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Summary. Solving equations in integers is an important part of the num-
ber theory [29]. In many cases it can be conducted by the factorization of equ-
ation’s elements, such as the Newton’s binomial. The article introduces several
simple formulas, which may facilitate this process. Some of them are taken from
relevant books [28], [14].

In the second section of the article, Fermat’s Little Theorem is proved in a
classical way, on the basis of divisibility of Newton’s binomial. Although slightly
redundant in its content (another proof of the theorem has earlier been included
in [12]), the article provides a good example, how the application of registrations
could shorten the length of Mizar proofs [9], [17].
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1. DI1viSIBILITY OF NEWTON’S BINOMIAL

From now on a, b, ¢, d, m, z, n, j, k, I denote natural numbers, ¢, u, v, z
denote integers, f, I’ denote finite sequences of elements of N, p, ¢, , s denote
real numbers.

Let a be a complex. Note that 1 - a° reduces to 1.
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Let n be a non zero natural number. One can check that 0" reduces to 0.
Let a be a natural number. Let us observe that |a| reduces to a.
Let us note that ged(a,0) reduces to a.
Let us consider ¢ and z. Let us note that (¢ mod z) mod z reduces to t mod z.
Observe that 0 mod ¢ reduces to 0.
Let us consider v and z. One can check that 0 + « - z mod z reduces to 0.
Let r be a non zero real number and n be an even, natural number. One can
verify that r" is positive.
Now we state the propositions:
(1) ged(t, z) = ged(—t, 2).
(2) Ift|zand u|v, thent-u|z-wv.
(3) t|zif and only if ged(t, z) = [¢].
(4) t-uw | z-wif and only if |u| - (ged(t, 2z)) = |u| - |t|. The theorem is a
consequence of (3).
(5) (i) ged(t+u-z,2) =ged(t, ), and
(ii) ged(t —u - z,2) = ged(t, 2).
(6) If n>0,thent|t".
(7) ged(a™, b") = (ged(a,b))".
Proor: If ged(a,b) = k, then ged(a™,b™) = k™ by [22, (21)], [16 (12)],
[11, (15)], [21, (7), (11), (4)]. O
(8) Ifa > band a and b are relatively prime, then ged(a+b,a —b) < 2. The
theorem is a consequence of (5).
(9) ged(t, 2) is even if and only if ¢ is even and z is even.
PRrOOF: If ged(t, z) is even, then ¢ is even and z is even by [22] (21)]. O
(10) (i) t|(t+2)" — 2", and
(i) 2| (t+2)" — t".
PROOF: Define P[natural number] = ¢ | (t + 2)% — 2% and 2z | (t + 2)% —
51 P[0] by [211, (4)], [30, (11)]. If P[z], then Pz + 1] by [16, (4)], [2T} (8)].
For every m, P[m] from [2, Sch. 2]. OJ
(11) w| (u+ 2)" if and only if u | 2. The theorem is a consequence of (10).
(12) Ift | (t+2)", then t | (t+ 2)" + 2". The theorem is a consequence of
(11).
) t+u|(t+2-u)" —u™ The theorem is a consequence of (10).
14) Ifl>0andt|z, then t| 2.
) Ift |z, then t" | ™. The theorem is a consequence of (7) and (3).
)

If n > 0and t 1 (t+2)", then ¢ { z. The theorem is a consequence of
(14).
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(17) Ifm >0, thent-z | (t+2)™ — (t"™ + 2™).
PROOF: Consider n such that m = 14+ n. t-z | (t + 2)"T" — ("1 4 271
by [22, (12), (2)], 21 (6)], [22} (1)]. O

(18) t—z|t™ — 2™. The theorem is a consequence of (11) and (10).

(19) Ifn>0,thent-z | (t—2)"—(t"+(—2z)"). The theorem is a consequence
of (17).

(20) t-z|(t4+2)" = (t—2)"+ ((—2)" — 2™). The theorem is a consequence
of (17) and (19).

(21) Ifn >0, then t | (t +2)" + (t" — 2™). The theorem is a consequence of
(6) and (10).

(22) ful|t+zandu|t—z,thenwu|2-tand u|2- 2.

(23) t-z|(t+2)*" — (t — 2)*". The theorem is a consequence of (20).

(24) Ifn >0, thent-z | (t — 2)*" — (t*"+22™). The theorem is a consequence
of (19).

(25) t-z | (t—2)*"T — (271 — 227+1) The theorem is a consequence of
(19).

(26) Ifk>0and x |a+k and z | a — k, then x < 2- k. The theorem is a
consequence of (22).

(27) If k> 0, then ged(a,b) < ged(a, b - k).

(28) If n >0, then ged(ged(a,b),b™) = ged(a, b).

(29) t+ z and t are relatively prime if and only if ¢ + z and z are relatively
prime.

(30) If a and b are relatively prime and a - b = ¢", then there exists k such
that k" = a. The theorem is a consequence of (7).

(31) If a and b are relatively prime and a + b > 2, then a +b | a" + b" iff
a+bta”—0b".
PROOF: b > 0. If a4+ b | a™ — b", then a4+ b1{a™ + b™ by [16, (4)]. O

(32) 1If a and b are relatively prime and a + b > 2 and n is odd, then a + b {
a™ — b". The theorem is a consequence of (31).

(33) If a and b are relatively prime and a + b > 2 and n is even, then a + b {
a™ + b". The theorem is a consequence of (31).

Let us assume that a and b are relatively prime. Now we state the proposi-
tions:

(34) a-band a™*! 4 b"*! are relatively prime. The theorem is a consequence
of (5).

(35) a-band a™™! — b are relatively prime. The theorem is a consequence
of (5).
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(36) If ¢ >0 and n > 0, then there exists r such that ¢ = r™.

(37) Ifk>0anda+b>kand a+b]|k-a,then a and b are not relatively
prime.

(38) If k> 1, then k1t (k +1)". The theorem is a consequence of (11).

(39) Ifa>1andb>0and ged(a,b) =1, then af (a+ b)". The theorem is a

consequence of (11).

(40) If ¢ > 0, then for every non negative real numbers r, s, r < s iff r¢ < s°.
PROOF: if r < s, then r¢ < s¢ and if ¢ < s° then r < s by [24], (6)], |2,
(14)], [21, (11)], [25, (37)]. O

(41) Let us consider non negative real numbers r, s. If > s, then r™ > s™.
The theorem is a consequence of (40).

(42) If @ > 0 and n > 0, then there exists r such that a™ + b" = r".

(43) There exists b such that b"*! < a < (b+1)"*,

PROOF: Define P[natural number] = there exists b such that < $y <
(b+1)"L. P[0]. If P[K], then P[k +1] by [2, (13)], (40). For every x, Plz]
from [2, Sch. 2]. O

(44) If n > 0 and a > b and a and b are relatively prime, then ged(a™ +
b, a™ — b") < 2. The theorem is a consequence of (40) and (8).

(45) If a+b| cand a and c are relatively prime, then a and b are relatively
prime. The theorem is a consequence of (5).

(46) If t and z are relatively prime and ¢ and u are relatively prime and ¢ is
even, then u + z is even and u — z is even and u - z is odd.

(47) If a and b are relatively prime and c is even and a” +b" = ¢, then a+b
is even and a — b is even.

(48) If a is even and a and b are relatively prime, then a — b and a + b are
relatively prime. The theorem is a consequence of (9), (8), and (1).

(49) If a and b are relatively prime, then a + b and a - b are relatively prime.
The theorem is a consequence of (5).

(50) If3ta-b,then 3| (a+0b)-(a—>b). The theorem is a consequence of (3).

(51) 3| (a+b)-(a—b)+a-bifandonlyif3|aand3|b.

(52) Ifb*> = a-(a —b), then 3 | @ and 3 | b. The theorem is a consequence of
(51).

(53) If a and b are relatively prime, then 3t (a+b)-(a—b)+a-b. The theorem
is a consequence of (51).

(54) If a>band a+b> 2" then a > 2.

(55) Ifa #b, then 2-a-b< a®+ b2
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(56) If n > 0 and a@ # b, then 2 - a™ - " < a?™ + b*™. The theorem is a
consequence of (55).

(57) If b> 0, then there exists n such that b > 2" and b < 2"+
PRrROOF: Consider a such that b = 1+a. There exists n such that a+1 > 2"
and a + 1 < 27! by 21, (6)]. O

(58) Let us consider odd natural numbers a, b. Then 4 | a + b if and only if
4ta—b.
PRrROOF: Consider ¢, z such that a +b=2-tand a — b= 2" z. t is odd iff
ziseven. If 2-2|a+b, then 2-2ta—0bby (3), 27, (16)]. If2-2{a+ b,
then 2-2 | a—b by (3), [27, (16)]. O

(59) If ged(b+¢,b) =1 and c is odd, then ged(2-b+¢,c) = 1.

(60) Ifa+b=k-a+k-banda-b>0, then k =1.

(61) Ift-z=t+z, thent =z

62) (2-n+1)2=4-n-(n+1)+1.

(63) 1If a is odd and b is odd, then 8 | a® — b%. The theorem is a consequence

of (62).

(64) Let us consider odd natural numbers a, b. If 4 | @ — b, then 4 | a”™ — b".

(65) Let us consider odd natural numbers a, b, and an even natural number
m. Then 4 | a™ — ™.
PRrOOF: Consider n such that m =2 -n. If 4 | a + b, then 4 | a™ — b™ by
34, (36)], [22, (9)]. If 4 | @ — b, then 4 | a™ — b™. O

(66) Iftiseven and 41 ¢, then there exists u such that u = ¢/2 and u is odd.

(67) If ais odd and 2" | a - b, then 2™ | b.

Let us consider odd natural numbers a, b, m. Now we state the propositions:

(68) 4]a™+b™ if and only if 4 | a + b.
ProOF: Consider n such that m = 2-n + 1. If 4 | a®>"*! + b>"*1 then
4] a+b by [21, (81)], (65), [22, (2)], (58). O

(69) 4] a—"bifand only if 4 1 a™ + b™. The theorem is a consequence of (58)
and (68).
Now we state the propositions:
(70) If a® + b? = ¢, then there exists ¢ such that b2 = (2-a +1) - t.
(71) If b2 = (2-a +1t) - t, then there exists ¢ such that a® + b = 2.
(72) If a is odd and b is odd and m is even, then a™ + 0™ # ™.
PROOF: If a is odd and b is odd, then a®™ + b*™ # 2™ by 21} (9)]. O

(73) If t and 2" are relatively prime and n > 0, then ¢ and z are relatively
prime. The theorem is a consequence of (6).
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Let us assume that a and b are relatively prime. Now we state the proposi-
tions:
(74) ged((a+b)% a2+ —(n—2)-a-b) = ged(a® +b2— (n—2)-a-b,n).
The theorem is a consequence of (34) and (5).
(75) a+band a®+b?+a-b are relatively prime. The theorem is a consequence
of (74) and (73).
(76) ged((a—b)% a2 +b2+(n—2)-a-b) =ged(a®+ b2+ (n—2)-a-b,n).
The theorem is a consequence of (35), (5), and (1).
Now we state the propositions:
(77) a|k-(a-n+1)if and only if a | k.
ProOOF: If a | k- (a-n+ 1), then a | k by [22 (1)]. O
(78) Let us consider a positive natural number n. Then a | k- (a” + 1) if and
only if a | k. The theorem is a consequence of (77).

(79) Let us consider positive natural numbers a, b. If a mod b = b mod a,
then a = b.

(80) k-(a-n+1) mod a =k mod a.

Let us consider a positive natural number n. Now we state the propositions:
(81) k- (a™+1) mod a =k mod a. The theorem is a consequence of (80).
(82) k- (a™+1)"™ mod a = k mod a. The theorem is a consequence of (81).
(83) b-(a"+1)"+c¢-(a"+1) mod a = b+ ¢ mod a. The theorem is a

consequence of (82).
Now we state the propositions:

(84) Let us consider positive natural numbers a, n. Then a | b- (a™ + 1)™ +
¢-(a"41)"if and only if a | b+ ¢. The theorem is a consequence of (83).

85
86

If |t| < a, then t mod a = [t| or t mod a = a — |t|.
—t mod a =wu-a— (t mod a) mod a.

(
(
(
(
(

~— — ~— ~— ~—

87) Let us consider an odd natural number n. Then " mod 3 = ¢ mod 3.
88) t+ (u mod z) mod z =t+ u mod z.
89) Let us consider an odd natural number n. Then a +b — ¢ mod 3 =

a™ +b" — ™ mod 3. The theorem is a consequence of (87).

(90) Let us consider a positive natural number k. Then ¢ mod k = k — 1 if
and only if ¢ +1 mod k = 0. The theorem is a consequence of (88).

(91) If a® +b% = %, then 3 | a- b c. The theorem is a consequence of (14)
and (50).

(92) Let us consider non zero natural numbers a, n. Suppose t mod a =
z mod a. Then t" mod a = 2" mod a.

(93) If3|t— z, then 3| t"™ — z™. The theorem is a consequence of (18).
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(94) Let us consider an odd natural number n. Then 3 | a + b — ¢ if and only
if 3] a™+0b" —c".

PRrROOF: If 3 | a + b — ¢, then 3 | a™ + 0" — ¢ by [30, (62)], (89). a +b—
cmod 3=0.0

(95) (t+u—2)?=t2+u®+ 2% (mod?2).

(96) (t+u—2)*=t+u®— 2% (mod3).

(97) 6| a® — a. The theorem is a consequence of (50).

(98)

Let us consider odd natural numbers a, b, ¢. Then 3 | t* + t® + t¢. The
theorem is a consequence of (87) and (88).

(99) (i) 2™ —1]2*™* —2 and
(ii) 2m 41| 22m+l — 2,
(100) If u+t+ zis even, then u-t- z is even.
(101) If t™ + ™ = 2™, then 2" | (t-wu-2)". The theorem is a consequence of
(100) and (15).
(102) t"™ =t" (modt — 1). The theorem is a consequence of (18).

2. FERMAT’S LITTLE THEOREM REVISITED

In the sequel a, b, ¢, d, m, x, n, k, | denote natural numbers, ¢, z denote
integers, f, F, G denote finite sequences of elements of R, ¢, r, s denote real
numbers, and D denotes a set.

Now we state the propositions:

(103) Let us consider a finite sequence f. Then f is D-valued if and only if f
is a finite sequence of elements of D.

(104) k+1 € Segn if and only if k < n.
PRrOOF: If k + 1 € Segn, then k < n by [4, (1)], [2, (13)]. O

(105) n+1<lenf if and only if n + 1 € dom f.
PrOOF: If n+1 <len f, then n+1 € dom f by [2, (13)], (104). n < len f.
g

(106) k € Z,, if and only if k + 1 € Segn.
(107) If n € dom f and 1 < m < n, then f(m) = (f[n)(m).
(108) Suppose f is a finite sequence of elements of D. Then
(i) fIn is a finite sequence of elements of D, and
(ii) fin is a finite sequence of elements of D.

(109) If n € dom f, then (f[n)(1) = f(1). The theorem is a consequence of
(107).

221
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(110) Let us consider a finite sequence f of elements of R. If n € dom f, then
len(f[n) =n.
Let us consider s. Observe that (s) is R-valued.
Let us consider D. Let f be a D-valued finite sequence. Let us consider n.
Let us note that f[n is D-valued.
Let f be a finite sequence of elements of D. Observe that f, is D-valued.
Now we state the proposition:

(111) Let us consider a finite sequence f of elements of C. If k € dom(f|n),
then k € dom f.

Let us consider n. Note that (}},, is empty.

Let us consider f. One can check that (f[n), is empty.

Let us consider D. Let f be a D-valued finite sequence. One can verify that
fin is D-valued.

Let f be a finite sequence of elements of N. Observe that f(n) is natural.

Let us consider k. One can verify that (f[n)(k) is natural and (f[n)1(k) is
natural.

Now we state the propositions:

(112) X (f"F) =X f+XF.

(113) Let us consider a finite sequence f of elements of R. Suppose k € dom f),,
and n € dom f. Then n + k& € dom f. The theorem is a consequence of
(110).

(114) Let us consider a positive natural number k. If n + k& € dom f, then
k € dom f,.

(115) Let us consider a positive natural number n. Suppose n + 1 = len f.
Then Y f = > (fIn);1 + f(1) + f(n + 1). The theorem is a consequence
of (112) and (109).
(116) If n4+1 =len f, then f,, = (f(n+1)).
Let us assume that (f[n)|; is not empty. Now we state the propositions:
(117) len(fIn);1 <len f — 1. The theorem is a consequence of (110).
(118) len(fIn);1 < n. The theorem is a consequence of (110).
Now we state the propositions:
(119) If n is prime and k # 0 and k # n, then n | (}).
(120) If b > 2, then (b+1)! > 2°.
PROOF: Define P[natural number] = ($; + 1)! > 2%, P[2] by [21, (14),
(15), (81)]. For every natural number k such that & > 2 and P[k] holds

Plk + 1] by [21], (6), (15)]. For every natural number = such that x > 2
holds P[z] from [2, Sch. 8]. O
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(121) b > 1if and only if b! > 1.
PRrROOF: If b > 1, then b! > 1 by [2 (13)], [20} (55)]. O

(122) If b > 2, then b! < bP.
PRrOOF: Define P[natural number] = $;! < $:%'. P[2] by [21] (81), (14)].
For every natural number k such that k£ > 2 and P[k] holds P[k + 1] by
[24, (10)], [21), (15), (6)]. For every natural number = such that > 2 holds
Plz] from [2, Sch. 8]. O

(123) (b+1)! > 2°. The theorem is a consequence of (120).

(124) b! < b°. The theorem is a consequence of (122).

(125) If b > 0 and a and b! are relatively prime, then a and b are relatively
prime. The theorem is a consequence of (121).

(126) If a and (a + b)! are relatively prime, then a =1 or a = 0 and (b =0 or
b =1). The theorem is a consequence of (121).

(127) If n € dom f and m € dom(f[n)1, then (f[n);1(m) = f(m + 1). The
theorem is a consequence of (113), (105), (110), and (107).

Let us consider n. One can verify that ((),..., (]})) is non empty.

Let us consider m. One can check that (((),...,()"))(m) is natural and
((§)s---» (7)) is N-valued.

Let h be a finite sequence of elements of N. One can verify that > h is
natural.

Now we state the propositions:

128) If n > 0, then n € dom((y),..., ().

n

((§)s---> () is a finite sequence of elements of N.

(

(129)

(130) <(3), oy (M) (n+1) = 1. The theorem is a consequence of (105).
(131)

n
k k
<<O)a ceey (k)><1) =1
Proor: ((§)101%, ..., (§)1F1°)(1) = 1 by 21}, (28)]. O
Let us consider a positive natural number n. Now we state the propositions:

(132) 32((5)s -+ () = 20(G)s -5 G ) + (@) -5 G + ()5
(7))(n +1). The theorem is a consequence of (128), (112), and (109).

(133) (), () = 2@, ---> (1)) In)j1 + 2. The theorem is a consequ-

n n

ence of (132), (130), and (131).
Now we state the propositions:
(134)  >X(5)---» () =>((3)s-- -+ (7)) In) + 1. The theorem is a consequence
of (103).
(135) len({(2).... (D)) = .

(136) Suppose m € dom(((g),..-,(}))In);1. Then (((7),...,())In)j1(m) =

((©)s---»())(m+1). The theorem is a consequence of (128) and (127).
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(137) If n is prime, then n | (((7), ..., (7)) 7)1 (k).

n

PrROOF: If n is prime and k > n, then n | (((§),..-,(}))In)(k) by

(128), (110), [2, (13)], [B1, (25)]. If n is prime and k <n n, then n |
(@)~ G) ) (k) by BT, (25)], (128), (110), [2, (13)]. O

(138) Let us consider a prime natural number n. Then n | 2" —2. The theorem
is a consequence of (103), (137), and (133).

Let k£ be a positive natural number. Let us consider n. Let us note that
n* — n is natural.

Now we state the propositions:

(139) Let us consider prime natural numbers k, n. Then n-k | (2" —2)-(2F —2).
The theorem is a consequence of (138).

(140) Let us consider an odd prime number n. If n = 2-k + 1, then n | 2% — 1
iff n {28 4 1.
PrOOF: n | 28 — 1 or n | 28 + 1 by (138), 21} (6)], [33, (7)], 21, (9)]. O

Let n be a natural number. The functor n\ yielding a finite sequence of
elements of R is defined by the term
(Def. 1) ((§)1°1™,..., (M)1™1").
Let us consider n. We identify ((3),..., (1)) with n\. We identify n\ with

n
((©)s---» (). Now we state the proposition:

(141) If n >0, then n € dom((;)a’b™, ..., (%)a™b").

Let us consider a, b, n, and m. Let us observe that ((;)a®",..., (%)a"b°)(m)
is natural and ((;)a%",..., (7)a"b°) is N-valued.

Now we state the propositions:

(142) If k+1 is prime and k > 0 and [ > 0, then k + 1 | {(*{")a%b"+!, ...,

(iﬂ)akﬂboxk + 1). The theorem is a consequence of (119).

(143) If a # 0, then ((7)a’b™, ..., (")a™b")(1) # 0.

(144) Let us consider a non zero natural number m. Then a = 0 if and only if
(2™, (M) (1) = 0.
ProOF: For every non zero natural number m such that a = 0 holds
()a™, ..., (M)a™b%) (1) = 0 by [21 (28)]. O

(145) If ((5)a’™, ..., (I)a™b%) (1) = 0, then m # 0.

(146) Let us consider a positive natural number m. Then Y-((7) a’v™, ...,
(M)a™b%) = a™ 4™ + ()™, ..., (7)a™b") Im) 1. The theorem is a
consequence of (115).

(147) S (("gm)alemr, L (e e0) = () a%b™, L () a™b0)-

m-+n m

S {(5)a’", ... () a"bY).
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(148) 1If I > 0, then there exists x such that ((karl)aobkﬂ, ey (ﬁﬂ)ak*lboﬂk +
1)=a-uz.
(149) If m > 0, then there exists k such that (('))a%™, ..., (")a™b%)(1) = a-k.
The theorem is a consequence of (148).
(150) If I >0, then there exists x such that ((*/")a%**!, ..., (Zié)a“lboﬂl) =
a-x.
(151) If n = (("3Ha®b . (7)) a* 0 (k + 1) and I > 0, then a | n. The
theorem is a consequence of (148).
Let us consider a prime natural number n and positive natural numbers a,
b. Now we state the propositions:
(152) n-a-b| (<(8)a0b”, A (Z)a”bo> ) (k).
PRrOOF: If k ¢ dom({(;)a’b™, ..., (")a™°)In) 1, then n-a-b | ({(5)a",...,
(M)a™%) In) 1 (k). If n is prime and k € dom(((3)a0", ..., ()a™b%)In) 1,
then n-a-b| (((§)a’™, ..., (7)a™) n) 1 (k) by [B1, (25)], (118), [2, (13),
(10$)]. O
(153) n-a-b| (a+b)" — (a™ +b"). The theorem is a consequence of (103),
(152), and (146).
Now we state the propositions:
(154) Let us consider a prime natural number n. Then n-a | (a +1)" —(a™+1).
The theorem is a consequence of (153).
(155) Let us consider positive natural numbers a, b. Then 2-a-b | (a +b)* —
(a® +b?).
(156) Let us consider a prime natural number n. Then n | a" — a.
PROOF: Define P[natural number] = n | $;" — $;. If P[k], then P[k + 1]
by (154), [22, (2)], [16, (4)]. For every natural number z, Plz| from [2]
Sch. 2]. O
(157) Let us consider a natural number k. If £+ 1 is prime and k + 1 1 a, then
k+1|a¥ — 1. The theorem is a consequence of (156).
(158) Let us consider a prime natural number n. Then n | a + b if and only if
n | a™ 4+ b". The theorem is a consequence of (156).
(159) 163 | a + b if and only if 163 | a'3 4 5163,
Let us consider a prime natural number n. Now we state the propositions:
(160) n | a if and only if n | a".
(161) n|a™+1if and only if n | a+ 1. The theorem is a consequence of (158).
(162) n|a™+b"if and only if n | (a +b)".
Now we state the propositions:
(163) 7|a” +1if and only if 7| a + 1.
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(164) 1If 74 a, then 7| a® — 1. The theorem is a consequence of (156).

Let us consider a prime natural number n and positive natural numbers a,
b. Now we state the propositions:

(165) n-a-b|(a+b)"" — (a" + b")*. The theorem is a consequence of (153).
(166) Ifn-a-b|(a+t)" —(a"+0b"),then n-a-b| (a+0b)" — (a+1t)". The
theorem is a consequence of (153).
Now we state the proposition:
(167) Let us consider a prime natural number n, and positive natural numbers
a,b,e.fn-a-blec—>b,thenn-a-b|a™+b"— (a+c)". The theorem is
a consequence of (153).
Let us consider a prime natural number p. Now we state the propositions:
(168) If p=2-n+1,thenp|aorp|a™—1orp|a™+1. The theorem is a
consequence of (156).
(169) 1If p { a, then there exists n such that p | ™ — 1 and 0 < n < p. The
theorem is a consequence of (157).
Now we state the propositions:
(170) 5|a®—1if and only if 5| a — 1.
PROOF: If 5 | a® — 1, then 5 | a — 1 by [I3, (59)], (156), [22} (13)], [I8, (3)].
O
(171) If k + 1 is prime, then k + 1 | a™**! — a. The theorem is a consequence
of (157).
(172) 2| a™*! — a. The theorem is a consequence of (171).
(173) 3| a?>™*! — a. The theorem is a consequence of (171).
(174) 5| a*™*! — a. The theorem is a consequence of (171).
(175) 7| a%"*! — a. The theorem is a consequence of (171).
(176) If k # 1 and k + 1 is odd and prime and [ + 1 is odd and prime, then
2-(k+1)-(1+1) | a®*! —a. The theorem is a consequence of (171) and
(172).
(177) 154 | a®' — a. The theorem is a consequence of (176).
(178) 6] a®>"*! — a. The theorem is a consequence of (172) and (173).
(179) 30 | a*™*! —a. The theorem is a consequence of (172), (173), and (174).
(180) 42| a®"*! —q. The theorem is a consequence of (172), (173), and (175).
(181) Let us consider a prime natural number n. Then n | a®t* — a¥*1. The
theorem is a consequence of (156).
(182) If 2-n + 1 is prime, then for every k such that 2-n > k > 1 holds
2-n+1fa”—kand2-n+1¢ta"+ k. The theorem is a consequence of
(168).
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(183) (i) 51a%—2, and
(ii) 51a?+ 2, and
(iii) 51 a* — 3, and
(iv) 5fa®+3.
The theorem is a consequence of (182).
(184) If a® +b?=c? then5|aor5|bor 5| c. The theorem is a consequence
of (168) and (183).
(185) (i) 71a® -2, and
(ii) 7ta®+2, and
(ili) 71a* -3, and
(iv) 7ta3 + 3, and
(v) 7ta—4, and
(vi) 7ta®+4, and
(vii) 71a® -5, and
(viii) 71a®+5.
The theorem is a consequence of (182).
(186) 22" —1 if and only if n = 0.
PROOF: If 2| 2" — 1, then n = 0 by [I8, (3)], [22, (13)]. O
(187) 1If 2k | 27tk _ 9k then | = 0 or n = 0. The theorem is a consequence
of (186).
(188) (i) 3| b, or
(ii) 3|b—1, or
(iii) 3|0+ 1.
The theorem is a consequence of (168).
(189) If 310, then 310 + 2.
PROOF: If 31b and 3 1 ¢, then 3 1 b2+ ¢? by (157), [13, (41)], [16] (4)], [22,
(1), (27)]. If 31 b and 3 | ¢, then 31 b* + ¢2 by [18, (3)], 22, (9)], [18, (5)],
[13, (41)]. O
(190) (i) 31b*>+ 1, and
(ii) 310% — 2.
The theorem is a consequence of (189).
(191) 3403+ b% — b+ 1. The theorem is a consequence of (190) and (156).
(192) Let us consider a positive natural number a. If b and ¢ are relatively
prime and a + 1| b, then a + 11 c.
(193) If b and c are relatively prime, then 31 b? 4 2. The theorem is a conse-
quence of (192) and (189).
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(194) Let us consider a prime natural number p. If p | a, then p | a® 1.

(195) If b and c are relatively prime and b? + ¢ = a2, then 3 { a. The theorem
is a consequence of (193) and (194).

Let us consider a prime natural number p. Now we state the propositions:
(196) If p|a+b, then p|a?"tl 4 27+l
(197) If p § a®>"*tt + 62"+ and p | a® — b2, then p | @ — b. The theorem is a
consequence of (196).

Now we state the propositions:
(198) (i) 3|a-b,or
(ii) 3|a+b, or
(iii) 3 | a —b.

The theorem is a consequence of (188).
(199) If 31 a and 3 1 b, then 3 | a1 4+ p27HL or 3 | @27+ — p27+L The
theorem is a consequence of (188).

(200) If a®+b%=c? then 7|aor 7|bor 7| c. The theorem is a consequence
of (168) and (185).
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