FORMALIZED MATHEMATICS ™ DE GRUYTER
vol. 23, No. 1, Pages 67-73, 2015 (: OPEN

T
DOI: 10.2478/forma-2015-0006 degruyter.com/view/j/forma

Equivalent Expressions of Direct Sum
Decomposition of Groups]|

Kazuhisa Nakasho Hiroyuki Okazaki Hiroshi Yamazaki
Shinshu University Shinshu University Shinshu University
Nagano, Japan Nagano, Japan Nagano, Japan

Yasunari Shidama
Shinshu University
Nagano, Japan

Summary. In this article, the equivalent expressions of the direct sum
decomposition of groups are mainly discussed. In the first section, we formalize
the fact that the internal direct sum decomposition can be defined as normal
subgroups and some of their properties. In the second section, we formalize an
equivalent form of internal direct sum of commutative groups. In the last sec-
tion, we formalize that the external direct sum leads an internal direct sum. We
referred to [19], [18] [8] and [14] in the formalization.
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The notation and terminology used in this paper have been introduced in the
following articles: [T, [20], [6], 9], [T0], [7], [22], [T7), [16], [23], [24], [25), (26,
(3], B, [B], (11, [15], [28], [29], [27], and [12].

1. INTERNAL DIRECT SUM DECOMPOSITION INTO NORMAL SUBGROUPS

Let I be a set and G be a group.
A subgroup-family of I and G is a group-family of I and is defined by

(Def. 1) for every object ¢ such that ¢ € I holds it(i) is a subgroup of G.
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Let F be a subgroup-family of I and G. We say that F' is component com-
mutative if and only if

(Def. 2) for every elements i, j of I and for every elements g1, go of G such that
i # jand g € F(i) and go € F(j) holds g1 - g2 = g2 - g1.
Let I be a non empty set. One can verify that there exists a subgroup-family
of I and G which is component commutative.
Now we state the propositions:

(1) Let us consider a group G, a normal subgroup H of G, and elements z,
y of G. Suppose y € H. Then z -y -z~ %, o+ (y-271) € H.

(2) Let us consider a non empty set I, a group G, a group-family F' of I,
and a function x from I into G. Suppose z € [[ F. Then z is a function
from I into [J(the support of F').

PROOF: For every object z such that z € rngx holds z € |J(the support
of F) by [10, (11)], [16, (5), (4)], 9 (3)]. O

(3) Let us consider a non empty set I, a group G, a subgroup H of G, a
function « from I into G, and a function y from I into H. If z = y, then
support = support y.

PRrROOF: For every object i, i € support x iff ¢ € supporty by [23, (44)]. O

(4) Let us consider a non empty set I, a group G, and a subgroup H of
G. Then every finite-support function from [ into H is a finite-support
function from I into G. The theorem is a consequence of (3).

(5) Let us consider a non empty set I, a group G, a subgroup H of G, and
a finite-support function x from I into G. Suppose rngz C Q. Then z is
a finite-support function from I into H. The theorem is a consequence of
(3).

(6) Let us consider a non empty set I, a group G, a subgroup H of G, a
finite-support function z from I into G, and a finite-support function y
from [ into H. If x = y, then [[xz = [Jy. The theorem is a consequence
of (3).

(7) Let us consider a function f, and sets i, x. Then f = (f +- (i,2)) +-
(2, f(d))-

(8) Let us consider a non empty set I, a group G, a component commutative
subgroup-family F' of I and G, finite-support functions x, y from I into
G, and an element i of I. Suppose y = = +- (i, 1p(;)) and = € [[ F. Then
[Tz =11y (i) ==z() 11y
PROOF: Reconsider po = y as an element of [[ F. Reconsider s; = po
as an element of sum F'. Set z = e+ (i,2(7)). Reconsider so = z as
an element of sum F. © = s;1 - so by [16, (5), (24)], [23, (40)], [7, (31)].
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S1 89 = S9 851 by [16, (27), (17)], [23, (43)], [16, (32)]. O

(9) Let us consider a non empty set I, a group G, a component commutative
subgroup-family F' of I and G, a subset U of GG, an element i of I, and
finite-support functions z, y from I into gr(U). Suppose y = x +- (i, 1F(i))
and z € [[F. Then [[z = [Jy - x(i) = z(¢) - []y. The theorem is a
consequence of (4), (6), and (8).

(10) Let us consider a non empty set I, a group GG, a component commutative
subgroup-family F' of I and G, a subset U of G, a finite-support function
y from I into gr(U), an element 4 of I, and an element g of gr(U). Suppose
y € [[ F and y(i) = 1p(;) and g € F(i). Then [[y-g = g-[[y. The theorem
is a consequence of (7) and (9).

(11) Let us consider a non empty set I, a group GG, a component commu-
tative subgroup-family F' of I and G, and a subset U of G. Suppose
U = U(the support of F'). Let us consider an element g of G, a finite
sequence H of elements of GG, and a finite sequence K of elements of Z.
Suppose len H = len K and rng H C U and [[ HX = ¢. Then there exists
a finite-support function f from I into G such that

(i) fellF, and

(ii) g =11/
PROOF: Define P[natural number| = for every element g of G for every
finite sequence H of elements of G for every finite sequence K of elements
of Z such that len H = $; and len H = len K and rng H C U and [[ HX =
g there exists a finite-support function f from [ into G such that f € [[ F
and g = [[ f. P[0] by [25, (21)], [16} (12), (13), (16)]. For every natural

number n such that P[n] holds P[n + 1] by [28] (70)], [6, (4)], [21, (55)],
[9, (3)]. For every natural number n, P[n] from [4, Sch. 2]. O

(12) Let us consider a non empty set I, a group G, a subgroup-family F' of
I and G, finite-support functions h, hg from I into G, an element ¢ of I,
and a subset Uy of G. Suppose U; = |J((the support of F)[(I\ {i})) and
ho = h +- (i,1p(;)) and h € [[F. Then [T ho € gr(Uz).

PROOF: For every object y such that y € rngho holds y € Qg r,) by
[10, (113)], [7, (32)], [16} (5), (4)]. Reconsider xz¢ = hg as a finite-support
function from I into gr(Uy). [1zo = [ ho. O

(13) Let us consider a non empty set I, a group G, a component commu-
tative subgroup-family F' of I and G, and a subset U of G. Suppose
U = U(the support of F'). Let us consider an element g of G. Suppose
g € gr(U). Then there exists a finite-support function f from I into gr(U)
such that
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(i) f €sumF, and
(i) g =11/
The theorem is a consequence of (11), (2), (5), and (6).

Let us consider a non empty set I, a group (G, a component commu-
tative subgroup-family F' of I and G, and a subset U of G. Suppose
U = U(the support of F'). Let us consider an element ¢ of I. Then F(i) is
a normal subgroup of gr(U).

PROOF: Reconsider Fy = F(i) as a subgroup of gr(U). For every element
aof gr(U), a- Fy C Fy -a by [23, (103), (42)], (13), [23, (40)]. O

Let us consider a non empty set I, a group G, and a component com-
mutative subgroup-family F' of I and G. Suppose for every element ¢ of I,
there exists a subset Uy of G such that U; = |J((the support of F')[(I\{i}))
and Q) N Qpy = {1g}. Let us consider finite-support functions 1,
xo from [ into G. If 1, 29 € sum F and [[ 21 = [[ z2, then x1 = xs.
PROOF: Define P[natural number] = for every finite-support functions x1,
x9 from I into G such that supportz; = $; and z;, 9 € sum F and
[Tz1 = []x2 holds x1 = x9. P[0] by [16, (15), (14)], [23 (42)], [16, (26)].
For every natural number & such that P[k| holds P[k+1] by [23, (42)], [16),
(26)], [23}, (44)], [16, (30), (25)]. For every natural number k, P[k] from [4,
Sch. 2]. O

Let us consider a non empty set I, a strict group G, and a group-family
F of I. Then F is an internal direct sum components of G and I if and
only if for every element i of I, F'(i) is a normal subgroup of G and there
exists a subset U of G such that U = |J(the support of F') and gr(U) = G
and for every element ¢ of I, there exists a subset U; of G such that
Ur = U((the support of F))[(I\ {i})) and Qg ) N Qrpy = {16}
PRrOOF: Consider U being a subset of G such that U = [J(the support
of F) and gr(U) = G. For every elements 4, j of I such that i # j holds
Qp@)NQpGy = {1c} by [23, (46)], [12] (31)], [28, (62)], [9, (49)]. For every
elements 7, j of I and for every elements g1, g2 of GG such that i # j and
g1 € F(i) and go € F(j) holds g1 - g2 = g2 - g1 by [23, (51)], (1), [22, (17)],
[23, (50)]. For every element y of G, there exists a finite-support function x
from [ into G such that x € sum F' and y = [[ z. For every finite-support
functions x1, x2 from I into G such that x1, xo € sum F and [[x1 = [[ 22
holds z1 = z5. O
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2. INTERNAL DIRECT SUM DECOMPOSITION FOR COMMUTATIVE GROUP

Now we state the proposition:

(17) Let us consider a non empty set I, a commutative group G, and a group-
family F of I. Then F is an internal direct sum components of G and I if
and only if for every element i of I, F'(i) is a subgroup of G and for every
elements i, j of I such that i # j holds Qp; N Qp;) = {1c} and for every
element y of G, there exists a finite-support function = from I into G such
that z € sum F and y = [[x and for every finite-support functions z1, x2
from [ into G such that x1, zo € sum F' and [[x1 = [[ z2 holds 1 = x».

3. EQUIVALENCE BETWEEN INTERNAL AND EXTERNAL DIRECT SUM

Now we state the propositions:

(18) Let us consider a non empty set I, a group G, a subgroup-family F' of I
and G, a homomorphism A from sum F' to G, and a finite-support function
a from I into G. Suppose a € sum F' and for every element 4 of I and for
every element x of F'(i), h((1ProdHom(F,))(x)) = z. Then h(a) =[] a.
PROOF: Define Plnatural number] = for every finite-support function b
from I into G such that b € sum F holds if support b = $1, then A(b) = []b.
P[0] by [16] (14)], [23], (44)], [26, (31)], [16], (15)]. For every natural number
k such that P[k] holds P[k + 1] by [16] (25)], [23, (44)], [16] (26)], [23]
(40)]. For every natural number k, P[k] from [4, Sch. 2]. Consider k being
a natural number such that supporta = k. U

(19) Let us consider a non empty set I, a group G, and a direct sum compo-
nents M of G and I. Then there exists a homomorphism f from sum M
to G and there exists an internal direct sum components N of G and I
such that f is bijective and for every element ¢ of I, there exists a homo-
morphism ¢; from M (i) to N (i) such that g1 = f - 1ProdHom(M, i) and
q1 is bijective.

ProoF: Consider f being a homomorphism from sum M to G such that
f is bijective. Define D(element of I) = f°(ProjGroup(M,$;)). Consider
N being a function such that dom N = I and for every element i of I
such that ¢ € I holds N (i) = D(i) from [2], Sch. 2]. For every object i such
that ¢ € I holds N (%) is a strict subgroup of G. Define &(element of 1) =
f-1ProdHom(M, $;). Consider ¢ being a function such that dom ¢ = I and
for every element i of I such that ¢ € I holds ¢(i) = £(i) from [2, Sch. 2].
Reconsider r = SumMap(M, N, q) as a homomorphism from sum M to

1

sum N. Reconsider s = r~" as a homomorphism from sum N to sum M.
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Reconsider g = f - s as a function. For every element 4 of I and for every
element n of N(i), g((1ProdHom(N,%))(n)) = n by [16, (42)], [23, (40)],
[9, (13), (34)]. For every finite-support function a from I into G such that
a € sum N holds g(a) = [Ja. For every element i of I, there exists a
homomorphism ¢; from M (i) to N (i) such that ¢; = f - 1ProdHom(M, 1)
and ¢; is bijective. [

REFERENCES

Grzegorz Bancerek. Konig’s theoreml Formalized Mathematics, 1(3):589-593, 1990.

Grzegorz Bancerek. Tarski’s classes and ranks. Formalized Mathematics, 1(8):563-567,
1990.

Grzegorz Bancerek. Monoids. Formalized Mathematics, 3(2):213-225, 1992.

Grzegorz Bancerek. [The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

Grzegorz Bancerek and Krzysztof Hryniewiecki. |Segments of natural numbers and finite
sequences. Formalized Mathematics, 1(1):107-114, 1990.

Grzegorz Bancerek and Andrzej Trybulec. Miscellaneous facts about functions. Formalized
Mathematics, 5(4):485-492, 1996.

Nicolas Bourbaki. FElements of Mathematics. Algebra I. Chapters 1-3. Springer-Verlag,
Berlin, Heidelberg, New York, London, Paris, Tokyo, 1989.

Czestaw Bylifiski. Functions and their basic properties. Formalized Mathematics, 1(1):
55-65, 1990.

Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.

Czestaw Bylinski. [Partial functions. Formalized Mathematics, 1(2):357-367, 1990.

Czestaw Bylifiski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,
1990.

Artur Kornitowicz. The product of the families of the groups. Formalized Mathematics,
7(1):127-134, 1998.

Serge Lang. Algebra. Springer, 3rd edition, 2005.

Beata Madras. [Product of family of universal algebras. Formalized Mathematics, 4(1):
103-108, 1993.

Kazuhisa Nakasho, Hiroshi Yamazaki, Hiroyuki Okazaki, and Yasunari Shidama. Defini-
tion and properties of direct sum decomposition of groups. Formalized Mathematics, 23
(1):15-27, 2015. doii10.2478/forma-2015-0002.

Hiroyuki Okazaki, Kenichi Arai, and Yasunari Shidama. Normal subgroup of product of
groups. Formalized Mathematics, 19(1):23-26, 2011. doi:10.2478/v10037-011-0004-7.

D. Robinson. A Course in the Theory of Groups. Springer New York, 2012.
J.J. Rotman. An Introduction to the Theory of Groups. Springer, 1995.

Andrzej Trybulec. Domains and their Cartesian products. Formalized Mathematics, 1(1):
115-122, 1990.

Wojciech A. Trybulec. Non-contiguous substrings and one-to-one finite sequences. For-
malized Mathematics, 1(3):569-573, 1990.

Wojciech A. Trybulec. (Groups. Formalized Mathematics, 1(5):821-827, 1990.

Wojciech A. Trybulec. |Subgroup and cosets of subgroups. Formalized Mathematics, 1(5):
855-864, 1990.

Wojciech A. Trybulec. |Classes of conjugation. Normal subgroups. Formalized Mathema-
tics, 1(5):955-962, 1990.

Wojciech A. Trybulec. |Lattice of subgroups of a group. Frattini subgroup. Formalized
Mathematics, 2(1):41-47, 1991.


http://fm.mizar.org/1990-1/pdf1-3/card_3.pdf
http://fm.mizar.org/1990-1/pdf1-3/classes1.pdf
http://fm.mizar.org/1992-3/pdf3-2/monoid_0.pdf
http://fm.mizar.org/1990-1/pdf1-1/nat_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/ordinal1.pdf
http://fm.mizar.org/1990-1/pdf1-1/finseq_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/finseq_1.pdf
http://fm.mizar.org/1996-5/pdf5-4/funct_7.pdf
http://fm.mizar.org/1990-1/pdf1-1/funct_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/funct_2.pdf
http://fm.mizar.org/1990-1/pdf1-2/partfun1.pdf
http://fm.mizar.org/1990-1/pdf1-1/zfmisc_1.pdf
http://fm.mizar.org/1998-7/pdf7-1/group_7.pdf
http://fm.mizar.org/1993-4/pdf4-1/pralg_1.pdf
http://dx.doi.org/\spaceskip 0.08mm 1 0 . 2 4 7 8 / f o r m a - 2 0 1 5 - 0 0 0 2
http://dx.doi.org/10.2478/v10037-011-0004-7
http://fm.mizar.org/1990-1/pdf1-1/domain_1.pdf
http://fm.mizar.org/1990-1/pdf1-3/finseq_3.pdf
http://fm.mizar.org/1990-1/pdf1-5/group_1.pdf
http://fm.mizar.org/1990-1/pdf1-5/group_2.pdf
http://fm.mizar.org/1990-1/pdf1-5/group_3.pdf
http://fm.mizar.org/1991-2/pdf2-1/group_4.pdf

[26]

27]
28]

29]

EQUIVALENT EXPRESSIONS OF DIRECT SUM DECOMPOSITION OF ... 73

Wojciech A. Trybulec and Michal J. Trybulec. Homomorphisms and isomorphisms of
groups. Quotient groupl Formalized Mathematics, 2(4):573-578, 1991.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics, 1
(1):73-83, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

Received February 26, 2015


http://fm.mizar.org/1991-2/pdf2-4/group_6.pdf
http://fm.mizar.org/1991-2/pdf2-4/group_6.pdf
http://fm.mizar.org/1990-1/pdf1-1/subset_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/relat_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/relset_1.pdf

	=0pt Equivalent Expressions of Direct Sum Decomposition of Groups  By Kazuhisa Nakasho et al.  

