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Summary. The article focuses on simple identities found for binomials,
their divisibility, and basic inequalities. A general formula allowing factorization
of the sum of like powers is introduced and used to prove elementary theorems
for natural numbers.

Formulas for short multiplication are sometimes referred in English or French
as remarkable identities. The same formulas could be found in works concerning
polynomial factorization, where there exists no single term for various identities.
Their usability is not questionable, and they have been successfully utilized since
for ages. For example, in his books published in 1731 (p. 385), Edward Hatton [3]
wrote: “Note, that the differences of any two like powers of two quantities, will
always be divided by the difference of the quantities without any remainer...”.

Despite of its conceptual simplicity, the problem of factorization of sums/diffe-
rences of two like powers could still be analyzed [7], giving new and possibly
interesting results [6].
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The notation and terminology used in this paper have been introduced in the
following articles: [8], [9], [5], [4], and [2].

From now on a, b, ¢, d, x, j, k, [, m, n denote natural numbers, p, q, t, z, u,
v denote integers, and ap, b1, ¢1, di denote complex numbers.

Let u, v be even integers. One can check that u — v is even.

Let u be an odd integer. Let us consider k. Observe that u* is odd.

Let k£ be a positive natural number and u be an even integer. Let us observe
that u* is even.
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Now we state the propositions:

(1) a12 — b12 = (a1 — bl) . ((11 + bl).

2 2-a+1)2+2 a?2+2-a) =2 a®+2-a1+1)°

(3) ai®+ay-bi+b°= 3'(a1+b1)24+(a1_b1)2.

(4) 1If a is odd, then there exists b such that a2 +b% = (b + 1)%. The theorem

is a consequence of (2).

(a1™4+b1™)-(a1™=b1")+(a1™+b1™)-(a1™=b1") m+n blm—I—n
5 .

Ut

(5) =

(6) If a™+b™ < ¢™, then a < c.

(7) Suppose (a1 + b1)" ! = ;" +b," " £ ay - by - e, Then (ay + by)" 12 =
a2+ 0" tar by (@™ 0"+ e (a1 + by)).

(8) (alm-i-blm)'(aln+b1”);(a1"—b1”)~(a1m—b1m) — g 4

(9) ag™tt 4 by = (a1m+b1m)'(a1+b1);(a1_b1).(a1m_b1m). The theorem is a

consequence of (8).

(10) (a—0b)-(a™—=0b")>0.

(11) a™t 4 pmtl > w. The theorem is a consequence of (9) and
(10).

(12) If a™+b™ < ¢™, then there exists x such that a™ +b™ < (a + x)™. The

theorem is a consequence of (6).

(13) Cle—f—l - b1m+1 _ (alm+b1m)‘(a1_bl)‘;(al‘f‘bl)'(alm_blm)

. The theorem is a
consequence of (5).

(14) g™+l —pmtl = (afb)'(t'(ang“erbm) if and only if @™ — ™ = (a — b) - t.

(15) (F+9) - (-9 =a"

(16) a® —b® = (a_b)‘((aer)'§a+b)+a2+b2). The theorem is a consequence of (1)
and (14).

(17) If ™ > a™+b™ and a > 0 and b > 0, then ™! > g™+ 4 pmF+L The
theorem is a consequence of (6).

(18) If ¢™ > a™ +b™ and @ > 0 and b > 0 and k > 0, then ™™ >
akt+m 4 pk+m.
PROOF: Define P[natural number] = $147+1 > gSitm+1 4 pSitm+1 54
a > 0 and b > 0. P[0]. If P[x], then Plz + 1]. For every j, P[j] from [,
Sch. 2]. O

(19) Ifc™ > a™+4b™, then F+™ > gF*+™4-pF+™ The theorem is a consequence
of (18).

(20) If ¢® > a™ 4 b", then cF™ > gF+m 4 phtn,
ProOF: Consider m such that n = 1 + m. Define P[natural number] =
Sitmal 5 ghtmtl 4 pSitmtl For every j, P[] from [T, Sch. 2]. O
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(21) a1m+2 _ b1m+2 — (a1m+1 + b1m+1) . (al _ bl) +ay- bl . (alm _ blm)
(22) a1m+2 + b1m+2 — (a1m+1 _ blm—H) . (al _ bl) +a - bl . (alm + blm)'

(23) a2m+2 _ b2m+2 _ (a27b2)-(c~(a2+§2)+a2'm+b2'm) . b2m _

if and only if a>™
(a® — b?) - c. The theorem is a consequence of (14).

(24) a12-m+3 + b12~m+3 — (a12-m+2 + b12-m+2) . (al + bl) —ay by - (a124m+1 +
b12-m+1>'

(25) If ay™ —b™ = (a1 — by) - k, then a;™ 2 — b2 = (@™ + by 4
ay - by - k) - (ag — by). The theorem is a consequence of (21).

(26) Ifa;™2 —b;™ 2 = (a1 by 44y by k) (a1 —b1) and ay - by # 0,
then a1™ — b1™ = (a1 — b1) - k. The theorem is a consequence of (21).
(27) Ifb>0and a >0, then (a" —0") - (a+0b) = (a"+b")-(a—0b)iff n=1.

(28) Ifn>1and b>0and a > b, then (a® —b") - (a +b) > a1 — p"HL,
(29) If n >0 and a > b, then (a™ +b") - (a —b) < a" ! — b7+l
(30) Ifp+gq|lp-ut+q-v,thenp+gq|p-(u+2)+q-(v+2).
(31) p+gq|p-(t-(p+q)+ 2)+q-z The theorem is a consequence of (30).
(32) Ifp+q|u—wv,thenp+q|p-(u+t)+q-(v+t). The theorem is a
consequence of (30).
(33) a—>b|a™—0b".
PROOF: Define P[natural number| = a—b | a®* —b%. If P[z], then Pz +1].
For every m, P[m]| from [1, Sch. 2]. O
(34) a? —b* | a®>™ — b*™. The theorem is a consequence of (33).
(35) a+b|a®>mtt + 2™+ The theorem is a consequence of (21), (34), and
(1).
(36) a-+b|a*>™ —b*>™. The theorem is a consequence of (34).
(37) Ifa+b|a™—b", then a+b|a™ + "L The theorem is a consequence
of (32).
(38) (i) a+b|a™+0b" or
(ii) a+0b]a™—0b".
The theorem is a consequence of (35) and (34).
(39) Ifa>bandc"—b" =a", then ged(c—b,a"™) = ¢c—b and ged(c—a, b") =
¢ — a. The theorem is a consequence of (6) and (33).

(40) If @ and b are relatively prime and a +b|a-c+b-d, then a+b|c—d.
The theorem is a consequence of (32).

(41) If a-b and c-d are relatively prime, then a and ¢ are relatively prime.

(42) Suppose a > 0 and b > 0 and a™ + b"™ = ¢". Then there exists j and
there exists k and there exists [ such that ;™ + k" = ["™ and j and k are
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relatively prime and j and [ are relatively prime and k and [ are relatively
prime and a = (ged(a, b)) - j and b = (ged(a, b)) - k and ¢ = (ged(a, b)) - 1.

(43) Ifa > 0, then a®™2+a"2 5 b"+2. The theorem is a consequence of (42).
(44) Tfz>0andb<canda+b®=c2 thena+ (b+2)* < (c+ )

(45) Ifg<0andb < cand a®+b% =2, then a® 4+ (b+¢)> > (¢ +¢)>.

(46) If 2 > 0 and a® + b2 = (b+1)?, then a® + (b—z)*> > (b+1 — z)®. The

theorem is a consequence of (45).
(47) Ifa > 1 and (a+1)? + (a+1+2)* < (a+1+2+1)% then a® +
(a+2)* < (a+z+1)>
(48) Ifa>1and a®+ (a+a)° > (a+z+1)%
then (a+14+ 12+ (a+1+14+2)*>(a+1+1+z+1)>%
PROOF: Define P[natural number] = (a +$1 +1)* + (a +$1 + 1+ z)? >
(a+$1+1+2+1)% P[0]. If P[k], then P[k + 1]. For every j, P[j] from
[T, Sch. 2]. O
(49) @ > 3 if and only if a2 + a2 > (a + 1)°.
PROOF: If a > 3, then a? + a® > (a4 1)? by [1, (10)], [& (81)], (48). O
(50) 23+m+23+m < 33+m_
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