divset(D, i), then
|s − t| < r. The theorem is a consequence of (11).
(13) Let us consider a real Banach space X, a non empty closed interval
subset A of R, and a function h from A into the carrier of X. Suppose
a real number r. Suppose 0 < r. Then there exists a real number s such
that
(i) 0 < s, and
(ii) for every real numbers x1 , x2 such that x1 , x2 ∈ dom h and |x1 −x2 | <
s holds khx1 − hx2 k < r.
Let us consider a division sequence T of A and a middle volume sequence
S of h and T . Suppose
(iii) δT is convergent, and
(iv) lim δT = 0.
Then middle sum(h, S) is convergent. The theorem is a consequence of
(8), (7), (4), (12), (5), (10), and (6). Proof: For every division sequence
T of A and for every middle volume sequence S of h and T such that δT
is convergent and lim δT = 0 holds middle sum(h, S) is convergent by [32,
(57)], [15, (9)], [17, (9)]. 
The scheme ExRealSeq2X deals with a non empty set D and a unary functor
F, G yielding an element of D and states that
(Sch. 1) There exists a sequence s of D such that for every natural number n,
s(2 · n) = F(n) and s(2 · n + 1) = G(n).
Now we state the propositions:
(14) Let us consider a natural number n. Then there exists a natural number
k such that n = 2 · k or n = 2 · k + 1.
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(15) Let us consider a non empty closed interval subset A of R and division
sequences T2 , T of A. Then there exists a division sequence T1 of A such
that for every natural number i, T1 (2 · i) = T2 (i) and T1 (2 · i + 1) = T (i).
The theorem is a consequence of (14).
(16) Let us consider a non empty closed interval subset A of R and division
sequences T2 , T , T1 of A. Suppose
(i) δT2 is convergent, and
(ii) lim δT2 = 0, and
(iii) δT is convergent, and
(iv) lim δT = 0, and
(v) for every natural number i, T1 (2 · i) = T2 (i) and T1 (2 · i + 1) = T (i).
Then
(vi) δT1 is convergent, and
(vii) lim δT1 = 0.
The theorem is a consequence of (14).
(17) Let us consider a real normed space X, a non empty closed interval subset
A of R, a function h from A into the carrier of X, division sequences T2 ,
T , T1 of A, a middle volume sequence S7 of h and T2 , and a middle volume
sequence S of h and T . Suppose a natural number i. Then
(i) T1 (2 · i) = T2 (i), and
(ii) T1 (2 · i + 1) = T (i).
Then there exists a middle volume sequence S1 of h and T1 such that
for every natural number i, S1 (2 · i) = S7 (i) and S1 (2 · i + 1) = S(i).
The theorem is a consequence of (14). Proof: Reconsider S2 = S7 ,
S3 = S as a sequence of (the carrier of X)∗ . Define F(natural number) =
S2 $1 . Define G(natural number) = S3 $1 . Consider S1 being a sequence of
(the carrier of X)∗ such that for every natural number n, S1 (2 · n) = F(n)
and S1 (2 · n + 1) = G(n) from ExRealSeq2X. For every element i of N, S1 (i)
is a middle volume of h and T1 (i). 
(18) Let us consider a real normed space X and sequences S4 , S6 , S5 of X.
Suppose
(i) S5 is convergent, and
(ii) for every natural number i, S5 (2 · i) = S4 (i) and S5 (2 · i + 1) = S6 (i).
Then
(iii) S4 is convergent, and
(iv) lim S4 = lim S5 , and
(v) S6 is convergent, and
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(vi) lim S6 = lim S5 .
The theorem is a consequence of (14). Proof: For every real number r
such that 0 < r there exists a natural number m1 such that for every
natural number i such that m1 ¬ i holds kS4 (i) − lim S5 k < r by [2,
(11)]. For every real number r such that 0 < r there exists a natural
number m1 such that for every natural number i such that m1 ¬ i holds
kS6 (i) − lim S5 k < r by [2, (11)]. 
(19) Let us consider a real Banach space X and a continuous partial function
f from R to the carrier of X. If a ¬ b and [a, b] ⊆ dom f , then f is
integrable on [a, b]. The theorem is a consequence of (3), (13), (15), (17),
(16), and (18). Proof: Set A = [a, b]. Reconsider h = f A as a function
from A into the carrier of X. Consider T2 being a division sequence of A
such that δT2 is convergent and lim δT2 = 0. Set S7 = the middle volume
sequence of h and T2 . Set I = lim middle sum(h, S7 ). For every division
sequence T of A and for every middle volume sequence S of h and T such
that δT is convergent and lim δT = 0 holds middle sum(h, S) is convergent
and lim middle sum(h, S) = I. 
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Summary. In the article the formal characterization of square-free numbers is shown; in this manner the paper is the continuation of [19]. Essentially,
we prepared some lemmas for convenient work with numbers (including the proof that the sequence of prime reciprocals diverges [1]) according to [18] which
were absent in the Mizar Mathematical Library. Some of them were expressed in
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1. Preliminaries
Let a, b be non zero natural numbers. Let us observe that gcd(a, b) is non
zero and lcm(a, b) is non zero.
Let n be a natural number. Note that 0 −0 n reduces to 0.
Now we state the propositions:
√
(1) Let us consider natural numbers n, i. If n  22·i+2 , then n2  2i · n.
(2) Let us consider a natural number n. Then support PFExp(n) ⊆ P.
c
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Let us consider a non zero natural number n. Now we state the propositions:

(3) n − (n div 2) · 2 ¬ 1.
(4) (n div 2) · 2 ¬ n.
Now we state the propositions:
(5) Let us consider non zero natural numbers a, b. Suppose a and b are not
relatively prime. Then there exists a non zero natural number k such that
(i) k 6= 1, and
(ii) k | a, and
(iii) k | b.
(6) Let us consider non zero natural numbers n, a. If a | n, then n div a 6= 0.
(7) Let us consider natural numbers i, j. If i and j are relatively prime, then
lcm(i, j) = i · j.
Q
Let f be a natural-valued finite sequence. Let us note that f is natural.

2. Prime Numbers
Now we state the propositions:
(8) pr(0) = 2.
(9) P(3) = {2}. Proof: For every natural number q, q ∈ {2} iff q < 3 and
q is prime by [27, (28)], [4, (13)]. 
(10) pr(1) = 3. The theorem is a consequence of (9).
(11) P(5) = {2, 3}. Proof: For every natural number q, q ∈ {2, 3} iff q < 5
and q is prime by [27, (28)], [17, (41)], [4, (13)]. 
(12) pr(2) = 5. The theorem is a consequence of (11).
(13) P(6) = {2, 3, 5}. Proof: {2, 3, 5} ⊆ N. For every natural number q,
q ∈ {2, 3, 5} iff q < 6 and q is prime by [27, (28)], [17, (41), (59)]. 
(14) P(7) = {2, 3, 5}. Proof: {2, 3, 5} ⊆ N. For every natural number q,
q ∈ {2, 3, 5} iff q < 7 and q is prime by [27, (28)], [17, (41), (59)]. 
(15) pr(3) = 7. The theorem is a consequence of (14).
(16) P(11) = {2, 3, 5, 7}. Proof: {2, 3, 5, 7} ⊆ N. For every natural number
q, q ∈ {2, 3, 5, 7} iff q < 11 and q is prime by [27, (28)], [17, (41), (59)]. 
(17) pr(4) = 11. The theorem is a consequence of (16).
(18) P(13) = {2, 3, 5, 7, 11}. Proof: {2, 3, 5, 7, 11} ⊆ N. For every natural
number q, q ∈ {2, 3, 5, 7, 11} iff q < 13 and q is prime by [27, (28)], [17,
(41), (59)]. 
(19) pr(5) = 13.
(20) Let us consider natural numbers m, n. Then
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(i) P(m) ⊆ P(n), or
(ii) P(n) ⊆ P(m).

(21) Let us consider natural numbers n, m. Then n < m if and only if pr(n) <
pr(m). Proof: For every natural numbers n, m such that n < m holds
pr(n) < pr(m) by [2, (11)], [26, (69)], [4, (39)]. 

3. Prime Reciprocals
In this paper n, i denote natural numbers.
The functor invP yielding a sequence of real numbers is defined by
(Def. 1) Let us consider a natural number i. Then it(i) =

1
pr(i) .

Let f be a sequence of real numbers. We introduce f is divergent as an
antonym for f is convergent.
Let us note that invP is decreasing and lower bounded and invP is convergent.
The functor invN yielding a sequence of real numbers is defined by
(Def. 2) Let us consider a natural number i. Then it(i) = 1i .
Let us note that invN is non-negative yielding and invN is convergent.
Now we state the propositions:
(22) lim invN = 0.
(23) invP is a subsequence of invN . The theorem is a consequence of (21).
Proof: Define F(natural number) = pr($1 ). Consider f being a sequence
of real numbers such that for every natural number i, f (i) = F(i) from
[24, Sch. 1]. For every natural number n, f (n) is an element of N. For every
natural numbers n, m such that n < m holds f (n) < f (m). invP = invN ·f
by [10, (13)]. 
Let f be a non-negative yielding sequence of real numbers. One can verify
that every subsequence of f is non-negative yielding and invP is non-negative
yielding.
Now we state the proposition:
(24) lim invP = 0.
Observe that ( κα=0 (invP )(α))κ∈N is non-decreasing as a sequence of real
numbers.
Now we state the proposition:
P

(25) Let us consider a non-negative yielding sequence f of real numbers. Suppose f is summable. Let us consider a real number p. Suppose p > 0. Then
P
there exists an element i of N such that (f ↑ i) < p.
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4. Square Factors

Let n be a non zero natural number. The functor SqFactors n yielding a
many sorted set indexed by P is defined by
(Def. 3)
(i) support it = support PFExp(n), and
(ii) for every natural number p such that p ∈ support PFExp(n) holds
it(p) = p(p -count(n)) div 2 .
Let us observe that SqFactors n is finite-support and natural-valued.
Note that every element of support SqFactors n is natural.
The functor SqF n yielding a natural number is defined by the term
Q
(Def. 4)
SqFactors n.
Now we state the proposition:
Q
(26) Let us consider a bag f of P. Then f 6= 0.
Let n be a non zero natural number. Let us observe that SqF n is non zero.
Let p be a prime number. The functor SqFDiv p yielding a subset of N is
defined by
(Def. 5) Let us consider a natural number n. Then n ∈ it if and only if n is
square-free and for every prime number i such that i | n holds i ¬ p.
In the sequel p denotes a prime number.
Now we state the propositions:
(27) 1 ∈ SqFDiv p. Proof: For every prime number i such that i | 1 holds
i ¬ p by [21, (15)]. 
(28) 0 ∈
/ SqFDiv p.
Let us note that there exists a natural number which is square-free and non
zero.
Let us consider p. One can verify that there exists a bag of Seg p which is
positive yielding.
Now we state the propositions:
(29) Let us consider a positive yielding bag f of Seg p. Then dom f = support f .
Proof: Seg p ⊆ support f by [10, (3)]. 
(30) dom CFS(Seg p) = Seg p.
(31) Let us consider a finite set A. Then dom CFS(A) = Seg A.
(32) Let us consider a positive yielding bag g of Seg p. If g = p 7→ p, then
g = g · CFS(support g). The theorem is a consequence of (29) and (30).
Proof: Set g = f · CFS(Seg p). For every element x such that x ∈ dom g
holds g(x) = p 7→ p(x) by [10, (12)], [35, (7)], [10, (3)]. 
(33) Let us consider a positive yielding bag f of Seg p. If f = p 7→ p, then
Q
f = pp . The theorem is a consequence of (32).
Let us consider a non zero natural number n. Now we state the propositions:
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(34) If n ∈ SqFDiv p, then support PFExp(n) ⊆ Seg p.
(35) If n ∈ SqFDiv p, then support PFExp(n) ¬ p.
Now we state the propositions:
(36) Let us consider a square-free non zero natural number n.
Then rng PFExp(n) ⊆ {0, 1}.
(37) Let us consider non zero natural numbers m, n. If PFExp(m) = PFExp(n),
then m = n. Proof: For every element x such that x ∈ dom PPF(m) holds
(PPF(m))(x) = (PPF(n))(x) by [23, (33)]. 
Let p be a prime number. Observe that SqFDiv p is non empty.
Note that every element of SqFDiv p is non empty.
The functor 2P (p) yielding a set is defined by the term
(Def. 6) 2Seg p∩P .
Let us note that 2P (p) is finite.
The functor HomP (p) yielding a function from SqFDiv p into 2P (p) is defined
by
(Def. 7) Let us consider an element x of SqFDiv p.
Then it(x) = PFExp(x)(Seg p ∩ P).
Observe that HomP (p) is one-to-one.
Now we state the proposition:
(38)

SqFDiv p ⊆ 2P (p).

Let p be a prime number. One can verify that SqFDiv p is finite.
Now we state the propositions:
(39)

SqFDiv p ¬ 2p .

(40) If n 6= 0 and pi | n, then i ¬ p -count(n).
(41) If n 6= 0 and for every prime number p, p -count(n) ¬ 1, then n is
square-free. The theorem is a consequence of (40).
(42) Let us consider a prime number p and a non zero natural number n. If
p -count(n) = 0, then (SqFactors n)(p) = 0.
(43) Let us consider a non zero natural number n and a prime number p.
Suppose p -count(n) 6= 0. Then (SqFactors n)(p) = p(p -count(n)) div 2 .
(44) Let us consider non zero natural numbers m, n. Suppose m and n are
relatively prime. Then SqFactors(m · n) = SqFactors m + SqFactors n. The
theorem is a consequence of (42) and (43).
(45) Let us consider a non zero natural number n. Then SqF n | n. The
theorem is a consequence of (44). Proof: Define F(non zero natural
Q
number) = SqFactors $1 . Define G(non zero natural number) = SqFactors $1 . Define P[natural number] ≡ for every non zero natural number n
such that support G(n) ⊆ Seg $1 holds F(n) | n. For every natural number
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k such that P[k] holds P[k + 1] by [6, (1)], [4, (13)], [23, (34), (42)]. P[0]
by [23, (20)]. For every natural number k, P[k] from [4, Sch. 2]. 
Let n be a non zero natural number. One can check that PFactors n is primefactorization-like.
Let us consider a bag f of P. Now we state the propositions:
(46) There exists a finite sequence g of elements of N such that
(i)

Q

f=

Q

g, and

(ii) g = f · CFS(support f ).
(47) If f (p) = pn , then pn | f .
Q
(48) If f (p) = pn , then p -count( f )  n.
Q

5. Extracting Square-containing and Square-free Part of a
Number
Let n be a non zero natural number. The functor TSqFactors n yielding a
many sorted set indexed by P is defined by
(Def. 8)
(i) support it = support PFExp(n), and
(ii) for every natural number p such that p ∈ support PFExp(n) holds
it(p) = p2·((p -count(n)) div 2) .
Now we state the proposition:
(49) Let us consider a non zero natural number n. Then TSqFactors n =
(SqFactors n)2 . Proof: For every element x such that x ∈ dom TSqFactors n holds (TSqFactors n)(x) = (SqFactors n)2 (x) by [26, (9), (11)]. 
Let n be a non zero natural number. Let us observe that TSqFactors n is
finite-support and natural-valued.
The functor TSqF n yielding a natural number is defined by the term
Q
(Def. 9)
TSqFactors n.
Observe that TSqF n is non zero.
Now we state the propositions:
(50) Let us consider a prime number p and a non zero natural number n. If
p -count(n) = 0, then (TSqFactors n)(p) = 0.
(51) Let us consider a non zero natural number n and a prime number p.
Suppose p -count(n) 6= 0. Then (TSqFactors n)(p) = p2·((p -count(n)) div 2) .
(52) Let us consider non zero natural numbers m, n. Suppose m and n are
relatively prime. Then TSqFactors(m·n) = TSqFactors m+ TSqFactors n.
The theorem is a consequence of (50) and (51).
Let n be a non zero natural number. One can check that support TSqFactors n
is natural-membered.
Now we state the proposition:
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(53) Let us consider a non zero natural number n. Then TSqF n | n. The theorem is a consequence of (4) and (52). Proof: Define F(non zero natural
Q
number) = TSqFactors $1 . Define G(non zero natural number) = TSqFactors $1 . Define P[natural number] ≡ for every non zero natural number n
such that support G(n) ⊆ Seg $1 holds F(n) | n. For every natural number
k such that P[k] holds P[k + 1] by [6, (1)], [4, (13)], [23, (34), (42)]. P[0]
by [23, (20)]. For every natural number k, P[k] from [4, Sch. 2]. 
Let n be a non zero natural number. Let us note that n div TSqF n is squarefree as a natural number.
Now we state the propositions:
(54) Let us consider non zero natural numbers n, k. If k 6= 1 and k 2 | n, then
n is square-containing.
(55) Let us consider a square-free non zero natural number n and a non zero
natural number a. If a | n, then a and n div a are relatively prime. The
theorem is a consequence of (5) and (54). Proof: n div a 6= 0 by [29, (12)].
Consider k being a non zero natural number such that k 6= 1 and k | a
and k | n div a. 

6. Binary Operations
Now we state the propositions:
(56) Let us consider non empty sets A, C, a commutative binary operation L
on A, and a binary operation L1 on C. If C ⊆ A and L1 = L  C, then L1
is commutative. Proof: For every elements a, b of C, L1 (a, b) = L1 (b, a)
by [14, (87)], [10, (49)]. 
(57) Let us consider non empty sets A, C, an associative binary operation L
on A, and a binary operation L1 on C. If C ⊆ A and L1 = L  C, then L1
is associative. Proof: For every elements a, b, c of C, L1 (a, L1 (b, c)) =
L1 (L1 (a, b), c) by [14, (87)], [10, (49), (47)]. 
M
on
on
on

Let C be a non empty set, L be a commutative binary operation on C, and
be a binary operation on C. Note that hC, L, M i is join-commutative.
Let L be a binary operation on C and M be a commutative binary operation
C. Let us observe that hC, L, M i is meet-commutative.
Let L be an associative binary operation on C and M be a binary operation
C. Note that hC, L, M i is join-associative.
Let L be a binary operation on C and M be an associative binary operation
C. Let us observe that hC, L, M i is meet-associative.
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7. On the Natural Divisors

Now we state the proposition:
(58) Let us consider a non zero natural number n. Then the set of positive
divisors of n ⊆ N+ .
Let us consider a non zero natural number n and natural numbers x, y. Now
we state the propositions:
(59) Suppose x, y ∈ the set of positive divisors of n. Then lcm(x, y) ∈ the set
of positive divisors of n.
(60) Suppose x, y ∈ the set of positive divisors of n. Then gcd(x, y) ∈ the set
of positive divisors of n.
Let n be a non zero natural number. Note that the set of positive divisors of n
is non empty and gcdN is commutative and associative and lcmN is commutative
and associative.
Now we state the propositions:
(61) gcdN+ = gcdN  N+ . Proof: Set h1 = gcdN+ . Set h = gcdN . Set N = N+ .
h1 = h(N × N ) by [41, (62)], [10, (49), (2)]. 
(62) lcmN+ = lcmN  N+ . Proof: Set h1 = lcmN+ . Set h = lcmN . Set N =
N+ . h1 = h(N × N ) by [41, (62)], [10, (49), (2)]. 
Let us observe that gcdN+ is commutative and lcmN+ is commutative and
gcdN+ is associative and lcmN+ is associative.
8. The Lattice of Natural Divisors
Let n be a non zero natural number. The lattice of positive divisors of n
yielding a strict sublattice of LN+ is defined by
(Def. 10) The carrier of it = the set of positive divisors of n.
One can check that the carrier of the lattice of positive divisors of n is
natural-membered.
Now we state the proposition:
(63) Let us consider a non zero natural number n and elements a, b of the
lattice of positive divisors of n. Then
(i) a t b = lcm(a, b), and
(ii) a u b = gcd(a, b).
Let n be a non zero natural number and p, q be elements of the lattice of
positive divisors of n. We identify lcm(p, q) with p t q. We identify gcd(p, q) with
p u q. Let us note that the lattice of positive divisors of n is non empty.
Note that the lattice of positive divisors of n is distributive and bounded.
Now we state the proposition:
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(64) Let us consider a non zero natural number n. Then
(i) >α = n, and
(ii) ⊥α = 1,
where α is the lattice of positive divisors of n. Proof: Set L = the lattice
of positive divisors of n. Reconsider T = n as an element of L. For every
element a of L, T t a = T and a t T = T by [26, (44)], [19, (39)]. 
Let n be a square-free non zero natural number. One can verify that the
lattice of positive divisors of n is Boolean.
Let n be a non zero natural number. One can verify that every element of
the lattice of positive divisors of n is non zero.
Now we state the proposition:
(65) Let us consider a non zero natural number n. Then the lattice of positive
divisors of n is Boolean if and only if n is square-free. The theorem is a
consequence of (64) and (7). Proof: Set L = the lattice of positive
divisors of n. If L is Boolean, then n is square-free by [26, (81)], [19, (39)],
[28, (7)]. 
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