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Summary. In this article we prove the Tietze extension theorem for an
arbitrary convex compact subset of En with a non-empty interior. This theorem
states that, if T is a normal topological space, X is a closed subset of T , and A
is a convex compact subset of En with a non-empty interior, then a continuous
function f : X → A can be extended to a continuous function g : T → En.
Additionally we show that a subset A is replaceable by an arbitrary subset of a
topological space that is homeomorphic with a convex compact subset of En with
a non-empty interior. This article is based on [20]; [23] and [22] can also serve as
reference books.
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1. Closed Hypercube

From now on n, m, i denote natural numbers, p, q denote points of EnT, r, s
denote real numbers, and R denotes a real-valued finite sequence.

Note that every finite sequence which is empty is also non-negative yielding.

1The paper has been financed by the resources of the Polish National Science Centre granted
by decision no DEC-2012/07/N/ST6/02147.

11
c© 2014 University of Białystok

CC-BY-SA License ver. 3.0 or later

ISSN 1426–2630(Print), 1898-9934(Online)

http://www.degruyter.com/view/j/forma
http://zbmath.org/classification/?q=cc:54A05
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/tietze_2.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/


12 karol pąk

Let n be a non zero natural number, X be a set, and F be an element of
((the carrier of R1)X)n. Let us note that the functor

∏∗ F yields a function from
X into EnT. Now we state the proposition:

(1) Let us consider sets X, Y, a function yielding function F , and objects x,
y. Suppose

(i) F is (Y X)-valued, or

(ii) y ∈ dom
∏∗ F .

Then F (x)(y) = (
∏∗ F )(y)(x).

Let us consider n, p, and r. The functor OpenHypercube(p, r) yielding an
open subset of EnT is defined by

(Def. 1) There exists a point e of En such that

(i) p = e, and

(ii) it = OpenHypercube(e, r).

Now we state the propositions:

(2) If q ∈ OpenHypercube(p, r) and s ∈ ]p(i) − r, p(i) + r[, then q +·
(i, s) ∈ OpenHypercube(p, r). Proof: Consider e being a point of En
such that p = e and OpenHypercube(p, r) = OpenHypercube(e, r). Set
I = Intervals(e, r). Set q3 = q +· (i, s). For every object x such that
x ∈ dom I holds q3(x) ∈ I(x) by [2, (9)], [7, (31), (32)]. �

(3) If i ∈ Seg n, then (PROJ(n, i))◦(OpenHypercube(p, r)) = ]p(i)−r, p(i)+
r[. The theorem is a consequence of (2).

(4) q ∈ OpenHypercube(p, r) if and only if for every i such that i ∈ Seg n
holds q(i) ∈ ]p(i)− r, p(i) + r[. The theorem is a consequence of (3).

Let us consider n, p, and R. The functor ClosedHypercube(p,R) yielding a
subset of EnT is defined by

(Def. 2) q ∈ it if and only if for every i such that i ∈ Seg n holds q(i) ∈ [p(i) −
R(i), p(i) +R(i)].

Now we state the propositions:

(5) If there exists i such that i ∈ Seg n ∩ domR and R(i) < 0, then
ClosedHypercube(p,R) is empty.

(6) If for every i such that i ∈ Seg n ∩ domR holds R(i) ­ 0, then p ∈
ClosedHypercube(p,R).

Let us consider n and p. Let R be a non-negative yielding real-valued finite
sequence. One can check that ClosedHypercube(p,R) is non empty.

Let us consider R. Let us observe that ClosedHypercube(p,R) is convex and
compact.

Now we state the propositions:
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(7) If i ∈ Seg n and q ∈ ClosedHypercube(p,R) and r ∈ [p(i)− R(i), p(i) +
R(i)], then q+·(i, r) ∈ ClosedHypercube(p,R). Proof: Set p4 = q+·(i, r).
For every natural number j such that j ∈ Seg n holds p4(j) ∈ [p(j) −
R(j), p(j) +R(j)] by [7, (32), (31)]. �

(8) Suppose i ∈ Seg n and ClosedHypercube(p,R) is not empty.
Then (PROJ(n, i))◦(ClosedHypercube(p,R)) = [p(i) − R(i), p(i) + R(i)].
The theorem is a consequence of (5), (7), and (6).

(9) If n ¬ lenR and r ¬ inf rngR,
then OpenHypercube(p, r) ⊆ ClosedHypercube(p,R).

(10) q ∈ Fr ClosedHypercube(p,R) if and only if q ∈ ClosedHypercube(p,R)
and there exists i such that i ∈ Seg n and q(i) = p(i) − R(i) or q(i) =
p(i) + R(i). Proof: Set T4 = EnT. If q ∈ Fr ClosedHypercube(p,R), then
q ∈ ClosedHypercube(p,R) and there exists i such that i ∈ Seg n and
q(i) = p(i)−R(i) or q(i) = p(i) +R(i) by [16, (22)], [32, (105)], [14, (33)],
[6, (3)]. For every subset S of T4 such that S is open and q ∈ S holds
ClosedHypercube(p,R) meets S and (ClosedHypercube(p,R))c meets S
by [16, (67)], [43, (23)], [38, (5)], [31, (13)]. �

(11) If r ­ 0, then p ∈ ClosedHypercube(p, n 7→ r).

(12) If r > 0, then Int ClosedHypercube(p, n 7→ r) = OpenHypercube(p, r).
Proof: Set O = OpenHypercube(p, r). Set C = ClosedHypercube(p, n 7→
r). Set T4 = EnT. Set R = n 7→ r. Consider e being a point of En such
that p = e and OpenHypercube(p, r) = OpenHypercube(e, r). IntC ⊆ O

by [43, (39)], [9, (57)], (10), [39, (29)]. Reconsider q = x as a point of T4.
For every i such that i ∈ Seg n holds q(i) ∈ [p(i) − R(i), p(i) + R(i)] by
[9, (57)], (3). Consider i such that i ∈ Seg n and q(i) = p(i) − R(i) or
q(i) = p(i) +R(i). (PROJ(n, i))◦O = ]e(i)− r, e(i) + r[. �

(13) OpenHypercube(p, r) ⊆ ClosedHypercube(p, n 7→ r).

(14) If r < s, then ClosedHypercube(p, n 7→ r) ⊆ OpenHypercube(p, s). The
theorem is a consequence of (4).

Let us consider n and p. Let r be a positive real number. Let us note that
ClosedHypercube(p, n 7→ r) is non boundary.

2. Properties of the Product of Closed Hypercube

From now on T1, T2, S1, S2 denote non empty topological spaces, t1 denotes
a point of T1, t2 denotes a point of T2, p2, q2 denote points of EnT, and p1, q1
denote points of EmT .

Now we state the propositions:

(15) Let us consider a function f from T1 into T2 and a function g from S1
into S2. Suppose
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(i) f is a homeomorphism, and

(ii) g is a homeomorphism.

Then f × g is a homeomorphism.

(16) Suppose r > 0 and s > 0. Then there exists a function h from
(EnT� ClosedHypercube(p2, n 7→ r)) × (EmT � ClosedHypercube(p1,m 7→ s))
into En+mT � ClosedHypercube(0En+mT

, (n+m) 7→ 1) such that

(i) h is a homeomorphism, and

(ii) h◦(OpenHypercube(p2, r)×OpenHypercube(p1, s)) =

OpenHypercube(0En+mT
, 1).

Proof: Set T6 = EnT. Set T5 = EmT . Set n1 = n+m. Set T7 = En1T . Set R2 =
ClosedHypercube(0T6 , n 7→ 1). Set R4 = ClosedHypercube(p2, n 7→ r). Set
R5 = ClosedHypercube(p1,m 7→ s). Set R1 = ClosedHypercube(0T5 ,m 7→
1). Set R3 = ClosedHypercube(0T7 , n1 7→ 1). Reconsider R10 = R5, R6 =
R1 as a non empty subset of T5. Consider h3 being a function from T5�R10
into T5�R6 such that h3 is a homeomorphism and h3

◦(FrR10) = FrR6.
Reconsider R9 = R4, R7 = R2 as a non empty subset of T6. Consider
h4 being a function from T6�R9 into T6�R7 such that h4 is a homeomor-
phism and h4◦(FrR9) = FrR7. Set O8 = OpenHypercube(p2, r). Set O9 =
OpenHypercube(p1, s). Set O6 = OpenHypercube(0T7 , 1). IntR10 = O9.
Set O5 = OpenHypercube(0T6 , 1). Set O7 = OpenHypercube(0T5 , 1). Re-
consider R8 = R3 as a non empty subset of T7. Consider f being a function
from T6 × T5 into T7 such that f is a homeomorphism and for every ele-
ment f5 of T6 and for every element f6 of T5, f(f5, f6) = f5

a f6. f◦(R7 ×
R6) ⊆ R8 by [14, (87)], [9, (57)], [6, (25)]. R8 ⊆ f◦(R7 ×R6) by [9, (23)],
[27, (17)], [4, (11)], [6, (5)]. Set h5 = h4 × h3. h5 is a homeomorphism.
IntR7 = O5. Reconsider f1 = f�(R7 × R6) as a function from (T6�R7) ×
(T5�R6) into T7�R8. Reconsider h = f1 · h5 as a function from (T6�R4) ×
(T5�R5) into T7�R3. IntR6 = O7. IntR9 = O8. h◦(O8 × O9) ⊆ O6 by [14,
(87)], [10, (12)], [43, (40)], [10, (49)]. Reconsider p3 = y as a point of T7.
Consider p, q being finite sequences of elements of R such that len p = n

and len q = m and p3 = pa q. q ∈ O7. q ∈ R6. Consider x2 being an object
such that x2 ∈ domh3 and h3(x2) = q. p ∈ O5. p ∈ R7. Consider x1 being
an object such that x1 ∈ domh4 and h4(x1) = p. �

(17) Suppose r > 0 and s > 0. Let us consider a function f from T1 into
EnT� ClosedHypercube(p2, n 7→ r) and a function g from T2 into
EmT � ClosedHypercube(p1,m 7→ s). Suppose

(i) f is a homeomorphism, and

(ii) g is a homeomorphism.

Then there exists a function h from T1 × T2 into
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En+mT � ClosedHypercube(0En+mT
, (n+m) 7→ 1) such that

(iii) h is a homeomorphism, and

(iv) for every t1 and t2, f(t1) ∈ OpenHypercube(p2, r) and g(t2) ∈
OpenHypercube(p1, s) iff h(t1, t2) ∈ OpenHypercube(0En+mT

, 1).

Proof: Set n1 = n + m. Set T6 = EnT. Set T5 = EmT . Set T7 = En1T .
Set R7 = n 7→ r. Set R6 = m 7→ s. Set R8 = n1 7→ 1. Set R4 =
ClosedHypercube(p2, R7). Set R5 = ClosedHypercube(p1, R6). Set C2 =
ClosedHypercube(0T7 , R8). Reconsider R10 = R5 as a non empty sub-
set of T5. Reconsider R9 = R4 as a non empty subset of T6. Set O8 =
OpenHypercube(p2, r). Set O9 = OpenHypercube(p1, s). Set O =
OpenHypercube(0T7 , 1). Consider h being a function from (T6�R9)×(T5�R10)
into T7�C2 such that h is a homeomorphism and h◦(O8 × O9) = O. Re-
consider G = g as a function from T2 into T5�R10. Reconsider F = f as
a function from T1 into T6�R9. Reconsider f4 = h · (F ×G) as a function
from T1×T2 into T7�C2. F ×G is a homeomorphism. O9 ⊆ R10. O8 ⊆ R9.
If f(t1) ∈ O8 and g(t2) ∈ O9, then f4(t1, t2) ∈ O by [14, (87)], [10, (12)].
Consider x3 being an object such that x3 ∈ domh and x3 ∈ O8 ×O9 and
h(x3) = h(〈〈f(t1), g(t2)〉〉). �

Let us consider n. One can check that there exists a subset of EnT which is
non boundary, convex, and compact.

Now we state the propositions:

(18) Let us consider a non boundary convex compact subset A of EnT, a non
boundary convex compact subset B of EmT , a non boundary convex com-
pact subset C of En+mT , a function f from T1 into EnT�A, and a function g
from T2 into EmT �B. Suppose

(i) f is a homeomorphism, and

(ii) g is a homeomorphism.

Then there exists a function h from T1 × T2 into En+mT �C such that

(iii) h is a homeomorphism, and

(iv) for every t1 and t2, f(t1) ∈ IntA and g(t2) ∈ IntB iff h(t1, t2) ∈ IntC.

Proof: Set T6 = EnT. Set T5 = EmT . Set n1 = n+m. Set T7 = En1T . Set R7 =
ClosedHypercube(0T6 , n 7→ 1). Set R6 = ClosedHypercube(0T5 ,m 7→ 1).
Set R8 = ClosedHypercube(0T7 , n1 7→ 1). Consider g1 being a function
from T5�B into T5�R6 such that g1 is a homeomorphism and g1

◦(FrB) =
FrR6. Reconsider g2 = g1 · g as a function from T2 into T5�R6. Consi-
der f7 being a function from T6�A into T6�R7 such that f7 is a home-
omorphism and f7

◦(FrA) = FrR7. Reconsider f8 = f7 · f as a func-
tion from T1 into T6�R7. Set O3 = OpenHypercube(0T6 , 1). Set O2 =
OpenHypercube(0T5 , 1). Set O4 = OpenHypercube(0T7 , 1). Consider H
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being a function from T7�R8 into T7�C such that H is a homeomorphism
and H◦(FrR8) = FrC. IntR6 = O2. Consider P being a function from
T1× T2 into T7�R8 such that P is a homeomorphism and for every t1 and
t2, f8(t1) ∈ O3 and g2(t2) ∈ O2 iff P (t1, t2) ∈ O4. Reconsider H1 = H · P
as a function from T1 × T2 into T7�C. IntR8 = O4. If f(t1) ∈ IntA and
g(t2) ∈ IntB, then H1(t1, t2) ∈ IntC by [10, (11), (12)], (12). P (〈〈t1,
t2〉〉) ∈ IntR8. P (t1, t2) ∈ O4. IntR7 = O3. f(t1) ∈ IntA by [43, (40)]. �

(19) Let us consider a point p2 of EnT, a point p1 of EmT , r, and s. Suppose

(i) r > 0, and

(ii) s > 0.

Then there exists a function h from Tdisk(p2, r)× Tdisk(p1, s) into
Tdisk(0En+mT

, 1) such that

(iii) h is a homeomorphism, and

(iv) h◦(Ball(p2, r)× Ball(p1, s)) = Ball(0En+mT
, 1).

Proof: Set T6 = EnT. Set T5 = EmT . Set n1 = n + m. Set T7 = En1T .
Reconsider C4 = Ball(p2, r) as a non empty subset of T6. Reconsider
C3 = Ball(p1, s) as a non empty subset of T5. Reconsider C5 = Ball(0T7 , 1)
as a non empty subset of T7. Set R7 = ClosedHypercube(0T6 , n 7→ 1). Set
R6 = ClosedHypercube(0T5 ,m 7→ 1). Consider f7 being a function from
T6�C4 into T6�R7 such that f7 is a homeomorphism and f7

◦(FrC4) =
FrR7. Consider g1 being a function from T5�C3 into T5�R6 such that g1 is
a homeomorphism and g1

◦(FrC3) = FrR6. Consider P being a function
from Tdisk(p2, r)×Tdisk(p1, s) into Tdisk(0T7 , 1) such that P is a home-
omorphism and for every point t1 of T6�C4 and for every point t2 of T5�C3,
f7(t1) ∈ IntR7 and g1(t2) ∈ IntR6 iff P (t1, t2) ∈ IntC5. P ◦(Ball(p2, r) ×
Ball(p1, s)) ⊆ Ball(0T7 , 1) by [30, (3)], [43, (40)]. Consider x being an ob-
ject such that x ∈ domP and P (x) = y. Consider y1, y2 being objects
such that y1 ∈ C4 and y2 ∈ C3 and x = 〈〈y1, y2〉〉. �

(20) Suppose r > 0 and s > 0 and T1 and EnT� Ball(p2, r) are homeomor-
phic and T2 and EmT � Ball(p1, s) are homeomorphic. Then T1 × T2 and
En+mT � Ball(0En+mT

, 1) are homeomorphic.

3. Tietze Extension Theorem

In the sequel T , S denote topological spaces, A denotes a closed subset of
T , and B denotes a subset of S.

Now we state the propositions:

(21) Let us consider a non zero natural number n and an element F of
((the carrier of R1)α)n. Suppose If i ∈ domF , then for every function
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h from T into R1 such that h = F (i) holds h is continuous. Then
∏∗ F

is continuous, where α is the carrier of T . Proof: Set T4 = EnT. Set
F1 =

∏∗ F . For every subset Y of T4 such that Y is open holds F1−1(Y )
is open by [16, (67)], [11, (2)], (1), [19, (17)]. �

(22) Suppose T is normal. Let us consider a function f from T �A into
EnT� ClosedHypercube(0EnT , n 7→ 1). Suppose f is continuous. Then there
exists a function g from T into EnT� ClosedHypercube(0EnT , n 7→ 1) such
that

(i) g is continuous, and

(ii) g�A = f .

The theorem is a consequence of (8), (1), and (21).

(23) Suppose T is normal. Let us consider a subset X of EnT. Suppose X is
compact, non boundary, and convex. Let us consider a function f from
T �A into EnT�X. Suppose f is continuous. Then there exists a function g

from T into EnT�X such that

(i) g is continuous, and

(ii) g�A = f .

The theorem is a consequence of (22).

Now we state the proposition:

(24) The First Implication of Tietze Extension Theorem for n-
dimensional Spaces:
Suppose T is normal. Let us consider a subset X of EnT. Suppose

(i) X is compact, non boundary, and convex, and

(ii) B and X are homeomorphic.

Let us consider a function f from T �A into S�B. Suppose f is continuous.
Then there exists a function g from T into S�B such that

(iii) g is continuous, and

(iv) g�A = f .

The theorem is a consequence of (23).

Now we state the proposition:

(25) The Second Implication of Tietze Extension Theorem for n-
dimensional Spaces:
Let us consider a non empty topological space T and n. Suppose

(i) n ­ 1, and

(ii) for every topological space S and for every non empty closed subset
A of T and for every subset B of S such that there exists a subset X
of EnT such that X is compact, non boundary, and convex and B and
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X are homeomorphic for every function f from T �A into S�B such
that f is continuous there exists a function g from T into S�B such
that g is continuous and g�A = f .

Then T is normal. Proof: Set C1 = [−1, 1]T. For every non empty closed
subset A of T and for every continuous function f from T �A into C1, there
exists a continuous function g from T into [−1, 1]T such that g�A = f by
[19, (18), (17)], [11, (2)], [33, (26)]. �
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