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On Roots of Polynomials over F|X]/(p)

Christoph Schwarzweller
Institute of Informatics
University of Gdansk
Poland

Summary. This is the first part of a four-article series containing a Mizar
[3], [, [2] formalization of Kronecker’s construction about roots of polynomials in
field extensions, i.e. that for every field F' and every polynomial p € F[X]\F there
exists a field extension E of F' such that p has a root over E. The formalization
follows Kronecker’s classical proof using F[X]/<p> as the desired field extension
E [, @, 6

In this first part we show that an irreducible polynomial p € F[X]\F has
a root over F[X]/<p>. Note, however, that this statement cannot be true in
a rigid formal sense: We do not have FF C F[X]/<p> as sets, so F is not
a subfield of F[X]/<p>, and hence formally p is not even a polynomial over
F[X]/<p>. Consequently, we translate p along the canonical monomorphism
¢ : F — F[X]/<p> and show that the translated polynomial ¢(p) has a root
over F[X]/<p>.

Because F' is not a subfield of F'[X]/<p> we construct in the second part the
field (E'\ ¢F)UF for a given monomorphism ¢ : FF — E and show that this field
both is isomorphic to F' and includes F as a subfield. In the literature this part of
the proof usually consists of saying that “one can identify F' with its image ¢F' in
F[X]/<p> and therefore consider F as a subfield of F[X]/<p>". Interestingly, to
do so we need to assume that F N E = (), in particular Kronecker’s construction
can be formalized for fields F' with F'N F[X] = 0.

Surprisingly, as we show in the third part, this condition is not automatically
true for arbitray fields F: With the exception of Zs we construct for every field F
an isomorphic copy F’ of F with F' N F'[X] # (). We also prove that for Mizar’s
representations of Z,, Q and R we have Z, N Z,[X] = 0, Q N Q[X] = @ and
RNR[X] = 0, respectively.

In the fourth part we finally define field extensions: F is a field extension
of F'iff F' is a subfield of E. Note, that in this case we have F' C FE as sets,
and thus a polynomial p over F' is also a polynomial over F£. We then apply the

construction of the second part to F[X]/<p> with the canonical monomorphism
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¢ : F — F[X]/<p>. Together with the first part this gives - for fields F' with
FNF[X]=0- a field extension E of F in which p € F[X]\F has a root.
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1. PRELIMINARIES

From now on n denotes a natural number.

Let L be a non empty zero structure and p be a polynomial over L. We
introduce the notation LM(p) as a synonym of Leading-Monomial p.

Now we state the proposition:

(1) Let us consider a non empty zero structure L, and a polynomial p over
L. Then degp is an element of N if and only if p # 0.L.

Let R be a non degenerated ring and p be a non zero polynomial over R.
Note that the functor deg p yields an element of N. Let R be an add-associative,
right zeroed, right complementable, right distributive, non empty double loop
structure and f be an additive function from R into R. One can check that
f(0R) reduces to Og.

Now we state the proposition:

(2) Let us consider a ring R, an ideal I of R, an element x of R/I, and
an element a of R. Suppose z = [a]EqRel( r,1)- Let us consider a natural
number n. Then 2" = [a"|g gey(g,1)-

PROOF: Define P[natural number] = 2% = [a$1]EqRel(R’1). For every natu-
ral number ¢, Pi]. O

Let R be a ring and a, b be elements of R. We say that b is an irreducible
factor of a if and only if

(Def. 1) b a and b is irreducible.
Observe that there exists an integral domain which is non almost left inver-
tible and factorial.
Now we state the proposition:
(3) Let us consider a non almost left invertible, factorial integral domain R,

and a non zero non-unit a of R. Then there exists an element b of R such
that b is an irreducible factor of a.
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2. THE POLYNOMIALS a - 2"

Let R be a ring, a be an element of R, and n be a natural number. We
introduce the notation anpoly(a,n) as a synonym of seq(n, a).
Let R be a non degenerated ring and a be a non zero element of R. One can
check that anpoly(a,n) is non zero.
Let R be a ring and a be a zero element of R. Observe that anpoly(a,n) is
zero.
Now we state the propositions:
(4) Let us consider a non degenerated ring R, and a non zero element a of
R. Then deg anpoly(a,n) = n.
(5) Let us consider a non degenerated ring R, and an element a of R. Then
LCanpoly(a,n) = a.
(6) Let us consider a non degenerated ring R, a non zero natural number n,
and elements a, x of R. Then eval(anpoly(a,n),z) =a- (z").
(7) Let us consider a non degenerated ring R, and an element a of R. Then
anpoly(a,0) = a[R.
(8) Let us consider a non degenerated ring R, and a non zero element n of
N. Then anpoly(1g,n) = rpoly(n,0g).
(9) Let us consider a non degenerated commutative ring R, and non zero
elements a, b of R. Then b - (anpoly(a,n)) = anpoly(a - b, n).
(10) Let us consider a non degenerated commutative ring R, non zero ele-
ments a, b of R, and natural numbers n, m. Then anpoly(a, n)xanpoly (b, m)
= anpoly(a - b,n +m). The theorem is a consequence of (9).
(11) Let us consider a non degenerated ring R, and a non zero polynomial p
over R. Then LM(p) = anpoly(p(degp), degp).
(12) Let us consider a non degenerated commutative ring R. Then (0, 1z)" =
anpoly(1g,n).
PROOF: Define P[natural number] = (Og, 1g)% = anpoly(1z, $1). P[0] by
[8, (15)]. For every natural number k, P[k]. O

3. MORE ON HOMOMORPHISMS

Now we state the propositions:

(13) Let us consider a ring R, an R-homomorphic ring S, a homomorphism
h from R to S, an element a of R, and a natural number n. Then h(a™) =
h(a)".

PROOF: Define P[natural number] = h(a®) = h(a)®'. P[0] by [10, (8)].
For every natural number n, Pln|. O
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(14) Let us consider a ring R, an R-homomorphic ring S, and a homomor-
phism A from R to S. Then h(}_e,) = 0g, where « is the carrier of R.
Let us consider a ring R, an R-homomorphic ring S, a homomorphism A
from R to S, a finite sequence F of elements of R, and an element a of R. Now
we state the propositions:

(15)  h(X({a) ™ F)) = h(a) + h(3 F).

(16)  h(32(F ™ (a))) = h(3 F) + h(a).

(17) Let us consider a ring R, an R-homomorphic ring S, a homomorphism
h from R to S, and finite sequences F', G of elements of R. Then h(}_(F ™
G)) =h(XF)+h(ZG).

(18) Let us consider a ring R, an R-homomorphic ring S, and a homomor-
phism A from R to S. Then h(]]es) = 1g, where « is the carrier of R.

Let us consider a ring R, an R-homomorphic ring S, a homomorphism A

from R to S, a finite sequence F of elements of R, and an element a of R. Now
we state the propositions:

(19)  A(1((a) = F)) = h(a) - R(ITF).

(20)  A(II(F ™ (a))) = R(IT F) - h(a).

(21) Let us consider a ring R, an R-homomorphic ring S, a homomorphism
h from R to S, and finite sequences F', G of elements of R. Then h([](F ™

G)) = M1 F) - (I G).

4. LIFTING HOMOMORPHISMS FROM R TO R[X]

Let R, S be rings, f be a function from PolyRing(R) into PolyRing(.S), and
p be an element of the carrier of PolyRing(R). Observe that the functor f(p)
yields an element of the carrier of PolyRing(S). Let R be a ring, S be an R-
homomorphic ring, and h be an additive function from R into S. The functor
PolyHom(h) yielding a function from PolyRing(R) into PolyRing(.S) is defined
by

(Def. 2) for every element f of the carrier of PolyRing(R) and for every natural
number 4, (it(f))(i) = h(f(7)).

Let h be a homomorphism from R to S. Observe that PolyHom(h) is addi-
tive, multiplicative, and unity-preserving.

Let us consider a ring R, an R-homomorphic ring S, and a homomorphism
h from R to S. Now we state the propositions:

(22) (PolyHom(h))(0.R) =0.5S.
(23) (PolyHom(h))(1.R) = 1.5.



ON ROOTS OF POLYNOMIALS OVER F[X]/(p) 97

Let us consider a ring R, an R-homomorphic ring S, a homomorphism h
from R to S, and elements p, g of the carrier of PolyRing(R). Now we state the
propositions:

(24)  (PolyHom(h))(p + q) = (PolyHom(h))(p) + (PolyHom(h))(q).

(25)  (PolyHom(h))(p - q) = (PolyHom(h))(p) - (PolyHom(h))(g).

(26) Let us consider a ring R, an R-homomorphic ring S, a homomorphism A
from R to S, an element p of the carrier of PolyRing(R), and an element
b of R. Then (PolyHom(h))(b - p) = h(b) - (PolyHom(h))(p).

(27) Let us consider a ring R, an R-homomorphic ring S, a homomorphism h
from R to S, an element p of the carrier of PolyRing(R), and an element
a of R. Then h(eval(p,a)) = eval((PolyHom(h))(p), h(a)).
PROOF: Define P[natural number] = for every element p of the carrier
of PolyRing(R) for every element a of R such that lenp = $; holds
h(eval(p, a)) = eval((PolyHom(h))(p), h(a)). P[0] by [7, (5), (17)], [5; (6)],
(22). For every natural number k, P[k]. O

(28) Let us consider an integral domain R, an R-homomorphic integral do-
main S, a homomorphism A from R to S, an element p of the carrier
of PolyRing(R), and elements b, x of R. Then h(eval(b - p,x)) = h(b) -
(eval((PolyHom(h))(p), h(z))). The theorem is a consequence of (27) and
(26).

Let R be aring. One can check that there exists a ring which is R-homomorphic
and R-monomorphic and there exists a ring which is R-homomorphic and R-
isomorphic and every ring which is R-monomorphic is also R-homomorphic.

Let S be an R-homomorphic, R-monomorphic ring and h be a monomor-
phism of R and S. Note that PolyHom(h) is monomorphic.

Let S be an R-isomorphic, R-homomorphic ring and kA be an isomorphism
between R and S. Let us note that PolyHom(h) is isomorphism.

Now we state the propositions:

(29) Let us consider a ring R, an R-homomorphic ring S, a homomorphism
h from R to S, and an element p of the carrier of PolyRing(R). Then
deg(PolyHom(h))(p) < degp.

(30) Let us consider a non degenerated ring R, an R-homomorphic ring S,
a homomorphism h from R to S, and a non zero element p of the carrier of
PolyRing(R). Then deg(PolyHom(h))(p) = degp if and only if h(LCp) #
0s.

Let us consider a ring R, an R-monomorphic, R-homomorphic ring S, a mo-
nomorphism h of R and S, and an element p of the carrier of PolyRing(R). Now
we state the propositions:

(31) deg(PolyHom(h))(p) = degp.
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(32) LM((PolyHom(h))(p)) = (PolyHom(h))(LM(p)). The theorem is a con-
sequence of (31).

(33) Let us consider a ring R, an R-homomorphic ring S, a homomorphism A
from R to S, an element p of the carrier of PolyRing(R), and an element
a of R. If a is a root of p, then h(a) is a root of (PolyHom(h))(p). The
theorem is a consequence of (27).

(34) Let us consider a ring R, an R-monomorphic, R-homomorphic ring S,
a monomorphism A of R and S, an element p of the carrier of PolyRing(R),
and an element a of R. Then a is a root of p if and only if h(a) is a root
of (PolyHom(h))(p). The theorem is a consequence of (27) and (33).

(35) Let us consider a ring R, an R-isomorphic, R-homomorphic ring S,
an isomorphism h between R and .S, an element p of the carrier of PolyRing
(R), and an element b of S. Then b is a root of (PolyHom(h))(p) if and only
if there exists an element a of R such that a is a root of p and h(a) = b.
The theorem is a consequence of (27).

(36) Let us consider a ring R, an R-homomorphic ring S, a homomorphism
h from R to S, and an element p of the carrier of PolyRing(R). Then
Roots(p) C {a, where a is an element of R : h(a) € Roots((PolyHom(h))
(p))}. The theorem is a consequence of (33).

(37) Let us consider a ring R, an R-monomorphic, R-homomorphic ring
S, a monomorphism h of R and S, and an element p of the carrier of
PolyRing(R). Then Roots(p) = {a, where a is an element of R : h(a) €
Roots((PolyHom(h))(p))}. The theorem is a consequence of (36) and (34).

(38) Let us consider a ring R, an R-isomorphic, R-homomorphic ring S,
an isomorphism h between R and S, and an element p of the carrier of
PolyRing(R). Then Roots((PolyHom(h))(p)) = {h(a), where a is
an element of R : a € Roots(p)}. The theorem is a consequence of (35).

5. KRONECKER’S CONSTRUCTION

In the sequel F' denotes a field, p denotes an irreducible element of the carrier
of PolyRing(F'), f denotes an element of the carrier of PolyRing(F'), and a
denotes an element of F'.

Let us consider F' and p. The functor KroneckerField(F,p) yielding a field
is defined by the term

(Det. 3) POlyRing(F)/{p}fideal'

The functor embedding(p) yielding a function from F into KroneckerField
(F,p) is defined by the term
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(Def. 4) (the canonical homomorphism of {p}-ideal into quotient field) - (the
canonical homomorphism of F' into quotient field).

Let us observe that embedding(p) is additive, multiplicative, and unity-
preserving and embedding(p) is monomorphic and KroneckerField(F,p) is F-
homomorphic and F-monomorphic.

Let us consider f. The functor f, yielding an element of the carrier of
PolyRing(KroneckerField(F, p)) is defined by the term

(Def. 5)  (PolyHom(embedding(p)))(f)-

The functor KrRoot(p) yielding an element of KroneckerField(F, p) is defined
by the term

(Def. 6)  [(OF, 1F>]EqRel(PolyRing(F),{p}*ideal)'
Now we state the propositions:

(39) (embedding (p))(a) = [CL fF] EqRel(PolyRing(F),{p}—ideal)"

(40) (fp)(n) = [f(n)IF ]EqRel(PolyRing(F),{p}*ideal)’ The theorem is a consequ-
ence of (39).

(41)  eval(fp, KrRoot(p)) = [flgqrei(PolyRing(F),{p}ideal)-
PROOF: Set z = KrRoot(p). Define P[natural number| = for every f such

that len f = $; holds eval(fy, z) = [f]EqRel(PolyRing(F)7{p},ideal). For every
natural number &, P[k]. O

(42) KrRoot(p) is a root of p,. The theorem is a consequence of (41).

(43) If f is not constant, then there exists an irreducible element p of the car-
rier of PolyRing(F") such that f, has roots. The theorem is a consequence
of (3) and (42).

(44) If embedding(p) is isomorphism, then p has roots. The theorem is a con-
sequence of (38) and (42).

(45) If p has no roots, then embedding(p) is not isomorphism.
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Isomorphisms from the Space of Multilinear
Operators

Kazuhisa Nakasho
Yamaguchi University
Yamaguchi, Japan

Summary. In this article, using the Mizar system [5], [2], the isomorphisms
from the space of multilinear operators are discussed. In the first chapter, two
isomorphisms are formalized. The former isomorphism shows the correspondence
between the space of multilinear operators and the space of bilinear operators.

The latter shows the correspondence between the space of multilinear ope-
rators and the space of the composition of linear operators. In the last chapter,
the above isomorphisms are extended to isometric mappings between the normed
spaces. We referred to [6], [11], [9], [3], [10] in this formalization.
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Keywords: linear operators; bilinear operators; multilinear operators; isomor-
phism of linear operator spaces
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1. PLAIN ISOMORPHISMS
FROM THE SPACE OF MULTILINEAR OPERATORS

From nowon X, Y, Z, E, F, G, S, T denote real linear spaces.
Let G be a real linear space sequence. Note that [[ G is constituted finite
sequences. Now we state the propositions:

(1) Let us consider an element s of [[(E, F'), an element i of dom(F, F'), and
an object z1. Then len(s +- (i,z1)) = 2.

(2) Let us consider a real linear space sequence G, an element i of dom G,
an element x of []G, and an element r of G(7). Then (reproj(i,x))(r) =
x4+ (i,7).

© 2019 University of Bialystok
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Let X, Y be real linear spaces. The functor IsoCPRLSP(X,Y") yielding a li-
near operator from X x Y into [[(X,Y") is defined by

(Def. 1) for every point x of X and for every point y of Y, it(z,y) = (x,y).

Now we state the proposition:
(3) Let us consider real linear spaces X, Y. Then OMxyy = (IsoCPRLSP(X,

Y))(0xxv)-

Let X, Y be real linear spaces. One can check that IsoCPRLSP(X,Y) is
bijective and there exists a linear operator from X X Y into [[(X,Y) which is
bijective. Now we state the proposition:

(4) Let us consider a linear operator I from S into 7. Suppose I is bijective.
Then there exists a linear operator J from T into S such that

(i) J =171 and
(ii) J is bijective.
PROOF: Reconsider J = I~! as a function from 7 into S. For every points
v, wof T, J(v+w)=J(v)+ J(w). For every point v of T and for every
real number r, J(r-v) =7r-J(v). O
Let X, Y be real linear spaces and f be a bijective linear operator from X x
Y into [J(X,Y). One can verify that the functor f~! yields a linear operator
from [[(X,Y) into X xY. One can check that f~! is bijective as a linear operator
from [[(X,Y) into X x Y and there exists a linear operator from [[(X,Y) into
X x Y which is bijective. Now we state the propositions:
(5) Let us consider real linear spaces X, Y, a point z of X, and a point y of
Y. Then ((IsoCPRLSP(X,Y))")((z,v)) = (=, v).
(6) Let us consider real linear spaces X, Y. Then ((IsoCPRLSP(X,Y))™ 1)
(OH(X,Y>) = Oxxy. The theorem is a consequence of (3).

(7) Let us consider a multilinear operator u from (E, F) into G. Then u -
(IsoCPRLSP(E, F)) is a bilinear operator from F x F into G.
PROOF: Reconsider L = u - (IsoCPRLSP(FE, F')) as a function from E x F
into G. For every points x1, x9 of E and for every point y of F', L(z1 +
x2,y) = L(x1,y)+ L(x2,y). For every point x of E and for every point y of
F and for every real number a, L(a-x,y) = a- L(x,y). For every point z of
E and for every points y1, y2 of F, L(z,y1 +y2) = L(x,y1) + L(z,y2). For
every point x of E and for every point y of F' and for every real number
a, L(z,a-y) =a- L(z,y) by [1, (31)]. O

(8) Let us consider a bilinear operator u from E x F into G. Then u -
((IsoCPRLSP(E, F))~1) is a multilinear operator from (E, F) into G.
PROOF: Reconsider M = u - ((IsoCPRLSP(FE, F))~!) as a function from
[I{E, F) into G. For every element i of dom(E, F) and for every element
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s of [I[{E, F), M - (reproj(i, s)) is a linear operator from (E, F')(i) into G.
O

(9) There exists a linear operator I from VectorSpaceOfBilinOpersg (X, Y, Z)
into VectorSpaceOfMultOpersg ((X,Y'), Z) such that

(i) I is bijective, and

(ii) for every point u of VectorSpaceOfBilinOpersg(X,Y,Z), I(u) = u -
((IsoCPRLSP(X, Y))™1).

PROOF: Set F; = the carrier of VectorSpaceOfBilinOpersg(X,Y, Z). Set
F5 = the carrier of VectorSpaceOfMultOpersg((X,Y), Z).
Define P[function, function] = $5 = $;-((IsoCPRLSP(X,Y))™!). For every
element z of F, there exists an element y of F» such that P[z, y|. Consider
I being a function from F; into F5 such that for every element x of Fi,
Plz,I(x)]. For every objects x1, xo such that z1, xo € F} and I(z1) =
I(x2) holds x1 = z5. For every object y such that y € Fy there exists
an object x such that z € Fy and y = I(z). For every points z, y of
VectorSpaceOfBilinOpersg(X,Y, Z), I(z + y) = I(x) + I(y). For every
point x of VectorSpaceOfBilinOpersg(X,Y, Z) and for every real number
a, I(a-x)=a-I(z). O

(10) There exists a linear operator I from VectorSpaceOfLinearOpersg (X,
VectorSpaceOfLinearOpersg (Y, Z)) into VectorSpaceOfMultOpersg ((X,Y),
Z) such that

(i) I is bijective, and

(ii) for every point u of VectorSpaceOfLinearOpersg (X, VectorSpaceOf-
LinearOpersg(Y, Z)) and for every point x of X and for every point

y of Y, I(u)((z,y)) = u(x)(y).

The theorem is a consequence of (9) and (5).

2. EXTENSIONS TO ISOMETRIC ISOMORPHISM
FROM THE NORMED SPACE OF MULTILINEAR OPERATORS

In the sequel X, Y, Z, E, F, G denote real normed spaces and S, T" denote
real norm space sequences. Now we state the propositions:
(11) Let us consider a point s of [[(E, F), an element i of dom(F, F'), and
an object z1. Then len(s +- (i,z1)) = 2.
(12) Let us consider a Lipschitzian multilinear operator v from (E, F') into
G. Then u- (IsoCPNrSP(E, F)) is a Lipschitzian bilinear operator from E
x F into G.
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(13)

(14)

(15)
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PROOF: Reconsider L = u - (IsoCPNrSP(E, F')) as a function from E x F
into G. For every points x1, zo of E and for every point y of F, L(x; +
x9,y) = L(x1,y)+ L(z2,y). For every point = of E and for every point y of
F and for every real number a, L(a-x,y) = a- L(x,y). For every point z of
E and for every points yi, y2 of F, L(z,y1 +y2) = L(x,y1) + L(z,y2). For
every point x of E and for every point y of I’ and for every real number a,
L(z,a-y) = a-L(z,y). There exists a real number K such that 0 < K and
for every vector z of F and for every vector y of F, || L(z,y)|| < K-||z||-||y]|-
]

Let us consider a Lipschitzian bilinear operator u from E x F' into G.

Then u - ((IsoCPNrSP(E, F))~1) is a Lipschitzian multilinear operator
from (E, F) into G.
PROOF: Reconsider M = u - ((IsoCPNrSP(E, F))™1) as a function from
[I{E, F) into G. For every element i of dom(E, F) and for every element
s of [[{E, F), M - (reproj(i, s)) is a linear operator from (E, F')(i) into G.
There exists a real number K such that 0 < K and for every point s of
[I{(E,F), |M(s)|]]| < K - (NrProduct s). O

There exists a linear operator I from NormSpaceOfBoundedBilinOpersg
(X,Y, Z) into NormSpaceOfBoundedMultOpersg ((X,Y), Z) such that

(i) I is bijective and isometric, and

(ii) for every point u of NormSpaceOfBoundedBilinOpersg (X, Y, Z), I(u)
= u- ((IsoCPNrSP(X,Y))1).

PROOF: Set F; = the carrier of NormSpaceOfBoundedBilinOpersg(X,Y,
Z). Set Fy = the carrier of NormSpaceOfBoundedMultOpersg((X,Y), Z).
Define P|[function, function] = $3 = $; - ((IsoCPNrSP (X, Y))™1). For every
element x of F, there exists an element y of F; such that P[z, y]. Consider
I being a function from Fj into F5 such that for every element x of Fi,
Plxz,I(x)]. For every objects x1, xo such that z1, xo € F} and I(z1) =
I(z3) holds x1 = x9. For every object y such that y € F, there exists
an object x such that x € F; and y = I(z). For every points z, y of
NormSpaceOfBoundedBilinOpersg (X,Y, Z), I(x +y) = I(x) + I(y). For
every point = of NormSpaceOfBoundedBilinOpersg (X, Y, Z) and for every
real number a, I(a-z) = a-I(z) by [8, (19)], [4, (18)], [7, (20)]. For every
element u of NormSpaceOfBoundedBilinOpersg (X, Y, Z), || I(u)| = [Jul-
]

There exists a linear operator I from the real norm space of bounded
linear operators from X into the real norm space of bounded linear ope-
rators from Y into Z into NormSpaceOfBoundedMultOpersg((X,Y), Z)
such that
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(i) I is bijective and isometric, and

(ii) for every point u of the real norm space of bounded linear operators
from X into the real norm space of bounded linear operators from Y
into Z, ||u|| = ||[I(u)]| and for every point = of X and for every point
y ot Y, I(u)({z,y)) = u(z)(y).

PRrROOF: Consider I being a linear operator from the real norm space of bo-
unded linear operators from X into the real norm space of bounded linear
operators from Y into Z into NormSpaceOfBoundedBilinOpersg(X, Y, Z)
such that I is bijective and for every point u of the real norm space of
bounded linear operators from X into the real norm space of bounded
linear operators from Y into Z, ||u|| = ||[I(u)|| and for every point x of
X and for every point y of Y, I(u)(x,y) = u(x)(y). Consider J being
a linear operator from NormSpaceOfBoundedBilinOpersg(X,Y, Z) into
NormSpaceOfBoundedMultOpersg ((X, YY), Z) such that J is bijective and
isometric and for every point u of NormSpaceOfBoundedBilinOpersg (X, Y,
Z), J(u) = u - ((IsoCPNrSP(X,Y))™1).

Reconsider K = J - I as a linear operator from the real norm space of
bounded linear operators from X into the real norm space of bounded li-
near operators from Y into Z into NormSpaceOfBoundedMultOpersg ({X,
Y), Z). For every element x of the real norm space of bounded linear ope-
rators from X into the real norm space of bounded linear operators from
Y into Z, | K(x)|| = ||z|. O

(16) Let us consider real norm space sequences X, Y, and a real normed space
Z. Then there exists a linear operator I from the real norm space of boun-
ded linear operators from [] X into the real norm space of bounded linear
operators from [[Y into Z into NormSpaceOfBoundedMultOpersg ((IT X,
[1Y), Z) such that

(i) I is bijective and isometric, and

(ii) for every point u of the real norm space of bounded linear operators
from [] X into the real norm space of bounded linear operators from
[1Y into Z, |Ju|| = ||I(w)|| and for every point = of [T X and for every

point y of [TY, I(u)({z,y)) = u(x)(y)-
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Summary. In this article, using the Mizar system [2], [I], we discuss inver-
tible operators on Banach spaces. In the first chapter, we formalized the theorem
that denotes any operators that are close enough to an invertible operator are
also invertible by using the property of Neumann series.

In the second chapter, we formalized the continuity of an isomorphism that
maps an invertible operator on Banach spaces to its inverse. These results are
used in the proof of the implicit function theorem. We referred to [3], [10], [6],
[7] in this formalization.
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1. NEUMANN SERIES AND INVERTIBLE OPERATOR

From now on X, Y, Z denote non trivial real Banach spaces.

Let X, Y be real normed spaces and u be a point of the real norm space of
bounded linear operators from X into Y. We say that v is invertible if and only
if

(Def. 1) wu is one-to-one and rng u = the carrier of Y and v~ is a point of the real
norm space of bounded linear operators from Y into X.

Assume wu is invertible. The functor Inv u yielding a point of the real norm
space of bounded linear operators from Y into X is defined by the term
(Def. 2) ul.
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Now we state the propositions:

(1) Let us consider a real normed space X, a sequence sg of X, and a natural

number k. Then [[((326=0 56(c))ren) (k)| < ((ZG=olls6//(c))ren) (k).
PROOF: Define P[natural number] = ||(35_¢ s6(a))ren)($1)]| <
(25 _pllssll(@))ken)($1). For every natural number k, Plk]. O

(2) Let us consider a real Banach space X, and a sequence s of X. Suppose
s is norm-summable. Then ||} s|| < Y_||s||. The theorem is a consequence

of (1).
(3) L(et) us consider a Banach algebra, and a point z of X. Suppose ||z| < 1.
Then
(i) (2")ken is norm-summable, and
(ii) [I22(2")ren]l < 1—1\\Z||'
PRrROOF: For every natural number n, 0 < ||(2")ken|[(n) < ((|2]|")ken)(n).

122(2"%)renll < 22" )wenl]- O

(4) Let us consider a Banach algebra, and a point w of S. Suppose ||w|| < 1.
Then

(i) 1g + w is invertible, and

(ii) ((—w)")ken is norm-summable, and
(i) (1s+w)™" = 3 ((—w)")xen, and
(i) (15 + w) Y < by

The theorem is a consequence of (3).

(5) Let us consider a non trivial real Banach space X, Lipschitzian linear
operators vy, v from X into X, points w1, ws of NormedAlgebraOfBounded-
LinearOpersg(X ), and a real number a. Suppose v; = w; and vy = wy.
Then

(i) vy - vy = wy - wy, and

(i) v1 4 va = w1 + wa, and

(iii) a-vp =a-wq.

PROOF: Reconsider z; = w1, 23 = wsy as a point of the real norm space
of bounded linear operators from X into X. Reconsider z9 = z1 + 23 as
a point of the real norm space of bounded linear operators from X into X.
For every object s such that s € dom(v; + v2) holds (v1 4 v2)(s) = za(s).
Reconsider zo = a - 21 as a point of the real norm space of bounded linear

operators from X into X. For every object s such that s € dom(a - vy)
holds (a - v1)(s) = 2z2(s). O
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(6) Let us consider a non trivial real Banach space X, points vy, vg of the re-
al norm space of bounded linear operators from X into X, points wy, ws of
NormedAlgebraOfBoundedLinearOpersg (X ), and a real number a. Sup-
pose v1 = wi and vy = wy. Then

(i) v1 4 v2 = wy + we, and
(ii)) a vy =a-w.

(7) Let us consider a non trivial real Banach space X, points vy, ve of the real
norm space of bounded linear operators from X into X, and points w1, wa
of NormedAlgebraOfBoundedLinearOpersg(X). If v1 = w; and vy = wy,
then v1 - v9 = wy - we.

(8) Let us consider a non trivial real Banach space X, a point v of the real
norm space of bounded linear operators from X into X, and a point w of
NormedAlgebraOfBoundedLinearOpersg (X ). Suppose v = w. Then

(i) v is invertible iff w is invertible, and

1 1

(ii) if w is invertible, then v~ = w™".
PROOF: If v is invertible, then w is invertible. If w is invertible, then v is
invertible and v~! = w=!. O

(9) Let us consider points v, I of the real norm space of bounded linear

operators from X into X. Suppose I =idx and ||v|| < 1. Then
(i) I+ v is invertible, and
(ii) |InvI +v| < m, and

(iii) there exists a point w of Normed AlgebraOfBoundedLinearOpersg (X)
such that w = v and ((—w)")ken is norm-summable and Inv I + v =
> ((—w)")ken-

The theorem is a consequence of (4) and (8).

(10) Let us consider real normed spaces X, Y, Z, W, a point f of the real
norm space of bounded linear operators from X into Y, a point g of the real
norm space of bounded linear operators from Y into Z, and a point A of
the real norm space of bounded linear operators from Z into W. Then
h-(g-f)=(h-g)-f.

(11) Let us consider real normed spaces X, Y, and a point f of the real norm
space of bounded linear operators from X into Y. Suppose f is one-to-one
and rng f = the carrier of Y. Then

(i) f7' f=1idx, and
(ii) f-(f7") =idy.
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(12) Let us consider a point u of the real norm space of bounded linear ope-
rators from X into Y. Suppose u is invertible. Then

(i) 0 <lull, and
(ii) 0 < [[Invul.

(13) Let us consider points u, v of the real norm space of bounded linear

operators from X into Y. Suppose u is invertible and ||v|| < ”IT}WH Then

(i) w+ v is invertible, and

(i) |Tnvu + | < %”” and

[[Inv u||

(iii) there exists a point w of NormedAlgebraOfBoundedLinearOpersg (X)
and there exist points s, I of the real norm space of bounded linear
operators from X into X such that w = (Invu) - v and s = w and
I =idx and |[[s]] < 1 and ((—w)")xen is norm-summable and [ + s
is invertible and ||Inv I 4 s|| < 1%“8“ and Inv I + s = Y ((—w)")ken
and Invu+v = (InvI +s) - (Invu).

PROOF: Reconsider I = idx as a point of the real norm space of bounded
linear operators from X into X. Reconsider u; = (Invu) - v as a point of
the real norm space of bounded linear operators from X into X. ||Inv u|| #
0 by [9L (2)]. I + w; is invertible and [|Inv ] + w] < m and there
exists a point w of NormedAlgebraOfBoundedLinearOpersg (X ) such that
w = up and ((—w)")ken is norm-summable and Inv I4+u; = >~ ((—w)") xen-
For every element z of the carrier of X, (u+ v)(z) = (u- (I + u1))(x).
PartFuncs((I + u1)~!, X, X) = PartFuncs(Inv I + uy, X, X). Consider w
being a point of NormedAlgebraOfBoundedLinearOpersg(X) such that
w = up and ((—w)")xen is norm-summable and Inv I4+u; = > ((—w)") xen-
O
(14) Let us consider a subset S of the real norm space of bounded linear
operators from X into Y. Suppose S = {v, where v is a point of the real
norm space of bounded linear operators from X into Y : v is invertible}.
Then S is open.
PROOF: Set P = the real norm space of bounded linear operators from X
into Y. For every point u of P such that u € S there exists a real number
r such that » > 0 and Ball(u,r) C S by (12), [4, (17)], (13). O
Let us consider X and Y. The functor InvertOpers(X,Y) yielding an open
subset of the real norm space of bounded linear operators from X into Y is
defined by the term
(Def. 3) {v, where v is a point of the real norm space of bounded linear operators
from X into Y : v is invertible}.
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Now we state the propositions:

(15) Let us consider a point u of the real norm space of bounded linear ope-
rators from X into Y. Suppose u is invertible. Then

(i) Invu is invertible, and
(ii) InvInvu = u.

(16) There exists a function I from InvertOpers(X,Y') into InvertOpers(Y, X)
such that

(i) I is one-to-one and onto, and

(ii) for every point u of the real norm space of bounded linear operators
from X into Y such that u € InvertOpers(X,Y’) holds I(u) = Inv u.

PROOF: Set S = the real norm space of bounded linear operators from X

into Y. Define Q[object, object] = there exists a point u of S such that $; =
uand $2 = Inv u. For every object z such that x € InvertOpers(X,Y) there
exists an object y such that y € InvertOpers(Y, X) and Q[x,y|. Consider I
being a function from InvertOpers(X, Y') into InvertOpers(Y, X) such that
for every object = such that x € InvertOpers(X,Y’) holds Qlx, I(z)]. For
every point u of S such that u € InvertOpers(X,Y’) holds I(u) = Invu. If
InvertOpers(X,Y") # (), then InvertOpers(Y, X) # (. For every objects x1,
x9 such that z1, zo € InvertOpers(X,Y) and I(x1) = I(z2) holds x1 = x3.
]

(17) Let us consider points u, v of the real norm space of bounded linear
operators from X into Y. Suppose u is invertible and |[v — u| < m
Then

(i) v is invertible, and

. 1
(11) HIHVUH < m, and

(iii) there exists a point w of NormedAlgebraOfBoundedLinearOpersg (X)
and there exist points s, I of the real norm space of bounded linear
operators from X into X such that w = (Invu)-(v—u) and s = w and
I =idx and [|s|| < 1 and ((—w)")xen is norm-summable and I + s
is invertible and ||Inv I + s|| < 1%\\5\\ and Inv1 + s = Y ((—w)")ken
and Invo = (Inv I + s) - (Invu).

The theorem is a consequence of (13).
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2. ISOMORPHIC MAPPING TO INVERSE OPERATORS

Now we state the propositions:

(18) Let us consider real normed spaces X, Y, Z, a point u of the real norm
space of bounded linear operators from X into Y, a point v of the real
norm space of bounded linear operators from Y into Z, and a point w of
the real norm space of bounded linear operators from X into Z. Suppose
w=v-u. Then [|w] < [Jo]] - Jull

(19) Let us consider real normed spaces X, Y, Z, points u, v of the real norm
space of bounded linear operators from X into Y, and a point w of the real
norm space of bounded linear operators from Y into Z. Then

(i) w-(u—v)=w-u—w-v, and

(i) w-(u+v)=w-u+w-v.
PROOF: For every point z of X, (w- (u—v))(z) = (w-u)(x) — (w-v)(x).
For every point z of X, (w- (u+v))(z) = (w-u)(z) + (w - v)(x). O

(20) Let us consider real normed spaces X, Y, Z, a point w of the real norm
space of bounded linear operators from X into Y, and points u, v of the real
norm space of bounded linear operators from Y into Z. Then

(i) (u—v) - w=u-w—2v-w, and

(ii)) (u4+v) - w=u-w+uv-w.
PRrROOF: For every point z of X, ((u—v)-w)(z) = (u-w)(x) — (v-w)(z).
For every point x of X, ((u+v) - w)(z) = (u-w)(z) + (v w)(x). O

(21) Let us consider real normed spaces X, Y, and points u, v of the real norm
space of bounded linear operators from X into Y. Then v — (v +v) = —v.

(22) Let us consider real normed spaces X, Y, and a point u of the real norm
space of bounded linear operators from X into Y. Suppose u is invertible.
Then

(i) (Invw) -u =1idx, and
(ii) w- (Invu) =idy.
(23) Let us consider a point u of the real norm space of bounded linear opera-

tors from X into Y. Suppose u is invertible. Let us consider a real number
r. Suppose 0 < r. Then there exists a real number s such that

(i) 0 < s, and

(ii) for every point v of the real norm space of bounded linear operators

from X into Y such that ||v —u|| < s holds |[Invv — Invul| < 7.

The theorem is a consequence of (12), (17), (20), (18), (22), (19), and (21).
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(24) Let us consider a partial function I from the real norm space of bounded
linear operators from X into Y to the real norm space of bounded linear
operators from Y into X.

Suppose dom I = InvertOpers(X,Y’) and for every point u of the re-
al norm space of bounded linear operators from X into Y such that
u € InvertOpers(X,Y) holds I(u) = Invu. Then I is continuous on
InvertOpers(X,Y'). The theorem is a consequence of (23).

(25) There exists a partial function I from the real norm space of bounded
linear operators from X into Y to the real norm space of bounded linear
operators from Y into X such that

(i) dom I = InvertOpers(X,Y’), and
(ii) rng I = InvertOpers(Y, X), and
(iii) I is one-to-one and continuous on InvertOpers(X,Y’), and
)

(iv) there exists a partial function J from the real norm space of bounded
linear operators from Y into X to the real norm space of bounded
linear operators from X into Y such that J = I~! and .J is one-to-one
and dom J = InvertOpers(Y, X) and rng J = InvertOpers(X,Y') and
J is continuous on InvertOpers(Y, X), and

(v) for every point u of the real norm space of bounded linear operators
from X into Y such that u € InvertOpers(X,Y") holds I(u) = Inv u.

ProOF: Consider J being a function from InvertOpers(X,Y') into Invert-
Opers(Y, X) such that J is one-to-one and onto and for every point u of
the real norm space of bounded linear operators from X into Y such that
u € InvertOpers(X,Y) holds J(u) = Invu. If InvertOpers(X,Y) # 0,
then InvertOpers(Y, X) # 0. Reconsider L = J~! as a function from
InvertOpers(Y, X)) into InvertOpers(X,Y). For every point v of the real
norm space of bounded linear operators from Y into X such that v €
InvertOpers(Y, X)) holds L(v) = Invv. O
Let us consider real normed spaces X, Y, Z, a point u of the real norm space
of bounded linear operators from X into Y, and a point w of the real norm space
of bounded linear operators from Y into Z. Now we state the propositions:
(26) (i) w-(—u)=—w-u, and
(ii)) (—w) -u=—-w-u.
PRrROOF: For every point = of X, (w-(—u))(x) = (=1)-(w-u)(z). For every
point z of X, ((—w) -u)(z) = (1) (w - u)(z). O
(27) (—w) - (—u) = w - u. The theorem is a consequence of (26).
(28) Let us consider real normed spaces X, Y, Z, a point u of the real norm
space of bounded linear operators from X into Y, a point w of the real
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norm space of bounded linear operators from Y into Z, and a real number
r. Then

(i) w-(r-u)=(r-w)-u, and
(ii) r-w-u=r-w-u, and
(iii) (r-w)-u=r-(w-u).

PROOF: For every point x of X, (w- (r-u))(z) =7+ (w-u)(z). For every
point z of X, (r-w-u)(z) =7 (w-u)(zx). O

Let us consider real normed spaces X, Y, Z. Then there exists a bilinear
operator I from the real norm space of bounded linear operators from X
into Y X the real norm space of bounded linear operators from Y into Z
into the real norm space of bounded linear operators from X into Z such
that

(i) I is continuous on the carrier of (the real norm space of bounded
linear operators from X into Y') x (the real norm space of bounded
linear operators from Y into Z), and

(ii) for every point u of the real norm space of bounded linear operators
from X into Y and for every point v of the real norm space of bounded
linear operators from Y into Z, I(u,v) = v - u.

PROOF: Set E = the real norm space of bounded linear operators from
X into Y. Set F' = the real norm space of bounded linear operators from
Y into Z. Set G = the real norm space of bounded linear operators from
X into Z. Define Q[object, object] = there exists a point u of F and there
exists a point v of F' such that $; = (u, v) and $2 = v-u. For every object
x such that = € the carrier of £ x F' there exists an object y such that
y € the carrier of G and Q[z,y| by [5, (18)]. Consider L being a function
from the carrier of £ X F into the carrier of G such that for every object
x such that z € the carrier of E' x F" holds Q[z, L(x)].

For every point u of the real norm space of bounded linear operators
from X into Y and for every point v of the real norm space of bounded
linear operators from Y into Z, L(u,v) = v - u. For every points x1, o
of E and for every point y of F, L(z1 + x2,y) = L(z1,y) + L(x2,y). For
every point z of E and for every point y of F' and for every real number a,
L(a-z,y) = a-L(z,y). For every point x of E and for every points y;, y2 of
F, L(xz,y1 +y2) = L(z,y1) + L(x, y2). For every point = of E and for every
point y of F' and for every real number a, L(x,a-y) = a-L(x,y). Set K = 1.
For every point z of E and for every point y of F, || L(z,y)| < K-||z||-[|y]|-
O
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Let us consider real normed spaces X, Y, a Lipschitzian linear operator v
from X into Y, a point w of the real norm space of bounded linear operators
from X into Y, and a real number a. Now we state the propositions:

(30) Ifv=w,thena-w=a-v.
PRrROOF: For every object s such that s € dom(a - v) holds (a - v)(s) =
(a-w)(s) by [8, (36)]. O

(31) If v = w, then —w = —v. The theorem is a consequence of (30).
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Summary. In this article, we formalize differentiability of implicit func-
tion theorem in the Mizar system [3], [I]. In the first half section, properties of
Lipschitz continuous linear operators are discussed. Some norm properties of a
direct sum decomposition of Lipschitz continuous linear operator are mentioned
here.

In the last half section, differentiability of implicit function in implicit func-
tion theorem is formalized. The existence and uniqueness of implicit function in
[6] is cited. We referred to [10], [11], and [2] in the formalization.
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1. PROPERTIES OF LiPSCHITZ CONTINUOUS LINEAR OPERATORS

From now on S, T', W, Y denote real normed spaces, f, fi, fo denote partial

functions from S to T', Z denotes a subset of .S, and ¢, n denote natural numbers.
Now we state the propositions:

(1) Let us consider real normed spaces E, F, a partial function f from E to

F', asubset Z of E, and a point z of E. Suppose Z is open and z € Z and
Z C dom f and f is differentiable in z. Then

(i) f1Z is differentiable in z, and
(i) f'(2) = (f12)'(2).
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PRrROOF: Consider N being a neighbourhood of z such that N C dom f and
there exists a rest R of F, F' such that for every point  of F such that
x € N holds f/, — f/. = (f'(2))(x — 2) + R/5_.. Consider r being a real
number such that » > 0 and Ball(z,7) C Z. Reconsider Ny = NN Z as
a neighbourhood of z. Consider R being a rest of E/, F' such that for every
point = of E such that » € N holds f/, — f/. = (f'(2))(x — 2) + R/,_..
For every point x of E such that x € Ny holds (f[Z2),, — (f1Z),. =
(F(2)@ ~ 2) + Rjaes. D

Let us consider real normed spaces F, F', G, a partial function f from
E x F to G, asubset Z of E x F, and a point z of E X F. Suppose Z is
open and z € Z and Z C dom f. Then

(i) if f is partially differentiable in z w.r.t. 1, then f[Z is partially dif-
ferentiable in z w.r.t. 1 and partdiff(f, z) w.r.t.1 =
partdiff (f[Z, z) w.r.t. 1, and

(ii) if f is partially differentiable in z w.r.t. 2, then f[Z is partially dif-
ferentiable in z w.r.t. 2 and partdiff(f, z) w.r.t.2 =
partdiff (f[Z, z) w.r.t. 2.

PROOF: If f is partially differentiable in z w.r.t. 1, then f[Z is partially dif-
ferentiable in z w.r.t. 1 and partdiff(f, z) w.r.t. 1 = partdiff(fZ, z) w.r.t. 1.
Set g = f - (reproj2(z)). Consider N being a neighbourhood of (z)2 such
that N C dom g and there exists a rest R of F'; G such that for every point
x of F such that x € N holds g/, — g/(z), = (partdiff(f, 2) w.r.t.2)(x —
(2)2) + R/y—(2),- Consider R being a rest of F', G such that for every point
x of F such that x € N holds g/, — g/(z), = (partdiff(f, 2) w.r.t.2)(x —
(2)2) + Rz (2),-

Set h = (f|Z) - (reproj2(z)). Consider r; being a real number such
that 1 > 0 and Ball(z,r;) C Z. Consider ry being a real number such
that o > 0 and {y, where y is a point of F : ||y — (2)2| < r2} C N. Set
r = min(ry, r2). Set M = Ball((z)2,7). M C N and for every point = of F
such that x € M holds (reproj2(z))(x) € Z. M C dom h. For every point
x of F such that x € M holds h/, — h/), = (partdiff(f, z) w.r.t. 2)(x —
(2)2) + R/z—(z)z' ]

Let us consider real normed spaces X, E, G, F, a bilinear operator B
from E x F into G, a partial function f from X to FE, a partial function g
from X to F', and a subset S of X. Suppose B is continuous on the carrier
of Ex F and S C dom f and S C dom g and for every point s of X such
that s € S holds f is continuous in s and for every point s of X such that
s € S holds g is continuous in s. Then there exists a partial function H
from X to G such that



IMPLICIT FUNCTION THEOREM. PART II 119

(i) dom H = S, and

(ii) for every point s of X such that s € S holds H(s) = B(f(s),g(s)),
and

(iii) H is continuous on S.

PROOF: Define P[object,object] = there exists a point ¢t of X such that
t = $1 and $3 = B(f(t),g(t)). For every object x such that z € S there
exists an object y such that y € the carrier of G and P[x,y]. Consider
H being a function from S into G such that for every object z such that
z € S holds P[z, H(z)]. For every point s of X such that s € S holds
H(s) = B(f(s),g(s)). For every point zy of X and for every real number r
such that zg € S and 0 < r there exists a real number py such that 0 < ps
and for every point z; of X such that z; € S and ||z1 — z¢|| < p2 holds
HH/xl — H/IOH <r.Od

(4) Let us consider real normed spaces F, F', a partial function g from E to
F, and a subset A of E. Suppose g is continuous on A and domg = A.
Then there exists a partial function xo from E to E X F such that

(i) domzy = A, and
(i) for every point = of E such that x € A holds zs(x) = (z, g(x)), and
(iii) x9 is continuous on A.

PROOF: Define P[object, object] = there exists a point ¢ of E such that
t =%, and $2 = (t, g(t)). For every object x such that x € S there exists
an object y such that y € the carrier of E x F' and Plz,y]. Consider H
being a function from S into E x F' such that for every object z such that
z € S holds P[z, H(z)]. For every point s of E such that s € S holds
H(s) = (s, g(s)). For every point zy of E and for every real number r
such that zg € S and 0 < r there exists a real number py such that 0 < ps
and for every point x; of E such that x; € S and ||x1 — z¢|| < p2 holds
| H )y — Holl < 7. O

(5) Let us consider real normed spaces S, T, V, a point zy of V, a partial
function f1 from the carrier of V to the carrier of S, and a partial function
f2 from the carrier of S to the carrier of T'. Suppose z¢ € dom(f2 - f1)
and fi is continuous in xy and fs is continuous in f; Jao- Then fo - f1 is
continuous in xg.
PROOF: rng(f14$1) C dom fo. O

(6) Let us consider real normed spaces E, F, a point z of £ x F, a point z
of E, and a point y of F. Suppose z = (z, y). Then ||z| < ||z] + ||yl

(7) Let us consider real normed spaces E, F', G, and a linear operator L
from F x F into G. Then there exists a linear operator Lq from F into G
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and there exists a linear operator Ly from F' into G such that for every
point z of E and for every point y of F, L({x, y)) = L1(z) + L2(y) and
for every point = of E, Li(z) = L/<x 0r) and for every point y of F,

La(y) = L/(0E731>.

PROOF: Define C(point of E) = L/($1,0F)' Consider Ly being a function
from the carrier of E into the carrier of G such that for every point = of
E, Li(z) = C(x). For every elements s, t of E, Li(s+t) = Li(s) + Li(t).
For every element s of E and for every real number r, Li(r-s) =r-Li(s).
Define D(point of F) = L/(OE,$1
the carrier of F' into the carrier of G such that for every point x of F,
Ly(z) = D(x). For every elements s, t of ', La(s+1t) = La(s) + La(t). For
every element s of F' and for every real number r, Ly(r-s) = r- La(s). For
every point z of E and for every point y of F, L({z, y)) = L1(z) + La(y).
U

Let us consider real normed spaces F, F, GG, a linear operator L from

) Consider Ly being a function from

FE x F into G, a linear operator Li; from E into G, a linear operator Lis
from F into G, a linear operator Lo; from F into GG, and a linear operator
Lo from F' into GG. Suppose for every point x of E and for every point y
of F', L({z, y)) = L11(x) + Li2(y) and for every point = of E and for every
point y of F, L({z, y)) = Lo1(xz) + L22(y). Then

(i) L11 = L21, and
(ii) L12 = L22.

Let us consider real normed spaces E, F, G, a linear operator L, from F
into GG, and a linear operator Lo from F' into G. Then there exists a linear
operator L from E x F into G such that

(i) for every point z of F and for every point y of F', L({x, y)) = L1(z)+
Ly (y), and

(i) for every point z of E, Li(z) = L/(z,op)’ and
(iii) for every point y of F', Lao(y) = L/<OE’y).

PROOF: Define Plobject, object] = there exists a point x of E and there
exists a point y of F such that $; = (z, y) and $2 = Li(x) + La(y).
For every element z of E x F', there exists an element y of G such that
P[z,y]. Consider L being a function from E x F into G such that for
every element z of E' x F, P[z, L(z)]. For every points z, w of E x F,
L(z +w) = L(z) + L(w). For every element z of E' x F' and for every real
number r, L(r-z) = r- L(z). For every point z of E and for every point y
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of F, L({x, y)) = Li(xz)+ La(y). For every point x of E, L1(x) = L/<x 0r)"
For every point y of F, La(y) = L/(OE 5) by [9) (3)]. O

(10) Let us consider real normed spaces F, F, G, and a Lipschitzian linear
operator L from FE x F into G. Then there exists a Lipschitzian linear
operator Ly from E into G and there exists a Lipschitzian linear operator
Lo from F into GG such that for every point x of E and for every point y of
F, L({z, y)) = Li(z)+ L2(y) and for every point z of E, L1 (z) = L/<x70F)
and for every point y of F', Lo(y) = L How, ) The theorem is a consequence
of (7).

(11) Let us consider real normed spaces E, F', G, a Lipschitzian linear opera-
tor L1 from F into GG, and a Lipschitzian linear operator Lo from F' into
G. Then there exists a Lipschitzian linear operator L from E x F' into G
such that

(i) for every point z of E and for every point y of F'; L({z, y)) = L1(z)+
Lo (y), and

(i) for every point z of E, Li(z) = L/<$’0F), and
(iii) for every point y of F', La(y) = L/<OE,y).

The theorem is a consequence of (9).

(12) Let us consider real normed spaces F, F, G, and a point L of the real
norm space of bounded linear operators from F x F into G. Then there
exists a point Ly of the real norm space of bounded linear operators from
FE into G and there exists a point Lo of the real norm space of bounded
linear operators from F' into G such that for every point x of £ and for
every point y of F'; L({z, y)) = L1(x) + L2(y) and for every point x of F,
Li(x) = L({z, Or)) and for every point y of F', La(y) = L({0g, y)) and
LI < [ILa[l + [|Z2[l and || L] < [|IL|| and [|Lef| < [IZ].

PROOF: Reconsider L. = L4 as a Lipschitzian linear operator from E x
F into G. Consider Ly being a Lipschitzian linear operator from FE into
G, Lo being a Lipschitzian linear operator from F' into G such that for
every point x of E and for every point y of F', L({z, y)) = Li(x) + La2(y)
and for every point x of F, Li(z) = L/<I,0F> and for every point y of F,

La(y) = L/(OE,y)'

Reconsider Ly = L, as a point of the real norm space of bounded
linear operators from E into G. Reconsider Ls = Lo as a point of the real
norm space of bounded linear operators from F' into G. For every point x
of E, Ls(z) = L4({x, Or)). For every point y of F', L3(y) = L4({0g, y)).
For every real number ¢ such that ¢ € PreNorms(L) holds ¢ < || Ls||+ || Ls||-
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For every real number ¢ such that ¢ € PreNorms(L;) holds ¢ < ||L4||. For
every real number ¢ such that ¢ € PreNorms(Ls) holds t < || L4]|. O

(13) Let us consider real normed spaces E, F', G, a point L of the real norm
space of bounded linear operators from F x F into G, points Lq1, L12
of the real norm space of bounded linear operators from E into G, and
points Loy, Lo of the real norm space of bounded linear operators from F
into G. Suppose for every point = of E and for every point y of F, L({z,
y)) = Li1(x) + L21(y) and for every point x of E and for every point y of
F, L({x, y)) = Li2(x) + L22(y). Then

(1) L11 = ng, and
(11) L21 = LQQ.

The theorem is a consequence of (8).

2. DIFFERENTIABILITY OF IMPLICIT FUNCTION

Now we state the propositions:
(14) Let us consider real normed spaces E, G, F, a subset Z of E x F,
a partial function f from E x F' to G, and a point z of ' x F. Suppose f
is differentiable in z. Then

(i) f is partially differentiable in z w.r.t. 1, and
(ii) f is partially differentiable in z w.r.t. 2, and

(iii) for every point d7 of E and for every point dg of F, (f'(z))({dr,
dg)) = (partdiff(f, z) w.r.t. 1)(d7) + (partdiff (f, z) w.r.t. 2)(dg).

PRrROOF: Reconsider y = (IsoCPNrSP(FE, F'))(z) as a point of [[(E, F).
Consider N being a neighbourhood of z such that N C dom f and there
exists a rest R of ¥ x F', G such that for every point w of F x F' such that
w € N holds f/, — f/. = (f'(2))(w — 2) + R,,_.. Consider R being a rest
of £ x F', G such that for every point w of ¥ x F' such that w € N holds
Srw—Ffr: = (f'(2))(w—2)+R/y_.. Reconsider L = f'(z) as a Lipschitzian
linear operator from F x F into G. Consider L; being a Lipschitzian linear
operator from F into G, Lo being a Lipschitzian linear operator from F
into G such that for every point dy of E and for every point dg of F', L({dy,
ds)) = Li(d7) + La(dg) and for every point d; of E, Li(d7) = L/(d7,0F)
and for every point dg of F, La(dg) = L/(OE,ds)'

Reconsider Ls = L as a point of the real norm space of bounded linear
operators from FE into G. Reconsider Ly = Lo as a point of the real norm
space of bounded linear operators from F into G. Set g1 = f - (reproj1(z)).
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Set go = f - (reproj2(z)). Reconsider z = (z)1 as a point of E. Reconsider
y = (z)2 as a point of F. Consider ry being a real number such that
0 < ro and {y, where y is a point of E X F : ||y — z|| <19} C N. Consider
r being a real number such that 0 < r < ry and Ball(z,r) x Ball(y,r) C
Ball(z, rg). Define C(point of F) = R/<$17 0r)- Consider R; being a function
from the carrier of F into the carrier of G such that for every point p of
E, Ri(p) = C(p). Define D(point of F) = R/<0E7$1). Consider Ry being
a function from the carrier of F' into the carrier of G such that for every
point p of F', Ra(p) = D(p).

For every real number r such that r > 0 there exists a real number d
such that d > 0 and for every point z of E such that z # O and ||2]| < d
holds ||z~ - ||R1 /.|| < r. For every real number r such that 7 > 0 there
exists a real number d such that d > 0 and for every point z of F' such that
z # 0p and ||z|| < d holds ||z|| 7! - |R2/.|l < r. Reconsider N1 = Ball(z, )
as a neighbourhood of z. Reconsider Ny = Ball(y, ) as a neighbourhood of
y. N1 € domgy. No C dom go. For every point x; of E¥ such that z; € Ny
holds g1 /,, — 91/, = Ls(xy —x) + Ri )z, For every point y; of F' such
that y; € Ny holds 92y — 927y = Li(yh —y) + Ra /y,—y- O

(15) Let us consider real normed spaces E, G, F', asubset Z of Ex F', a partial
function f from E x F to G, a point a of E, a point b of F', a point ¢ of
G, a point z of E x F, real numbers r1, 79, a partial function g from F
to F', a Lipschitzian linear operator P from FE into G, and a Lipschitzian
linear operator @ from G into F'.

Suppose Z is open and dom f = Z and z = (a, b) and z € Z and
f(a,b) = c and f is differentiable in z and 0 < r; and 0 < 9 and dom g =
Ball(a,r1) and rngg C Ball(b,72) and g(a) = b and g is continuous in a
and for every point x of E such that x € Ball(a,r1) holds f(z,g(z)) = ¢
and partdiff (f, z) w.r.t.2 is one-to-one and Q = (partdiff(f, z) w.r.t.2)~!
and P = partdiff(f, z) w.r.t. 1. Then

(i) g is differentiable in a, and

(i) ¢'(a) = -Q- P.

PROOF: Reconsider L = Q- P as a point of the real norm space of bounded
linear operators from F into F. Consider Ny being a neighbourhood of z
such that Ny C dom f and there exists a rest R of £ X F', G such that for
every point w of £/ x F' such that w € No holds f/,, — f/. = (f'(2))(w —
z)+ R/,—.. Consider R being a rest of E'x F', G such that for every point
w of E x F such that w € Ng holds f/, — f/. = (f'(2))(w — 2) + R ..
Consider ry being a real number such that 0 < rg and {y, where y is
a point of £ x F : ||y — z|| < ro} € Np. Consider r3 being a real number
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such that 0 < r3 < ¢ and Ball(a, r3) x Ball(b, r3) C Ball(z, 7). Reconsider
r4 = min(ry, r3) as a real number.

Consider r5 being a real number such that 0 < r5 and for every point
x1 of E such that x1 € domg and |z1 — al| < 75 holds [|g/z, — g/all < 73
Reconsider rg = min(r4,75) as a real number. Reconsider N = Ball(a, )
as a neighbourhood of a. Define C(point of E) = _Q(R/($1,g/a+$1 —g/a))‘

Consider Ry being a function from the carrier of E into the carrier of F
such that for every point p of E, Ri(p) = C(p). For every point z of E
such that z € N holds g/, — g/o = (—L)(z — a) + R1 /54 Define D[point
of E,object] = $2 = (81, g/a+$, — 9/a)- For every element dy of the carrier
of E, there exists an element dg of the carrier of E x F' such that D[d7, ds].

Consider V being a function from the carrier of E into the carrier of
E x F such that for every element d; of the carrier of E, D[dr, V(d7)].
Reconsider Q1 = ) as a point of the real norm space of bounded linear
operators from G into F. Set Q2 = ||Q1]|. Consider dy being a real number
such that dyp > 0 and for every point dg of £ x F' such that d9 # Ogpxpr
and ||dg|| < do holds ||dg|| ™" - || R g, || < m Consider d; being a real
number such that 0 < di < dp and Ball(a, d1) x Ball(g/,,d1) € Ball(z, do).
Consider do being a real number such that 0 < dy and for every point xq
of E such that z1 € domg and [|z1 — al| < dg holds |lg/z, — g/all < du.
Reconsider d3 = min(dy, d2) as a real number. Reconsider dy = min(ds, r1)
as a real number.

For every point dy of E such that d7 # Og and ||d7|| < d4 holds
1Ry gl < m “([ld7][ +11g/a+d; — 9/all)- For every point d7 of E such
that d7 # Op and ||d7|| < dy holds || Ry q. || < 3 - (ld7]l + 9/atdr — 97all)-
Set Q3 = ||L||. Reconsider ds = min(reg,ds) as a real number. For every
point d7 of E such that d7 # Og and ||d7|| < d5 holds [|g/q1d, — 9/all <
(2-Qs3+ 1) -||dy||. For every real number r such that r > 0 there exists
a real number d such that d > 0 and for every point dy of E such that
dr # 05 and |[dr]| < d bolds ||dz]| - [|Ryja, || < by [ (23)], [T (7)), 8
(18)]. O

From now on X, Y, Z denote non trivial real Banach spaces.
Now we state the propositions:

(16)

Let us consider a point u of the real norm space of bounded linear opera-
tors from X into Y. Suppose u is invertible. Then there exist real numbers
K, s such that

(i) 0 < K, and
(ii) 0 <s, and

(iii) for every point dg of the real norm space of bounded linear operators
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from X into Y such that ||dgs|]| < s holds w + d¢ is invertible and
Mnvu+ds — Invu — —(Invu) - de - (Invu)|| < K - (||dg|| - ||ds]])-

(17) Let us consider a partial function I from the real norm space of bounded
linear operators from X into Y to the real norm space of bounded linear
operators from Y into X. Suppose dom I = InvertOpers(X,Y) and for
every point u of the real norm space of bounded linear operators from
X into Y such that u € InvertOpers(X,Y) holds I(u) = Invu. Let us
consider a point u of the real norm space of bounded linear operators
from X into Y. Suppose u € InvertOpers(X,Y’). Then

(i) I is differentiable in u, and

(ii) for every point dg of the real norm space of bounded linear operators
from X into Y, (I'(u))(dg) = —(Invu) - dg - (Invu).

PRrROOF: Set S = the real norm space of bounded linear operators from
X into Y. Set W = the real norm space of bounded linear operators
from Y into X. Set N = InvertOpers(X,Y’). Define C(point of S) =
—(Invu) - $1 - (Invu). Consider L being a function from the carrier of S
into the carrier of W such that for every point = of S, L(x) = C(x). For
every elements s, ¢t of S, L(s+t) = L(s) + L(t). For every element s of S
and for every real number r, L(r - s) = r - L(s). Define D(point of S) =
Invu+$; — Invu — L($;).

Consider R being a function from the carrier of S into the carrier of
W such that for every point x of S, R(x) = D(z). For every point x of
S, R(z) =Invu+2z —Invu — —(Invu) - z - (Invu). Reconsider Lo = L as
a point of the real norm space of bounded linear operators from S into
W. For every real number r such that r > 0 there exists a real number d
such that d > 0 and for every point z of S such that z # 0g and ||z|| < d
holds [|z]|! - [|R,|| < r. Reconsider Ry = R as a rest of S, W. For every
point v of S such that v € N holds I, — I, = Lo(v — u) + Ro/y—y- O

(18) There exists a partial function I from the real norm space of bounded
linear operators from X into Y to the real norm space of bounded linear
operators from Y into X such that

(i) dom I = InvertOpers(X,Y’), and
(ii) rng ! = InvertOpers(Y, X), and
(iii) I is one-to-one and differentiable on InvertOpers(X,Y’), and
)

(iv) there exists a partial function J from the real norm space of bounded
linear operators from Y into X to the real norm space of bounded
linear operators from X into Y such that J = I~! and .J is one-to-one
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and dom J = InvertOpers(Y, X) and rng J = InvertOpers(X,Y') and
J is differentiable on InvertOpers(Y, X), and

(v) for every point u of the real norm space of bounded linear operators
from X into Y such that u € InvertOpers(X,Y') holds I(u) = Invu,
and

(vi) for every points u, dg of the real norm space of bounded linear
operators from X into Y such that u € InvertOpers(X,Y’) holds
(I'(u))(dg) = —(Invu) - dg - (Inv u).

Proor: Consider I being a partial function from the real norm space of
bounded linear operators from X into Y to the real norm space of bounded
linear operators from Y into X such that dom/ = InvertOpers(X,Y)
and rng I = InvertOpers(Y, X) and I is one-to-one and continuous on
InvertOpers(X,Y') and there exists a partial function J from the real norm
space of bounded linear operators from Y into X to the real norm space of
bounded linear operators from X into Y such that J = I~! and J is one-
to-one and domJ = InvertOpers(Y, X) and rngJ = InvertOpers(X,Y)
and J is continuous on InvertOpers(Y, X) and for every point u of the real
norm space of bounded linear operators from X into Y such that u €
InvertOpers(X,Y') holds I(u) = Invu.

Consider J being a partial function from the real norm space of bo-
unded linear operators from Y into X to the real norm space of bounded
linear operators from X into Y such that J = I~! and J is one-to-one and
dom J = InvertOpers(Y, X ) and rng J = InvertOpers(X,Y’) and J is con-
tinuous on InvertOpers(Y, X). For every point u of the real norm space of
bounded linear operators from X into Y such that u € InvertOpers(X,Y’)
holds I is differentiable in u. For every point v of the real norm space of
bounded linear operators from Y into X such that v € InvertOpers(Y, X)
holds J(v) = Invwv by [B, (15)]. For every point v of the real norm space of
bounded linear operators from Y into X such that v € InvertOpers(Y, X)
holds J is differentiable in v. OJ

Let us consider real normed spaces E, G, F', a subset Z of Ex F', a partial
function f from E x F to G, a point a of E, a point b of F', a point ¢ of
G, a point z of ' x F', a subset A of E, a subset B of F, and a partial
function g from E to F'. Suppose Z is open and dom f = Z and A is open
and B is open and A x B C Z and z = (a, b) and f(a,b) = ¢ and f is
differentiable in z and domg = A and rngg C B and a € A and g(a) = b
and ¢ is continuous in a and for every point z of E such that x € A holds
f(z,g(x)) = c and partdiff(f, z) w.r.t. 2 is invertible. Then

(i) g is differentiable in a, and
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(i) ¢'(a) = —(Inv partdiff(f, z) w.r.t.2) - (partdiff (f, z) w.r.t. 1).

PRrOOF: Consider 73 being a real number such that 0 < 2 and Ball(b, r2) C
B. Consider r3 being a real number such that 0 < r3 and for every point
z1 of E such that 1 € domg and [|x1 — al| < r3 holds [lg/z, — g/all < 7.
Consider r4 being a real number such that 0 < r4 and Ball(a,r4) C A. Set
r1 = min(rs, r4). Set g1 = g[ Ball(a,r1). For every real number r such that
0 < r there exists a real number s such that 0 < s and for every point z;
of E such that z1 € domg; and [[z1 — al| < s holds |g1 /5, — g1/al < 7
For every point x of E such that = € Ball(a, 1) holds f(x,¢1(z)) = c.
Reconsider @ = (partdiff(f, z) w.r.t.2)~! as a Lipschitzian linear ope-

rator from G into F. Reconsider P = partdiff(f, z) w.r.t. 1 as a Lipschit-
zian linear operator from E into G. g is differentiable in a and ¢1'(a) =
—(@ - P. Consider N being a neighbourhood of a such that N C dom g;
and there exists a rest R of E, F' such that for every point x of F such
that € N holds g1/, — g1/, = (91"(a))(z — a) + R/y_,- Consider R being
a rest of E, I’ such that for every point x of E such that x € N holds
91z — 910 = (@1'(a))(z — a) + R),_,. For every point x of E such that
z € N holds 9/x = 9ja = (gll(a))(ﬂf —a)+ R/x—a' O

(20) Let us consider a real normed space E, non trivial real Banach spaces
G, F, asubset Z of ¥ x F, a partial function f from F x F' to GG, a point
cof G, a subset A of E, a subset B of F, and a partial function g from E
to F'. Suppose Z is open and dom f = Z and A is open and B is open and
A x B C Z and f is differentiable on Z and ffZ is continuous on Z and
domg = A and rngg C B and ¢ is continuous on A and for every point
x of E such that z € A holds f(x,g(z)) = ¢ and for every point x of E
and for every point z of E x F such that x € A and z = (z, g(x)) holds
partdiff (f, z) w.r.t. 2 is invertible. Then

(i) g is differentiable on A, and
(ii) g}4 is continuous on A, and
(iii) for every point z of E and for every point z of E x F' such that x € A
and z = (z, g(z)) holds ¢'(xz) = —(Inv partdiff (f, z) w.r.t. 2)-
(partdiff(f, z) w.r.t. 1).

PRrROOF: For every point x of E and for every point z of F x F' such
that z € A and z = (z, g(x)) holds g is differentiable in  and ¢'(z) =
—(Inv partdiff (f, z) w.r.t. 2) - (partdiff(f, z) w.r.t. 1). For every point = of
FE such that z € A holds g is differentiable in z. Consider z2 being a par-
tial function from E to E x F such that dom x5 = A and for every point x
of E such that x € A holds x2(x) = (x, g(x)) and x5 is continuous on A.
Consider B being a bilinear operator from the real norm space of bounded
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linear operators from E into G x the real norm space of bounded linear
operators from G into F' into the real norm space of bounded linear ope-
rators from E into F' such that B is continuous on the carrier of (the real
norm space of bounded linear operators from E into G) x (the real norm
space of bounded linear operators from G into F') and for every point u
of the real norm space of bounded linear operators from E into G and for
every point v of the real norm space of bounded linear operators from G
into ', B(u,v) =v - u.

Consider I being a partial function from the real norm space of bo-
unded linear operators from F' into G to the real norm space of boun-
ded linear operators from G into F' such that dom I = InvertOpers(F, G)
and rng/ = InvertOpers(G, F) and [ is one-to-one and continuous on
InvertOpers(F, G) and there exists a partial function J from the real norm
space of bounded linear operators from G into F to the real norm space of
bounded linear operators from F into G such that J = I~! and J is one-to-
one and dom J = InvertOpers(G, F) and rng J = InvertOpers(F, G) and
J is continuous on InvertOpers(G, F) and for every point u of the re-
al norm space of bounded linear operators from F' into G such that
u € InvertOpers(F,G) holds I(u) = Invu. For every point = of E such
that @ € A holds (g14) 2 = =B (1 2).02) @), (11122 22)@))

For every point x of E such that z € A holds z € dom((f [! Z)-z2) and
(f I' Z) x5 is continuous in x. For every point = of E such that € A holds
v e€dom(l-(f[?Z) -x9)and I -(f |2 Z) - x5 is continuous in z. Consider
H being a partial function from FE to the real norm space of bounded
linear operators from F into F' such that dom H = A and for every point
x of E such that 2 € A holds H(z) = B(((f ' Z2) - z2)(z),(I - (f |?
Z) - x2)(x)) and H is continuous on A. For every point xo of E such
that mp € A holds B{((f ' Z) - 22)(x0), (I - (f ? Z) - x2)(w0))) =
B/(((frlZ)-xz)(xo), (- 122)-2) (w0)) For every point xg of E such that g € A
holds g} 4 [A is continuous in . O

Let us consider a real normed space F, non trivial real Banach spaces
G, F, a subset Z of E x I, a partial function f from E x F' to G, a point a
of E, a point b of I, a point ¢ of G, and a point z of E x F'. Suppose Z is
open and dom f = Z and f is differentiable on Z and ff » is continuous on
Z and (a, b) € Z and f(a,b) = c and z = (a, b) and partdiff(f, z) w.r.t.2
is invertible. Then there exist real numbers r;, r9 such that

(i) 0 <7y, and
(ii) 0 < 7o, and
(iii) Ball(a,r1) x Ball(b,r2) C Z, and
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(iv) for every point x of E such that x € Ball(a,r;) there exists a point
y of F such that y € Ball(b,r2) and f(x,y) = ¢, and

(v) for every point  of E such that x € Ball(a, 1) for every points y1, y2
of F' such that y;, y2 € Ball(b,r2) and f(z,y1) = ¢ and f(x,y2) = ¢
holds y1 = 2, and

(vi) there exists a partial function g from E to F such that domg =
Ball(a,r1) and rngg C Ball(b,r2) and g is continuous on Ball(a,r;)
and g(a) = b and for every point = of E such that x € Ball(a, r1) holds
f(z,g(z)) = c and g is differentiable on Ball(a,r) and g/[Ball(a,rl)
continuous on Ball(a,r) and for every point x of E and for every
point z of E x F' such that € Ball(a,r) and z = (x, g(x)) holds
g (z) = —(Inv partdiff(f, z) w.r.t. 2) - (partdiff (f, z) w.r.t. 1) and for
every point x of E and for every point z of £ x F' such that = €
Ball(a,r1) and z = (z, g(x)) holds partdiff(f, z) w.r.t. 2 is invertible,
and

is

(vii) for every partial functions g1, g2 from F to F' such that domg; =
Ball(a,r;) and rngg; C Ball(b,r2) and for every point z of E such
that = € Ball(a,r1) holds f(z,¢1(x)) = ¢ and dom go = Ball(a,r;)
and rng go C Ball(b,r2) and for every point z of E such that z €
Ball(a,r1) holds f(z,g2(z)) = ¢ holds g1 = go.

PROOF: Set P = fy |? Zy. Consider p; being a real number such that
0 < p1 and Ball(P/;,p1) C InvertOpers(F,G). Consider s; being a real
number such that 0 < s; and for every point z; of £ x F such that
z1 € Zp and |[|z1 — 2| < s1 holds ||P/,, — P).|| < p1. Consider sy being
a real number such that 0 < sy and Ball(z, s3) C Zy. Set s = min(sq, $2).
Set Z = Ball(z,s). Set f = folZ. Set D = f,. For every point z of E x
F such that z € Z holds fy'(z) = f/(z). For every point z of E x F and
for every real number r such that xg € Z and 0 < r there exists a real
number s such that 0 < s and for every point z1 of E X F' such that 1 € Z
and [|z1 — o|| < s holds ||D /5, — Dy,|l < 7. For every point z of £ x F
such that z € Z holds partdiff(fo, z) w.r.t.1 = partdiff(f, z) w.r.t.1 and
partdiff (fo, z) w.r.t. 2 = partdiff (f, z) w.r.t. 2.

Consider 71, 79 being real numbers such that 0 < r; and 0 < 7o
and Ball(a,r1) x Ball(b,m3) € Z and for every point x of E such that
x € Ball(a,r1) there exists a point y of F' such that y € Ball(b,72) and
f(z,y) = ¢ and for every point x of E such that = € Ball(a,r;) for every
points 1, yo of F' such that y1, yo € Ball(b,r2) and f(z,y1) = ¢ and
f(x,y2) = ¢ holds y; = y2 and there exists a partial function g from E
to F' such that g is continuous on Ball(a,r1) and dom g = Ball(a,r;) and

129
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rng g C Ball(b,72) and g(a) = b and for every point x of E such that
x € Ball(a,r1) holds f(z,g(x)) = ¢ and for every partial functions g1, g2
from E to F such that domg; = Ball(a,r1) and rngg; C Ball(b,r2) and
for every point z of E such that z € Ball(a,r) holds f(z,gi(x)) = ¢ and
dom gy = Ball(a,r1) and rng gs C Ball(b,ry) and for every point x of E
such that = € Ball(a,r1) holds f(x,g2(z)) = ¢ holds g1 = g¢a.

For every point z of E and for every point y of F such that = €
Ball(a,r1) and y € Ball(b,r2) holds fo(x,y) = f(x,y). For every point x
of E such that x € Ball(a,r1) there exists a point y of F' such that y €
Ball(b, r2) and fo(z,y) = c. For every point z of E such that = € Ball(a,r1)
for every points y1, y2 of F such that y1, y2 € Ball(b,r2) and fo(x,y1) = ¢
and fo(x,y2) = ¢ holds y; = y2. Consider g being a partial function from
E to F such that g is continuous on Ball(a,r;) and dom g = Ball(a,r;)
and rngg C Ball(b,72) and g(a) = b and for every point x of E such
that x € Ball(a,r1) holds f(z,g(x)) = c. For every point x of E and
for every point w of F x F such that = € Ball(a,r) and w = (z, g(x))
holds partdiff (fy, w) w.r.t. 2 is invertible. For every point x of E and for
every point w of E x F such that x € Ball(a,r) and w = (z, g(z)) holds
partdiff (f, w) w.r.t. 2 is invertible.

For every point z of E such that z € Ball(a,r1) holds fo(z,g(x)) = c.
g is differentiable on Ball(a, 1) and g’rBaH(a’Tl) is continuous on Ball(a, 1)
and for every point x of E and for every point z of £ X F such that z €
Ball(a,r1) and z = (z, g(z)) holds ¢'(x) = —(Inv partdiff (fo, z) w.r.t. 2)-
(partdiff (fo, z) w.r.t. 1). For every partial functions g1, g2 from E to F' such
that dom g; = Ball(a,r1) and rng g; C Ball(b, r2) and for every point x of
E such that = € Ball(a,r1) holds fo(z,g1(z)) = ¢ and dom g9 = Ball(a, r1)
and rng g2 C Ball(b, r2) and for every point = of E such that = € Ball(a, 1)
holds fo(z, g2(x)) = ¢ holds g1 = go. O
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On Monomorphisms and Subfields
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Summary. This is the second part of a four-article series containing a Mi-
zar [2], [I] formalization of Kronecker’s construction about roots of polynomials
in field extensions, i.e. that for every field F' and every polynomial p € F[X|\F
there exists a field extension F of F' such that p has a root over E. The forma-
lization follows Kronecker’s classical proof using F[X]|/<p> as the desired field
extension E [5], [3], [].

In the first part we show that an irreducible polynomial p € F[X]\F has
a root over F[X]/<p>. Note, however, that this statement cannot be true in
a rigid formal sense: We do not have F C F[X]/ <p> as sets, so F is not
a subfield of F[X]/<p>, and hence formally p is not even a polynomial over
F[X]/<p>. Consequently, we translate p along the canonical monomorphism
¢ : F — F[X]/<p> and show that the translated polynomial ¢(p) has a root
over F[X|/<p>.

Because F is not a subfield of F[X]/<p> we construct in this second part the
field (E'\ ¢F)UF for a given monomorphism ¢ : F — E and show that this field
both is isomorphic to F' and includes F' as a subfield. In the literature this part of
the proof usually consists of saying that “one can identify I’ with its image ¢F in
F[X]/<p> and therefore consider F' as a subfield of F[X]/<p>". Interestingly, to
do so we need to assume that F'N E = (), in particular Kronecker’s construction
can be formalized for fields F' with F' N F[X] = (.

Surprisingly, as we show in the third part, this condition is not automatically
true for arbitray fields F': With the exception of Zs we construct for every field F'
an isomorphic copy F’ of F with F' N F'[X] # (). We also prove that for Mizar’s
representations of Z,, Q and R we have Z, N Z,[X] = 0§, Q N Q[X] = 0 and
R NR[X] = 0, respectively.

In the fourth part we finally define field extensions: F is a field extension
of F'iff F' is a subfield of E. Note, that in this case we have F' C FE as sets,
and thus a polynomial p over F' is also a polynomial over F£. We then apply the

construction of the second part to F[X]/<p> with the canonical monomorphism
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¢ : F — F[X]/<p>. Together with the first part this gives - for fields F' with
FNF[X]=0- a field extension E of F in which p € F[X]\F has a root.

MSC: [12E05 [12F05 168T99 103B35
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From now on R denotes a ring, S denotes an R-monomorphic ring, K denotes
a field, F' denotes a K-monomorphic field, and T denotes a K-monomorphic
commutative ring.

Let us consider R and S. Let f be a monomorphism of R and S. Let us
observe that the functor f~! yields a function from rng f into R. Now we state
the propositions:

(1) Let us consider a monomorphism f of R and S, and elements a, b of
rng f. Then

(i) (fN(a+b)=(f"")(a)+ (f)(b), and
(i) (f7)(a-b) = (f"H(a)- (f7H)(0).
(2) Let us consider a monomorphism f of R and S, and an element a of
rng f. Then (f~1)(a) = Oy if and only if a = 0g.

Let us consider a monomorphism f of R and S. Now we state the proposi-
tions:

(3) () (f7)(1s) =1g, and
(ii) (f71)(0s) = Op.

The theorem is a consequence of (1).

(4) f~!is one-to-one and onto.

(5) Let us consider a monomorphism f of R and S, and an element a of R.
Then f(a) = 0g if and only if a = Og.

(6) Let us consider a monomorphism f of K and F, and an element a of K.
If a # Ok, then f(a™!) = f(a)~!. The theorem is a consequence of (5).

Let R, S be rings. We introduce the notation R and S are disjoint as a
synonym of R misses S.
One can check that R and S are disjoint if and only if the condition (Def.
1) is satisfied.
(Def. 1) QrN Qg =10.
Let us consider R and S. Let f be a monomorphism of R and S. The functor
f yielding a non empty set is defined by the term

(Def. 2) (Qs\rng f)UQg.
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Let R be a ring, S be an R-monomorphic ring, and a, b be elements of f.
The functor addemb(f, a,b) yielding an element of f is defined by the term
(the addition of R)(a,b), if a,b € Qp,
the addition of S)(f(a),b), if a € Qp and b ¢ Qp,
the addition of S)(a, f(b)), if b€ Qg and a ¢ Qp,

DY((the addition of S)(a,b)), if a ¢ Qg and b ¢ Qg and

(the addition of S)(a,b) € rng f,
(the addition of S)(a,b), otherwise.

The functor addemb(f) yielding a binary operation on f is defined by
(Def. 4) for every elements a, b of f, it(a,b) = addemb(f,a,b).

Let K be a field, T' be a K-monomorphic commutative ring, f be a mono-
morphism of K and T, and a, b be elements of f. The functor multemb(f, a, b)
yielding an element of f is defined by the term

E
(Def. 3) (f-

(the multiplication of K)(a,b), if a,b € Qg,
Ok, if a =0k or b =0k,
(the multiplication of T')(f(a),b), if a € Qg and a # 0x and
b O,
(Def. 5) (the multiplication of T')(a, f(b)), if b;gK and b # Ok and
a ¢ Qk,

(f~Y)((the multiplication of T)(a,b)), if a ¢ Qx and b ¢ Qg and
(the multiplication of T')
(a,b) € rng f,

(the multiplication of T")(a, b), otherwise.

The functor multemb(f) yielding a binary operation on f is defined by
(Def. 6) for every elements a, b of f, it(a,b) = multemb(f, a,b).
The functor embField(f) yielding a strict double loop structure is defined
by
(Def. 7) the carrier of it = f and the addition of it = addemb(f) and the multipli-
cation of it = multemb(f) and the one of it = 1x and the zero of it = Ok
One can verify that embField(f) is non degenerated and embField(f) is
Abelian and right zeroed.
Let us consider a monomorphism f of K and T. Now we state the proposi-
tions:
(7) If K and T are disjoint, then embField(f) is add-associative. The the-
orem is a consequence of (1).
(8) If K and T are disjoint, then embField(f) is right complementable.

Let K be a field, T be a K-monomorphic commutative ring, and f be a mo-
nomorphism of K and 7. Note that embField(f) is commutative and well unital.
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(9) Let us consider a monomorphism f of K and F. If K and F are disjoint,
then embField(f) is associative. The theorem is a consequence of (1), (2),

and (6).
(10) Let us consider a monomorphism f of K and 7. If K and T are disjoint,
then embField(f) is distributive. The theorem is a consequence of (3), (2),

and (1).
Let us consider a monomorphism f of K and F. Now we state the proposi-

tions:
(11) If K and F are disjoint, then embField(f) is almost left invertible. The
theorem is a consequence of (3).

(12) If K and F are disjoint, then embField(f) is a field.

Let K be a field, F' be a K-monomorphic field, and f be a monomorphism
of K and F. The functor emb-iso(f) yielding a function from embField(f) into
F is defined by

(Def. 8) for every element a of embField(f) such that a ¢ K holds it(a) = a and
for every element a of embField(f) such that a € K holds it(a) = f(a).

One can verify that emb-iso(f) is unity-preserving.

Let us consider a monomorphism f of K and F. Now we state the proposi-
tions:

(13) If K and F are disjoint, then emb-iso(f) is additive.
(14) If K and F are disjoint, then emb-iso(f) is multiplicative.

Let K be a field, F' be a K-monomorphic field, and f be a monomorphism
of K and F. Note that emb-iso(f) is one-to-one.

Let us consider a monomorphism f of K and F. Now we state the proposi-
tions:

(15) If K and F are disjoint, then emb-iso(f) is onto.

(16) If K and F are disjoint, then F' and embField(f) are isomorphic. The
theorem is a consequence of (13), (14), and (15).

(17) Let us consider a monomorphism f of K and F, and a field E. If E =
embField(f), then K is a subfield of E.

(18) If K and F are disjoint, then there exists a field E such that E and F
are isomorphic and K is a subfield of E. The theorem is a consequence of
(7), (9), (10), (8), (11), (16), and (17).

(19) Let us consider fields K, F. Suppose K and F' are disjoint. Then F is
K-monomorphic if and only if there exists a field E such that F and F

are isomorphic and K is a subfield of E. The theorem is a consequence of
(18).
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0. INTRODUCTION

It is well known that any ordinal number « can be uniquely written as

k
a= Z niwﬂ",
i=1

where k is a natural number, ny,...,n; are positive integers and §1 > ... > G
are ordinal numbers. This representation, usually called the Cantor Normal
Form, has been formalized as the tuple (njw?, ..., npw®) in [3] and the exi-
stence of such a sequence that sums up to a given ordinal a has been proven in
the same, but the uniqueness was omitted.

The basic proof idea for the uniqueness is well known (cf. [1], [2], [4], [5], [8]).
This article provides a variant which utilizes the additional closure of ordinals,
i.e. that any ordinals «, 3,y with «, 8 € w7 also satisfy o+ 3 € w?. Usually the
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additional closure is proven using the uniqueness in the literature, but here the
additional closure is proven first by using theorems from [3]. Other theorems of
this article include:

e For ordinals o, 8 with 1 € « € B holds B+ a € af € Y€ (517 a.
e Decreasing ordinal sequences with the same range are equal.

In the last section of the article the natural sum or Hessenberg sum (cf. [2],
[5]) of two ordinals «, 3, denoted by a@® 3, is formalized using the Cantor Normal
Form. The concept of bags, as used to formalize polynomials in Mizar (cf. [7]),
couldn’t easily be applied in this case since there is no set of all ordinals, so
it wasn’t used here. The chosen definition of the natural sum turned out to be
slightly sophisticated, leading to a rather long proof of its monotonicity property,
while the proofs of the other shown properties are straightforward.

1. PRELIMINARIES

Now we state the proposition:
(1) Let us consider a set X. Then X Nsucc X = X.

Let A be an increasing sequence of ordinal numbers and a be an ordinal
number. Let us observe that Ala is increasing.
Now we state the propositions:

(2) Let us consider an ordinal number a. Then a +a =2 - a.

(3) Let us consider ordinal numbers a, b. If 1 € a and a € b, then b+a € a-b.
The theorem is a consequence of (2).
(4) Let us consider an ordinal number a. Then a - a = a?.
Let us consider ordinal numbers a, b. Now we state the propositions:
(5) Ifl€aandachb,then a-be b The theorem is a consequence of (4).
(6) If1€aandac€b,then b* € b17a.
Let us observe that there exists a sequence of ordinal numbers which is
infinite.
Now we state the propositions:

(7) Let us consider transfinite sequences A, B. Suppose A ™ B is ordinal
yielding. Then

(i) A is ordinal yielding, and
(ii) B is ordinal yielding.
(8) Let us consider ordinal numbers a, b. If a € b, then b-exponent(a) = 0.

Let us consider ordinal numbers a, b, c. Now we state the propositions:



(9)
(10)

NATURAL ADDITION OF ORDINALS

If a C ¢, then b-exponent(a) C b-exponent(c).
If0€aand1e€band a e b then b-exponent(a) € c.
PROOF: b-exponent(a) C c. b-exponent(a) # c. O

Let us note that every sequence of ordinal numbers which is decreasing is

also one-to-one. Let A be a decreasing transfinite sequence and a be an ordinal
number. One can verify that Ala is decreasing.

Let A be a non-decreasing transfinite sequence. One can verify that Afa is

non-decreasing. Let A be a non-increasing transfinite sequence. One can verify
that Afa is non-increasing.

Now we state the propositions:

(11)

(12)

Let us consider finite sequences A, B of ordinal numbers. Then > A™B =
YA+ B.
PROOF: Define Plnatural number| = for every finite sequences A, B of
ordinal numbers such that dom B = $; holds > A~ B = > A+ Y B.
P[0]. For every natural number n such that P[n| holds P[n+ 1]. For every
natural number n, P[n]. O

Let us consider ordinal numbers a, b. Then }_(a,b) = a+b. The theorem
is a consequence of (11).

Let A be a non empty, non-empty, finite sequence of ordinal numbers. Let

us observe that > A is non empty.

Let B be a finite sequence of ordinal numbers. Note that > A ™ B is non

empty and > B ™ A is non empty.

Now we state the propositions:

(13)
(14)

(15)

Let us consider an ordinal number a, and a natural number n. Then
Sn——a=mn-a.

Let us consider a finite sequence A of ordinal numbers, and an ordinal
number a. Then > Ala C 3" A.

Let us consider finite sequences A, B of ordinal numbers. Suppose dom A

C dom B and for every object a such that a € dom A holds A(a) C B(a).
Then > AC > B.
PROOF: Set a = dom A. Consider f1 being a sequence of ordinal numbers
such that > A = last f; and dom f; = succdom A and f1(0) = 0 and for
every natural number n such that n € dom A holds fi(n+ 1) = fi(n) +
A(n). Consider f2 being a sequence of ordinal numbers such that )~ Bla =
last fo and dom fo = succdom(B[a) and f2(0) = 0 and for every natural
number n such that n € dom(BJa) holds fa(n + 1) = fa(n) + (Bla)(n).
Define P[natural number| = if §; € succa, then f1($1) C f2($1). For every
natural number n such that P[n] holds P[n+1]. For every natural number
n, Pln]. > Bla C Y. B. O
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(16) Let us consider a Cantor normal form sequence A of ordinal numbers.
Suppose A # ). Then there exists a Cantor normal form sequence B of
ordinal numbers and there exists a Cantor component ordinal number a
such that A = B ™ (a). The theorem is a consequence of (7).

Let A be a Cantor normal form sequence of ordinal numbers and n be
a natural number. Let us observe that A[n is Cantor normal form and A, is
Cantor normal form and every transfinite sequence which is natural-valued is
also ordinal yielding and every natural number which is limit ordinal is also zero
and there exists an ordinal number which is non limit ordinal.

Let n, m be natural numbers. We identify max(n, m) with nUm. We identify
min(n, m) with nNm.

2. ABoOUT THE CANTOR NORMAL FORM

Now we state the proposition:

(17) Let us consider ordinal numbers a, b. Then a + b = b if and only if
w-a Cb. The theorem is a consequence of (2).

Let us consider a non empty, Cantor normal form sequence A of ordinal
numbers and an object a. Now we state the propositions:

(18) If @ € dom A, then w-exponent(last A) C w-exponent(A(a)). The the-
orem is a consequence of (16).

(19) If a € dom A, then w-exponent(A(a)) C w-exponent(A(0)).

(20) Let us consider non empty, Cantor normal form sequences A, B of ordinal
numbers. Suppose w-exponent(B(0)) € w-exponent(last A). Then A" B is
Cantor normal form.

PROOF: For every ordinal numbers a, b such that a € band b € dom(A™B)
holds w-exponent((A ™ B)(b)) € w-exponent((A ~ B)(a)) by [9, (20)]. O

(21) Let us consider decreasing sequences A, B of ordinal numbers. If rng A =

rng B, then A = B.
PROOF: Define P[natural number] = for every decreasing sequences A, B
of ordinal numbers such that len A = $; and rng A = rng B holds A = B.
P[0]. For every natural number n such that P[n| holds P[n+ 1]. For every
natural number n, P[n]. O
Let a be an ordinal number. Let us observe that w® is Cantor component.
Let n be a non zero natural number. Let us note that n - w® is Cantor com-
ponent and every natural number which is non zero is also Cantor component.
Let ¢ be a Cantor component ordinal number. Let us observe that (c) is
Cantor normal form.
Now we state the proposition:
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(22) Let us consider Cantor component ordinal numbers ¢, d.
Suppose w-exponent(d) € w-exponent(c). Then (c¢,d) is Cantor normal
form. The theorem is a consequence of (20).

Let a be a non empty ordinal number and m be a non zero natural number.
Note that (w®,m) is Cantor normal form.

Let n be a non zero natural number. Observe that (n - w® m) is Cantor
normal form.

Now we state the proposition:

(23) Let us consider Cantor component ordinal numbers ¢, d, e. Suppo-
se w-exponent(d) € w-exponent(c) and w-exponent(e) € w-exponent(d).
Then (c,d,e) is Cantor normal form. The theorem is a consequence of
(22) and (20).

Let us consider a non empty, Cantor normal form sequence A of ordinal
numbers, an ordinal number b, and a non zero natural number n. Now we state
the propositions:

(24) If b € w-exponent(last A), then A" (n -w®) is Cantor normal form. The
theorem is a consequence of (20).

(25) If w-exponent(last A) # 0, then A ~ (n) is Cantor normal form. The
theorem is a consequence of (24).

(26) If w-exponent(A(0)) € b, then (n-w’) ~ A is Cantor normal form. The
theorem is a consequence of (20).

(27) Let us consider ordinal numbers a1, ag, b. If a1, as € wb, then a1 +ay € wb.

(28) Let us consider a finite sequence A of ordinal numbers, and an ordi-
nal number b. Suppose for every ordinal number a such that a € dom A
holds A(a) € wb. Then 3" A € w’. The theorem can be shown by natural
induction and (27).

(29) Let us consider ordinal numbers a, b, and a natural number n. If a € w®,
then n - a € w’. The theorem is a consequence of (28) and (13).

(30) Let us consider a finite sequence A of ordinal numbers, and an ordi-
nal number a. Suppose (a) ~ A is Cantor normal form. Then Y A €
werexponent(a) The theorem is a consequence of (29) and (28).

(31) Let us consider a Cantor normal form sequence A of ordinal numbers.
Then w-exponent(}_ A) = w-exponent(A(0)).
PROOF: Define P[natural number| = for every Cantor normal form sequ-
ence A of ordinal numbers such that len A = $; holds w-exponent(}° A) =
w-exponent(A(0)). P[0]. For every natural number n such that P[n] holds
P[n + 1]. For every natural number n, P[n]. O

(32) Let us consider Cantor normal form sequences A, B of ordinal numbers.
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If> A=> B, then A=B.

PROOF: Define P[natural number| = for every Cantor normal form se-
quences A, B of ordinal numbers such that dom A U dom B = $; and
> A =3 B holds A = B. P[0]. For every natural number n such that
P[n] holds P[n + 1]. For every natural number n, Pln|. O

Let A be a sequence of ordinal numbers and b be an ordinal number. The
functor b-exponent(A) yielding a sequence of ordinal numbers is defined by

(Def. 1) domit = dom A and for every object a such that a € dom A holds
it(a) = b-exponent(A(a)).

Let A be an empty sequence of ordinal numbers.

One can check that b-exponent(A) is empty.

Let A be a non empty sequence of ordinal numbers. One can verify that
b-exponent(A) is non empty. Let A be a finite sequence of ordinal numbers. Let
us observe that b-exponent(A) is finite.

Let A be an infinite sequence of ordinal numbers. Let us observe that
b-exponent(A) is infinite.

Now we state the propositions:

(33) Let us consider ordinal numbers a, b.
Then b-exponent({a)) = (b-exponent(a)).

(34) Let us consider sequences A, B of ordinal numbers, and an ordinal num-
ber b. Then b-exponent(A ~ B) = (b-exponent(A)) ™ (b-exponent(B)).
(35) Let us consider a sequence A of ordinal numbers, and ordinal numbers

b, c. Then b-exponent(A|c) = (b-exponent(A))[ec.
(36) Let us consider a finite sequence A of ordinal numbers, an ordinal number
b, and a natural number n. Then b-exponent(A,) = (b-exponent(A)) .

Let A be a Cantor normal form sequence of ordinal numbers. Let us note
that w-exponent(A) is decreasing.

Now we state the propositions:

(37) Let us consider sequences A, B of ordinal numbers. Suppose A™ B is Can-
tor normal form. Then rng(w-exponent(A4)) misses rng(w-exponent(B)).
PROOF: rng(w-exponent(A)) N rng(w-exponent(B)) = (. O

(38) Let us consider a Cantor normal form sequence A of ordinal numbers.
Then 0 € rng(w-exponent(A)) if and only if A # () and w-exponent(last A)
= 0. The theorem is a consequence of (18) and (16).

Let a, b be ordinal numbers. The functor b-LC(a) yielding an ordinal number
is defined by the term
(Def. 2)  adiv brexponent(a)

Let us consider an ordinal number a. Now we state the propositions:
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(39) 0-LC(a) = a.

(40) 1-LC(a) = a.

(41) Let us consider an ordinal number b. Then b-LC(0) = 0.

(42) Let us consider ordinal numbers a, b. If a € b, then b-LC(a) = a. The

theorem is a consequence of (8).

(43) Let us consider an ordinal number b. Then b-LC(1) = 1. The theorem
is a consequence of (42), (40), and (39).

(44) Let us consider ordinal numbers a, b, c. If ¢ € b, then b-LC(c - b*) = c.

(45) Let us consider ordinal numbers a, b. If 1 € b, then b-LC(b%) = 1. The
theorem is a consequence of (44).

Let ¢ be a Cantor component ordinal number. Observe that w-LC(c) is
natural and non empty.
Now we state the proposition:

(46) Let us consider a Cantor component ordinal number c.
Then ¢ = (w-LC(c)) - w ePonent(c) The theorem is a consequence of (44).

Let A be a sequence of ordinal numbers and b be an ordinal number. The
functor b-LC(A) yielding a sequence of ordinal numbers is defined by

(Def. 3) domit = dom A and for every object a such that ¢ € dom A holds
it(a) = b-LC(A(a)).

Let A be an empty sequence of ordinal numbers. Let us observe that b-LC(A)
is empty. Let A be a non empty sequence of ordinal numbers. Observe that
b-LC(A) is non empty.

Let A be a finite sequence of ordinal numbers. Let us note that b-LC(A)
is finite. Let A be an infinite sequence of ordinal numbers. Let us note that
b-LC(A) is infinite. Now we state the propositions:

(47) Let us consider ordinal numbers a, b. Then b-LC((a)) = (b-LC(a)).

(48) Let us consider sequences A, B of ordinal numbers, and an ordinal num-
ber b. Then b-LC(A ™ B) = (b-LC(A)) ~ (b-LC(B)).

(49) Let us consider a sequence A of ordinal numbers, and ordinal numbers
b, c. Then b-LC(Alc) = (b-LC(A))]c.

(50) Let us consider a finite sequence A of ordinal numbers, an ordinal number
b, and a natural number n. Then b-LC(A4),) = (b-LC(A)) .

Let A be a Cantor normal form sequence of ordinal numbers and a be an ob-
ject. Note that (w-LC(A))(a) is natural and w-LC(A) is natural-valued and
non-empty.

Let us consider a Cantor normal form sequence A of ordinal numbers and
an object a. Now we state the propositions:
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(51) Ifa € dom A, then A(a) = (w-LC(A(a))) - ww exporent(A(@)  The theorem
is a consequence of (46).

(52) If a € dom A, then A(a) = (w-LC(A))(a) - wexporent(4)(@)  The the-
orem is a consequence of (51).

(53) Let us consider a decreasing sequence A of ordinal numbers, and a natural-
valued, non-empty sequence B of ordinal numbers. Suppose dom A =
dom B. Then there exists a Cantor normal form sequence C of ordinal
numbers such that

(i) w-exponent(C) = A, and
(ii) w-LC(C) = B.
PROOF: Define F(ordinal number) = B($;) - wA®). Consider C' being

a sequence of ordinal numbers such that dom C' = dom A and for every
ordinal number a such that a € dom A holds C(a) = F(a). O

(54) Let us consider Cantor normal form sequences A, B of ordinal numbers.
Suppose w-exponent(A) = w-exponent(B) and w-LC(A) = w-LC(B).
Then A = B. The theorem is a consequence of (52).

Let a be an ordinal number. The functor CNF(a) yielding a Cantor normal
form sequence of ordinal numbers is defined by

(Def. 4) > it = a.
Note that Y CNF(a) reduces to a. Let A be a Cantor normal form sequence

of ordinal numbers. One can check that CNF (3" A) reduces to A.
Now we state the proposition:

(55) CNF(0) = 0.
Let a be an empty ordinal number. Note that CNF(a) is empty.
Let a be a non empty ordinal number. Note that CNF(a) is non empty.
Now we state the propositions:

(56) Let us consider an ordinal number a, and a non zero natural number n.
Then CNF(n - w*) = (n - w%).

(57) Let us consider a Cantor component ordinal number a. Then CNF(a) =
().

(58) Let us consider a non zero natural number n. Then CNF(n) = (n).

(59) Let us consider a non empty ordinal number a, and non zero natural
numbers n, m. Then CNF(n - w* + m) = (n - w?* m). The theorem is
a consequence of (12).

(60) Let us consider a non empty ordinal number @, an ordinal number b,
and a non zero natural number n. Suppose b € w-exponent(last CNF(a)).
Then CNF(a +n - w®) = CNF(a) "~ (n - w®). The theorem is a consequence
of (24).
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(61) Let us consider a non empty ordinal number a, and a non zero natural
number n. Suppose w-exponent(last CNF(a)) # 0. Then CNF(a + n) =
CNF(a) ™ (n). The theorem is a consequence of (60).

(62) Let us consider a non empty ordinal number a, an ordinal number b,
and a non zero natural number n. Suppose w-exponent((CNF(a))(0)) € b.
Then CNF(n-w® +a) = (n-wb) ~ CNF(a). The theorem is a consequence
of (26).

3. NATURAL ADDITION OF ORDINALS

Let a, b be ordinal numbers. The functor a ® b yielding an ordinal number
is defined by

(Def. 5) there exists a Cantor normal form sequence C' of ordinal numbers such
that ¢ = Y C and rng(w-exponent(C)) = rng(w-exponent(CNF(a))) U
rng(w-exponent(CNF(b))) and for every object d such that d € domC
holds:

if w-exponent(C(d)) € rng(w-exponent(CNF(a)))\rng(w-exponent(CNF
(b)), then w-LC(C(d)) = (w-LC(CNF(a)))(((w-exponent(CNF(a)))™1)
(w-exponent(C(d)))) and

if w-exponent(C(d)) € rng(w-exponent(CNF(b)))\rng(w-exponent(CNF
(a))), then w-LC(C(d)) = ( -LC(CNF(b)))(((w-exponent(CNF(b)))~1)
(w-exponent(C(d)))) and

if w-exponent(C(d)) € rng(w-exponent(CNF (a)))Nrng(w-exponent(CNF
(b))), then w-LC(C(d)) = ( -LC(CNF(a)))(((w-exponent(CNF(a))) 1)
(w-exponent(C(d)))) + (w-LC(CNF(b)))(((w-exponent(CNF(b)))~1)

(w-exponent(C'(d );))
One can verify that the functor is commutative.
Let us consider ordinal numbers a, b. Now we state the propositions:

(63) rng(w-exponent(CNF(a @ b))) =
rng(w-exponent(CNF(a))) U rng(w-exponent(CNF(b))).

(64) dom(CNF(a)) € dom(CNF(a @ b)). The theorem is a consequence of
(63).

Let us consider ordinal numbers a, b and an object d. Now we state the
propositions:

(65) Suppose d € dom(CNF(a @ b)) and w-exponent((CNF(a @ b))(d)) €
rng(w-exponent(CNF(a))) \ rng(w-exponent(CNF(b))). Then w-LC((CNF
(a®b))(d)) = (w-LC(CNF(a)))(((w-exponent(CNF(a))) 1) (w-exponent
((CNF(a ®b))(d))))-
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(66) Suppose d € dom(CNF(a @ b)) and w-exponent((CNF(a @ b))(d)) €
rng(w-exponent(CNF(b))) \ rng(w-exponent(CNF(a))). Then w-LC((CNF
(a ®b))(d)) = (w-LC(CNF(b)))(((w-exponent(CNF(b))) 1) (w-exponent
((CNF(a @ b))(d)))).

(67) Suppose d € dom(CNF(a @ b)) and w-exponent((CNF(a @ b))(d)) €
rng(w-exponent(CNF(a))) Nrng(w-exponent(CNF(b))). Then w-LC((CNF
(a®b))(d)) = (w-LC(CNF(a)))(((w-exponent(CNF(a)))~!)(w-exponent
((CNF(a @ b))(d)))) + (w-LC(CNF(b)))(((w-exponent(CNF (b))~ 1)
(w-exponent((CNF(a @ b))(d)))).

(68) Let us consider ordinal numbers a, b, ¢. Then (a @ b) ®c=a @ (b® ¢).

(69) Let us consider an ordinal number a. Then a &0 = a.

(70) Let us consider ordinal numbers a, b, and a natural number n. Suppose
w-exponent(a) C b. Then n-w?®a = n-wb+a. The theorem is a consequence
of (31), (69), (56), (33), (21), (47), (44), (51), and (52).

(71) Let us consider finite sequences A, B of ordinal numbers. Suppose A~ B
is Cantor normal form. Then > A® Y B=>Y A+ > B.
PROOF: Define Plnatural number| = for every finite sequences A, B of
ordinal numbers such that len A = $; and A ™ B is Cantor normal form
holds > A® Y B =3 A+ > B. P[0]. For every natural number n such
that P[n] holds P[n + 1]. For every natural number n, P[n]. O

(72) Let us consider ordinal numbers a, b. Suppose if a # 0, then w-exponent(b)
€ w-exponent(last CNF(a)). Then a @ b = a + b. The theorem is a conse-
quence of (69), (31), (20), and (71).

(73) Let us consider ordinal numbers a, b, and a natural number n. Suppose
if a # 0, then b C w-exponent(last CNF(a)). Then a @ n - w® = a +n - .
The theorem is a consequence of (69), (16), (70), (11), (71), (68), and (12).

(74) Let us consider an ordinal number a, and natural numbers n, m. Then
n-w*®m-w® = (n+m)-w® The theorem is a consequence of (69), (56),
and (73).

(75) Let us consider an ordinal number a, and a natural number n. Then
a ®n = a+ n. The theorem is a consequence of (73).

(76) Let us consider natural numbers n, m. Then n@&m = n+m. The theorem
is a consequence of (75).

Let n, m be natural numbers. We identify n + m with n & m. Now we state
the propositions:

(77) Let us consider an ordinal number a. Then a @ 1 = succ a. The theorem
is a consequence of (75).
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(78) Let us consider ordinal numbers a, b. Then a @ succb = succ(a ®b). The
theorem is a consequence of (77) and (68).

Let a be an empty ordinal number. Let us note that a ® a is empty.

Let a be a non empty ordinal number and b be an ordinal number. Let us
note that a @ b is non empty. Now we state the proposition:

(79) Let us consider an ordinal number a. Then a is limit ordinal if and only
if 0 ¢ rng(w-exponent(CNF(a))). The theorem is a consequence of (16),
(46), (38), (77), (58), (33), and (8).

Let a, b be limit ordinal ordinal numbers. Let us note that a @ b is limit
ordinal. Let a be an ordinal number and b be a non limit ordinal ordinal number.
One can check that a @ b is non limit ordinal.

Now we state the propositions:

(80) Let us consider ordinal numbers a, b, and a non zero natural number n.
Suppose n-w® C a and a € (n + 1) -w’. Then (CNF(a))(0) = n - w®.
Proovr: Consider ag being a Cantor component ordinal number, Ay being
a Cantor normal form sequence of ordinal numbers such that CNF(a) =
(ap) ™ Ap. b C w-exponent(a) C b. Reconsider m = w-LC((CNF(a))(0)) as
a natural number. (CNF(a))(0) =m -w’. m =n. O

(81) Let us consider ordinal numbers a, b. Suppose rng(w-exponent(CNF(a)))
= rng(w-exponent(CNF(b))). Let us consider an ordinal number ¢. Suppo-
se ¢ € dom(CNF(a)). Then (w-LC(CNF(a®b)))(c) = (w-LC(CNF(a)))(c)+
(w-LC(CNF(b)))(c). The theorem is a consequence of (21).

Let us consider ordinal numbers a, b. Now we state the propositions:

(82) (i) if w-exponent((CNF(a & b))(0)) € rng(w-exponent(CNF(a))), then
w-exponent((CNF(a @ b))(0)) = (w-exponent(CNF(a)))(0), and
(ii) if w-exponent((CNF(a @ b))(0)) € rng(w-exponent(CNF(b))), then
w-exponent((CNF(a @ b))(0)) = (w-exponent(CNF(b)))(0).
PROOF: Set B} = w-exponent(CNF(a)). Set Ey = w-exponent(CNF(b)).
Set Cyp = CNF(a & b). rng(w-exponent(Cp)) = rng Eq U rng Ey. Consider
x being an object such that z € dom Fy and Es(x) = w-exponent(Cp(0)).
z=0.0
(83) (i) if w-exponent((CNF(a @ 1))(0)) € rng(w-exponent(CNF(a))) \ rng
(w-exponent(CNF(b))), then (CNF(a @ 0))(0) = (CNF(a))(0), and
)

(ii) if w-exponent((CNF(a @ b))(0)) € rng(w-exponent(CNF(b))) \ rng
(w-exponent(CNF(a))), then (CNF(a @ b))(0) = (CNF(b))(0), and

(iii) if w-exponent((CNF(a @ b))(0)) € rng(w-exponent(CNF(a))) Nrng
(w-exponent(CNF(b))), then (CNF(a®b))(0) = (CNF(a))(0)+ (CNF
(0))(0)-
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The theorem is a consequence of (82), (51), and (52).

Let us consider ordinal numbers a, b and an object . Now we state the
propositions:
(84) (w-exponent(CNF(a)))(z) C (w-exponent(CNF(a @ b)))(x).
PROOF: Set E] = w-exponent(CNF(a)). Set Ey = w-exponent(CNF(b)).
Set Cp = CNF (a®b). Define P[ordinal number] = (w-exponent(Cy))($1) €
E1($1). There exists an ordinal number z such that P[z]. Consider y being
an ordinal number such that P[y] and for every ordinal number z such that
P[z] holds y C z. rng(w-exponent(Cy)) = rng E1Urng Fs. Consider z being
an object such that z € dom(w-exponent(Cp)) and (w-exponent(Cy))(z) =
Ei(y). z€y. O
(85) (ONF(a))(x) C (CNF(a & b))(x).
PROOF: Set E) = w-exponent(CNF(a)). Set Ey = w-exponent(CNF(b)).
Set L1 = w-LC(CNF(a)). Set Ly = w-LC(CNF(b)). Set Cy = CNF(a®b).
Consider C being a Cantor normal form sequence of ordinal numbers
such that a ® b = Y C and rng(w-exponent(C)) = rng E; U rng Fy and
for every object d such that d € domC holds if w-exponent(C(d)) €
rng By \ rng By, then w-LC(C(d)) = Li((E; ) (w-exponent(C(d)))) and
if w-exponent(C(d)) € rng F» \ rng B, then w-LC(C(d)) = La((Ex™ 1)
(w-exponent(C(d)))) and if w-exponent(C(d)) € rng E1 N rng Eo, then
w-LC(C(d)) = L1((BE1 1) (w-exponent(C(d)))) + La((Ey 1) (w-exponent
(C(d)).
dom(CNF(a)) € dom(CNF(a @ b)). Cy(x) = (w-LC(Cp))(z)-
wlwmexponent(Co))(®) (ONF(a))(z) = Li(z) - P ®). By (x) = (w-exponent
(Co))(@). O
Let us consider ordinal numbers a, b. Now we state the propositions:
(86) a C a@®b. The theorem is a consequence of (64), (85), and (15).
(87) w-exponent(a @ b) = (w-exponent(a)) U (w-exponent(b)). The theorem is
a consequence of (9), (86), (63), (82), and (31).

(88) Let us consider ordinal numbers a, b, ¢. If a, b € w® then a & b € w°.
The theorem is a consequence of (69), (10), and (87).

The scheme OrdinalCNFIndA deals with a unary predicate P and states
that

(Sch. 1) For every non empty ordinal number a, Pla]

provided

e for every ordinal number a and for every non zero natural number n,

Pln - w®] and
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e for every ordinal number a and for every non empty ordinal number
b and for every non zero natural number n such that P[b] and a ¢
rng(w-exponent(CNF(d))) holds P[b @ n - w?).

The scheme OrdinalCNFIndB deals with a unary predicate P and states
that
(Sch. 2) For every non empty ordinal number a, Pla]

provided
e for every ordinal number a, P[w*] and

e for every ordinal number a and for every non zero natural number n such

that P[n - w®| holds P[(n + 1) - w?] and

e for every ordinal number ¢ and for every non empty ordinal number
b and for every non zero natural number n such that P[b] and a ¢
rng(w-exponent(CNF(d))) holds P[b @ n - w’].

The scheme Ordinal CNFIndC deals with a unary predicate P and states
that

(Sch. 3) For every non empty ordinal number a, P[a]

provided
e for every ordinal number a, Plw*] and

e for every ordinal number a and for every non empty ordinal number b such
that P[b] holds P[b & w?].

Now we state the propositions:

(89) Let us consider ordinal numbers a, b.
Suppose w-exponent(a) € w-exponent(b). Then a € W exponent(b),
PROOF: Define P[non empty ordinal number] = for every ordinal number
b such that w-exponent($;) € w-exponent(b) holds $; € ww exponent(b),
For every ordinal number ¢ and for every non zero natural number n,
P[n - we]. For every ordinal number ¢ and for every non empty ordinal
number d and for every non zero natural number n such that P[d] and
¢ ¢ rng(w-exponent(CNF(d))) holds P[d @ n - we]. For every non empty
ordinal number a, Pla]. O

(90) Let us consider non empty ordinal numbers a, b. Then w - a C b if and
only if w-exponent(a) € w-exponent(b). The theorem is a consequence of
(89) and (29).

Let us consider ordinal numbers a, b. Now we state the propositions:
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(91) If w-exponent(a) € w-exponent(b), then b —a = b. The theorem is a con-
sequence of (90), (17), and (89).

(92) a+bCadb.
PROOF: Define P[natural number| = for every non empty ordinal numbers
a, b such that len CNF(a) = $; holds a + b C a & b. P[1]. For every non
zero natural number n such that P[n] holds P[n + 1]. For every non zero
natural number n, P[n]. O

Let us consider ordinal numbers a, b, c. Now we state the propositions:
(93) Ifa®db=a®c, then b=c.
PROOF: Set Fy = w-exponent(CNF(b)). Set F3 = w-exponent(CNF(c)).
Set Ly = w-LC(CNF(b)). Set L3 = w-LC(CNF(c¢)). rng E2 = rng Es.
Ey = Ej5. For every object = such that € dom Lo holds Lo(z) = L3(x).
> CNF(b) = > CNF(c¢). O
(94) If b € c, then a ®b € a® c. The theorem is a consequence of (69), (11),
(71), and (68).
(95) If b C e, then a @b C a® c. The theorem is a consequence of (94).
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Summary. The previous articles [5] and [6] introduced formalizations of
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is usually assumed (cf. [9], [3], [8], [2]), but in Mizar we need explicit operations,
which were provided in [5] and [6].

The rather extensive preliminaries contain many theorems that would fit
well into earlier articles of the GLIB series, for example:

e In a simple graph, the degree of a vertex equals the cardinality of its
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e Endvertices are no cut vertices.

Graphs without edges are rigorously introduced in the following section.
Wilson calls those null graphs ([9]). Bondy and Murty call them empty graphs
([3]), while naming the graph without vertices the null graph. Both notations are
common in the literature. To avoid confusion those graphs are simply introduced
as edgeless here.

To describe the construction of finite graphs starting from the trivial edgeless
K, finite sequences yielding graphs are needed, which are introduced in the next
section expanding the notation from [7], [1].

The last section contains the formalizations of the main results:

e Adding n vertices to a graph can be done by adding one vertex after
another.

e Any finite edgeless graph can be constructed from K; by adding one vertex
at a time.

e Any finite (connected) graph can be reconstructed from a spanning (con-
nected) subgraph by adding one edge at a time.

e Any finite graph can be constructed from K; by adding one vertex or one
edge at a time.

e Any finite tree can be constructed from K; by adding one vertex and an
edge incident with that vertex at a time.

e Any finite connected graph can be constructed from K; by adding one
edge or one vertex and an edge incident with that vertex at a time.

e Adding a vertex to a graph and connecting it to a (possibly empty) subset
of the vertices of said graph can be done by first adding the new vertex
and then adding one edge at a time.

e Any finite simple graph can be constructed from K7 by adding one vertex
connecting it to a (possibly empty) subset of the vertices of the previous
contruction step at a time.

e If the finite simple graph is also connected, the subset of adjacent vertices
can be guarantied to be non empty.

The number of operations needed is given for each process in terms of order and
size of the involved graphs. Some proof schemes are presented to make use of
these constructions.
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1. PRELIMINARIES

Let G be a graph and v be a vertex of G. Let us observe that every subgraph
of G induced by {v} is trivial.
Let us consider a graph G, a set X, and a vertex v of G. Now we state the
propositions:
(1) G.edgesBetween(X \ {v}) = G.edgesBetween(X) \ v.edgesInOut().
(2) If v is isolated, then G.edgesBetween(X \ {v}) = G.edgesBetween(X).
The theorem is a consequence of (1).
Let us consider a non-directed-multi graph G and a vertex v of G. Now we
state the propositions:

(3) wv.inDegree() = v.inNeighbors().
PROOF: Define P[object, object] = $3 joins $; to v in G. Consider f being
a function such that dom f = wv.inNeighbors() and for every object x
such that x € v.inNeighbors() holds Pz, f(x)]. f is a bijection between
v.inNeighbors() and v.edgesIn(). O

(4) wv.outDegree() = v.outNeighbors().
PROOF: Define P[object, object] = $3 joins v to $; in G. Consider f being
a function such that dom f = wv.outNeighbors() and for every object z
such that x € v.outNeighbors() holds P[z, f(z)]. f is a bijection between
v.outNeighbors() and v.edgesOut(). O

(5) Let us consider a simple graph G, and a vertex v of G. Then v.degree() =

v.allNeighbors() .
PROOF: v.inNeighbors() N v.outNeighbors() = (. O

(6) Let us consider a graph G. Then G is loopless if and only if for every
vertex v of G, v ¢ v.allNeighbors().
PROOF: For every object v, there exists no object e such that e joins v
and v in G. O

(7) Let us consider a graph G, and a vertex v of G. Then v is isolated if and
only if v.allNeighbors() = 0.

(8) Let us consider a graph GG1, a set v, and a subgraph G of G with vertex
v removed. Suppose G is trivial or v ¢ the vertices of G1. Then G; =~ Ga.

(9) Let us consider graphs G, Ga, and a set v. Suppose G1 ~ G2 and (G is
trivial or v ¢ the vertices of G1). Then Gy is a subgraph of G with vertex
v removed.
(10) Let us consider a graph G. Suppose there exist vertices vy, v of G such
that v1 # ve. Then G is not trivial.
PROOF: @ # 1, where « is the vertices of G. [J
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Let G be a non trivial graph and X be a set. Let us note that every subgraph
of G with edges X removed is non trivial. Now we state the propositions:

(11) Let us consider a finite graph G, and a subgraph Gs of G1. Then Gs is
spanning if and only if G;.order() = Ga.order().

(12) Let us consider a graph G1, and a spanning subgraph G of G;. Suppose
the edges of G1 = the edges of G3. Then G; = Gbs.

(13) Let us consider a finite graph Gi, and a spanning subgraph G of Gj.
If Gy.size() = Ga.size(), then G; =~ G5. The theorem is a consequence of
(12).

(14) Let us consider a graph G1, a set V, and a subgraph G2 of G induced
by V. If G5 is spanning, then G; ~ Gs.

Let us consider a graph G. Now we state the propositions:

(15) @ is not trivial if and only if there exists a subgraph H of G such that
H is not spanning.

(16) If there exists a vertex v of G such that v is endvertex, then G is not
trivial.

PRrOOF: Consider e being an object such that v.edgesInOut() = {e} and
e does not join v and v in G. For every vertex w of GG, the vertices of
G #{u}. O

(17) Let us consider a graph G, sets v, e, a subgraph G of G with vertex
v removed, and a subgraph G3 of G; with edge e removed. Then every
subgraph of G5 with edge e removed is a subgraph of G5 with vertex v
removed. The theorem is a consequence of (1), (8), and (9).

(18) Let us consider a graph G, sets v, e, a subgraph Gs of G with edge
e removed, and a subgraph G3 of G; with vertex v removed. Then every
subgraph of Gy with vertex v removed is a subgraph of G3 with edge e
removed. The theorem is a consequence of (1) and (8).

Let G be a finite, connected graph. Note that there exists a subgraph of G
which is spanning, tree-like, connected, and acyclic.
Now we state the propositions:
(19) Let us consider a connected graph G, and a subgraph G2 of G;. Suppose
the edges of G; C the edges of G2. Then G =~ Gbs.
PRrROOF: The vertices of G; = the vertices of G5. I
(20) Let us consider a finite, connected graph G, and a subgraph Gy of Gj.
If Gy.size() = Ga.size(), then G1 ~ Ga. The theorem is a consequence of
(19).
(21) Let us consider a finite, tree-like graph G, and a spanning, tree-like
subgraph G9 of G1. Then G &~ G2. The theorem is a consequence of (11)
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and (13).
Let G be a non trivial graph. Observe that there exists a subgraph of G
which is non spanning, trivial, and connected.
Now we state the propositions:

(22) Let us consider a graph G, and vertices vy, v of G. Suppose v; ¢
G.reachableFrom(vz).

Then G.reachableFrom(v;) misses G.reachableFrom(vg).

(23) Let us consider a graph G. Then G.componentSet() is a partition of
the vertices of G.
PROOF: Set V = the vertices of G. For every subset A of V' such that
A € G.componentSet() holds A # () and for every subset B of V such that
B € G.componentSet() holds A = B or A misses B. [J

(24) Let us consider a graph G, a partition C of the vertices of G, and a vertex
v of G. If C = G.componentSet(),
then EqClass(v, C') = G.reachableFrom(v).

(25) Let us consider a graph Gy, vertices vy, v1 of G1, a subgraph Gs of Gy
with vertex vg removed, and a vertex v of Go. Suppose vg is endvertex and
v = vy and v; € Gj.reachableFrom(vg). Then Gg.reachableFrom(vy) =
(Gy.reachableFrom(vy)) \ {vo}.
PROOF: (1 is not trivial. For every object w, w € Gg.reachableFrom(vs)
iff w € Gy.reachableFrom(v;) and w ¢ {vp}. O

(26) Let us consider a non trivial graph Gy, vertices vg, v; of G1, a sub-
graph Go of G; with vertex vg removed, and a vertex vy of Go. Suppose
v = vy and v; ¢ Gj.reachableFrom(vg). Then Gg.reachableFrom(vy) =
G .reachableFrom(vy).
PROOF: For every object w such that w € Gj.reachableFrom(v;) holds
w € Ga.reachableFrom(vy). O

(27) Let us consider a non trivial, finite, tree-like graph G, and a vertex v of
G. If G.order() = 2, then v is endvertex.

Let G be a non trivial, connected graph and v be a vertex of GG. Observe
that v.allNeighbors() is non empty.
Now we state the propositions:

(28) Let us consider a tree T', and a vertex a of T'. Then T".pathBetween(a, a) =
T .walkOf(a).

(29) Let us consider a tree T', vertices a, b of T', and an object e. If e joins a
and b in T, then T.pathBetween(a, b) = T.walkOf(a, e,b).

(30) Let us consider a non trivial, finite tree T', and a vertex v of T. Then
there exist vertices v1, vy of T such that
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(i) v1 # ve, and
(ii) vy is endvertex, and
(iii) ve is endvertex, and
(iv) v € (T.pathBetween(vy, v2)).vertices().

PROOF: Define P[natural number| = for every non trivial, finite tree T
for every vertex v of T such that T.order() = $; + 2 there exist vertices
v1, vo of T such that vy # vo and vy is endvertex and vs is endvertex and
v € (T.pathBetween(v1, va)).vertices(). P[0]. For every natural number k
such that P[k] holds P[k + 1]. For every natural number k, P[k]. Consider
k being a natural number such that T.order() =2 + k. O

(31) Let us consider a non trivial, finite, tree-like graph G, and a non span-
ning, connected subgraph Go of G1. Then there exists a vertex v of G
such that

(i) v is endvertex, and
(ii) v ¢ the vertices of Ga.
The theorem is a consequence of (30).

(32) Let us consider graphs G, G3, a set V', and a supergraph G; of G2 exten-
ded by the vertices from V. Suppose G3 ~ G3. Then G is a supergraph
of G35 extended by the vertices from V.

(33) Let us consider a graph G2, and a supergraph G of G3. Suppose the edges
of G1 = the edges of G5. Then G is a supergraph of G2 extended by the
vertices from (the vertices of G1) \ (the vertices of Ga).

(34) Let us consider a finite graph G;, and a subgraph Gs of G1. Suppose
G1.size() = Ga.size(). Then G is a supergraph of G extended by the
vertices from (the vertices of G1) \ (the vertices of G2). The theorem is
a consequence of (33).

(35) Let us consider a non trivial graph G1, a vertex v of Gy, and a subgraph
G of G1 with vertex v removed. If v is isolated, then G is a supergraph
of Gy extended by v. The theorem is a consequence of (2).

(36) Let us consider graphs Ga, G3, objects v1, €, vg, and a supergraph G;
of G5 extended by e between vertices v1 and ve. Suppose Go ~ (G3. Then
(G1 is a supergraph of G3 extended by e between vertices vy and vs.

(37) Let us consider a graph G1, a set e, and a subgraph G of G with edge
e removed. Suppose e € the edges of G;. Then G is a supergraph of Go
extended by e between vertices (the source of G1)(e) and (the target of
G1)(e).

PROOF: Set u = (the source of G1)(e). Set w = (the target of G1)(e). For
every object eg such that eg € dom(the source of G1) holds (the source of
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G1)(eg) = ((the source of G3)+-(e——u))(eg). For every object ey such that
ep € dom(the target of G1) holds (the target of G1)(eg) = ((the target of
Go)+-(e——w))(ep). O

(38) Let us consider a non trivial graph G, a vertex v of G1, an object e, and
a subgraph Gy of G with vertex v removed. Suppose {e} = v.edgesInOut()
and e does not join v and v in GG1. Then (G is supergraph of G9 extended
by v.adj(e), v and e between them or supergraph of Gy extended by v,
v.adj(e) and e between them. The theorem is a consequence of (1).

(39) Let us consider a graph G, vertices vy, vy of G, an object e, a super-
graph G of G2 extended by e between vertices v; and vs, a vertex w of
G1, and a vertex v of Gi. Suppose vy € Gy.reachableFrom(vy) and v = w.
Then Gj.reachableFrom(w) = Ga.reachableFrom(v).

(40) Let us consider a graph G, vertices vy, vy of Ga, an object e, and a super-
graph G of Gy extended by e between vertices v; and ve. Suppose vy €
Gg.reachableFrom(v;). Then Gj.componentSet() = Ga.componentSet().
The theorem is a consequence of (39).

(41) Let us consider a graph G, vertices vy, vy of Go, an object e, a super-
graph G of G5 extended by e between vertices v; and vo, and vertices wi,
wg of G1. Suppose e ¢ the edges of G and w; = v; and wy = ve. Then
wy € Gp.reachableFrom(wy).

(42) Let us consider a graph G, vertices vy, vy of G2, an object e, a super-
graph GG of G2 extended by e between vertices v; and vy, and a vertex w;
of G1. Suppose e ¢ the edges of Gy and wy = v;. Then G;.reachableFrom
(w1) = (Ga.reachableFrom(v;)) U (Ga.reachableFrom(vs)).

PROOF: For every object x such that = € G;.reachableFrom(w,) holds z
€ (Ga.reachableFrom(v;)) U (Ga.reachableFrom(vy)). Ga.reachableFrom
(v2) € Gy.reachableFrom(w;). O

(43) Let us consider a graph Ga, vertices v1, v of G2, an object e, a su-
pergraph G1 of G extended by e between vertices v; and wve, a ver-
tex w of G, and a vertex v of Ga. Suppose e ¢ the edges of G2 and
v = w and v ¢ Ga.reachableFrom(v;) and v ¢ Ga.reachableFrom(vs).
Then G;.reachableFrom(w) = Ga.reachableFrom(v).

PROOF: For every object x such that z € Gj.reachableFrom(w) holds
x € Gy.reachableFrom(v). O

(44) Let us consider a graph Gag, vertices vy, ve of Gg, an object e, and
a supergraph G; of G extended by e between vertices vy and ve. Suppose
e ¢ the edges of Gi2. Then Gj.componentSet() = (Ga.componentSet() \
{G2.reachableFrom(v; ), Ga.reachableFrom(vs)}) U {(G2.reachableFrom
(v1)) U (Ga.reachableFrom(vz))}.

159
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(45) Let us consider a graph G1, a vertex v of G1, and a subgraph Gy of Gy
with vertex v removed. If v is endvertex, then G;.numComponents() =
G2.numComponents().

PRrROOF: GG is not trivial. There exists a function f such that f is one-

to-one and dom f = Gj.componentSet() and rng f = Ga.componentSet().
O

Let G be a graph. One can check that every vertex of G which is endvertex
is also non cut-vertex. Now we state the propositions:

(46) Let us consider a non trivial, finite, connected graph G;, and a non
spanning, connected subgraph G2 of G1. Then there exists a vertex v of
G such that

(i) v is not cut-vertex, and
(ii) v ¢ the vertices of Ga.

PROOF: Define P[natural number| = for every non trivial, finite, connec-
ted graph (G for every non spanning, connected subgraph Gs of G such
that Gyp.order() + $; = Gj.size() + 1 there exists a vertex v of G; such
that v is not cut-vertex and v ¢ the vertices of Ga. P|[0]. For every natural
number k such that P[k] holds P[k+ 1]. For every natural number k, P[k].
O

(47) Let us consider a non trivial, simple graph G, a vertex v of Gy, and

a subgraph G2 of G with vertex v removed. Then G is a supergraph of
G2 extended by vertex v and edges between v and v.allNeighbors() of G.

2. EDGELESS AND NON EDGELESS GRAPHS

Let G be a graph. We say that G is edgeless if and only if
(Def. 1) the edges of G = 0.

Let us consider a graph G. Now we state the propositions:

(48) @ is edgeless if and only if @ = 0, where « is the edges of G.
(49) G is edgeless if and only if G.size() = 0.

Let G be a graph. Observe that every subgraph of G with edges the edges of
G removed is edgeless and there exists a graph which is edgeless and there exists
a subgraph of G which is edgeless and spanning and there exists a subgraph of
G which is edgeless and trivial.

Let G be an edgeless graph. One can check that the edges of G is empty
and every graph which is edgeless is also non-multi, non-directed-multi, loopless,
simple, and directed-simple and every graph which is trivial and loopless is also
edgeless.
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Let V be a non empty set and S, T be functions from ) into V. One can
check that createGraph(V, 0, S,T) is edgeless.
Now we state the propositions:

(50) Let us consider an edgeless graph G, and objects e, v1, vy. Then
(i) e does not join v; and vy in G, and
(ii) e does not join v; to vg in G.
(51) Let us consider an edgeless graph G, an object e, and sets X, Y. Then
(i) e does not join a vertex from X and a vertex from Y in G, and
(ii) e does not join a vertex from X to a vertex from Y in G.

(52) Let us consider graphs G1, Ga. If G1 ~ Go, then if G; is edgeless, then
G is edgeless.

Let G be an edgeless graph. Let us observe that every walk of G is trivial
and every subgraph of GG is edgeless.

Let X be a set. Note that G.edgesInto(X) is empty and G.edgesOutOf(X)
is empty and G.edgesInOut(X) is empty and G.edgesBetween(X) is empty and
G .set(WeightSelector, X) is edgeless and G.set(ELabelSelector, X) is edgeless
and G.set(VLabelSelector, X) is edgeless and every supergraph of G extended
by the vertices from X is edgeless and every graph given by reversing directions
of the edges X of G is edgeless.

Let Y be a set. Let us note that G.edgesBetween(X,Y) is empty and

G.edgesDBetween(X,Y) is empty and every graph which is edgeless is also
acyclic and chordal and every graph which is trivial and edgeless is also tree-like
and every graph which is non trivial and edgeless is also non connected, non
tree-like, and non complete and every graph which is connected and edgeless is
also trivial.

Now we state the propositions:

(53) Let us consider an edgeless graph G, and a subgraph G5 of G1. Then
G is a supergraph of Gy extended by the vertices from (the vertices of
G1) \ (the vertices of G2). The theorem is a consequence of (33).

(54) Let us consider a graph Gag, vertices vy, ve of Gg, an object e, and
a supergraph G of G extended by e between vertices vy and vy. Suppose
e ¢ the edges of G3. Then G is not edgeless.

(55) Let us consider a graph Gs, a vertex vy of Gg, objects e, v9, and a su-
pergraph G1 of Gy extended by vy, vo and e between them. Suppose
vo ¢ the vertices of Gy and e ¢ the edges of G3. Then G; is not edge-
less.

(56) Let us consider a graph Ga, objects vy, e, a vertex vy of Go, and a su-
pergraph G1 of Gy extended by vi, vo and e between them. Suppose
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v ¢ the vertices of Gy and e ¢ the edges of Gy. Then G is not edge-
less.

(57) Let us consider a graph Go, an object v, a non empty subset V' of the ver-
tices of G2, and a supergraph G of G2 extended by vertex v and edges
between v and V of G3. Suppose v ¢ the vertices of Gy. Then G is not
edgeless.

Let G be a graph. Let us observe that every supergraph of G extended by
vertex the vertices of G and edges from the vertices of G to the vertices of G
is non edgeless and every supergraph of G extended by vertex the vertices of
G and edges from the vertices of G to the vertices of G is non edgeless and
every supergraph of G extended by vertex the vertices of G and edges between
the vertices of G and the vertices of GG is non edgeless.

Let v be a vertex of G. Let us note that every supergraph of G' extended by
v, the vertices of G and the edges of G between them is non edgeless and every
supergraph of G extended by the vertices of G, v and the edges of G between
them is non edgeless.

Let w be a vertex of G. Let us note that every supergraph of G extended by
the edges of G between vertices v and w is non edgeless.

Let G be an edgeless graph. Note that every component of G is trivial and
v.edgesIn() is empty and v.edgesOut() is empty and v.edgesInOut() is emp-
ty and every vertex of (G is isolated, non cut-vertex, and non endvertex and
v.inDegree() is empty and v.outDegree() is empty and v.inNeighbors() is empty
and v.outNeighbors() is empty and v.degree() is empty and v.allNeighbors() is
empty and there exists a graph which is trivial, finite, and edgeless and there
exists a graph which is non trivial, finite, and edgeless and there exists a graph
which is trivial, finite, and non edgeless and there exists a graph which is non
trivial, finite, and non edgeless.

Let G be a non edgeless graph. One can check that the edges of G is non
empty and every supergraph of G is non edgeless.

Let X be a set. One can verify that every graph given by reversing directions
of the edges X of G is non edgeless and G.set(WeightSelector, X) is non edgeless
and G.set(ELabelSelector, X) is non edgeless and G.set(VLabelSelector, X) is
non edgeless.

An edge of GG is an element of the edges of G. Now we state the proposition:

(58) Let us consider a finite, edgeless graph G, and a subgraph Gy of G;. If
G1.order() = Gg.order(), then G1 = Gs.

Let F be a graph-yielding function. We say that F' is edgeless if and only if

(Def. 2) for every object x such that x € dom F' there exists a graph G such that
F(z) = G and G is edgeless.
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Let F' be a non empty, graph-yielding function. Note that F' is edgeless if
and only if the condition (Def. 3) is satisfied.

(Def. 3) for every element x of dom F', F'(x) is edgeless.

Let S be a graph sequence. Let us note that S is edgeless if and only if the
condition (Def. 4) is satisfied.

(Def. 4) for every natural number n, S(n) is edgeless.

Let us observe that every graph-yielding function which is trivial and loopless
is also edgeless and every graph-yielding function which is edgeless is also non-
multi, non-directed-multi, loopless, simple, directed-simple, and acyclic.

Let F' be an edgeless, non empty, graph-yielding function and x be an ele-
ment of dom F'. Observe that F'(z) is edgeless.

Let S be an edgeless graph sequence and x be a natural number. Observe
that S(z) is edgeless.

3. FINITE GRAPH SEQUENCES

Let G be a graph. Note that (G) is graph-yielding.

Let G be a finite graph. Let us note that (G) is finite.

Let G be a loopless graph. Observe that (G) is loopless.

Let G be a trivial graph. Let us observe that (G) is trivial.

Let G be a non trivial graph. Let us observe that (G) is nontrivial.

Let G be a non-multi graph. One can verify that (G) is non-multi.

Let G be a non-directed-multi graph. One can check that (G) is non-directed-
multi.

Let G be a simple graph. Note that (G) is simple.

Let G be a directed-simple graph. Let us note that (G) is directed-simple.

Let G be a connected graph. Observe that (G) is connected.

Let G be an acyclic graph. Let us observe that (G) is acyclic.

Let G be a tree-like graph. One can verify that (G) is tree-like.

Let G be an edgeless graph. One can check that (G) is edgeless and the-
re exists a finite sequence which is empty and graph-yielding and there exists
a finite sequence which is non empty and graph-yielding.

Let p be a non empty, graph-yielding finite sequence. Note that p(1) is
function-like and relation-like and p(lenp) is function-like and relation-like and
p(1) is finite and N-defined and p(len p) is finite and N-defined and p(1) is graph-
like and p(lenp) is graph-like and there exists a graph-yielding finite sequence
which is non empty, finite, loopless, trivial, non-multi, non-directed-multi, sim-
ple, directed-simple, connected, acyclic, tree-like, and edgeless and there exists
a graph-yielding finite sequence which is non empty, finite, loopless, nontrivial,
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non-multi, non-directed-multi, simple, directed-simple, connected, acyclic, and
tree-like.

Let p be a graph-yielding finite sequence and n be a natural number. Let us
observe that p[n is graph-yielding and p),, is graph-yielding.

Let m be a natural number. Note that smid(p, m,n) is graph-yielding and
(p(m),...,p(n)) is graph-yielding.

Let p be a finite, graph-yielding finite sequence. One can verify that p[n is
finite and p,, is finite and smid(p, m,n) is finite and (p(m),...,p(n)) is finite.

Let p be a loopless, graph-yielding finite sequence. One can verify that p[n
is loopless and p),, is loopless and smid(p, m,n) is loopless and (p(m),...,p(n))
is loopless.

Let p be a trivial, graph-yielding finite sequence. One can verify that p[n
is trivial and py, is trivial and smid(p, m,n) is trivial and (p(m),...,p(n)) is
trivial.

Let p be a nontrivial, graph-yielding finite sequence. One can verify that p[n
is nontrivial and py,, is nontrivial and smid(p, m,n) is nontrivial and

(p(m),...,p(n)) is nontrivial.

Let p be a non-multi, graph-yielding finite sequence. One can verify that p[n
is non-multi and py,, is non-multi and smid(p, m,n) is non-multi and

(p(m),...,p(n)) is non-multi.

Let p be a non-directed-multi, graph-yielding finite sequence. One can verify
that p[n is non-directed-multi and py,, is non-directed-multi and smid(p, m,n)

is non-directed-multi and (p(m),...,p(n)) is non-directed-multi.

Let p be a simple, graph-yielding finite sequence. One can verify that p[n
is simple and pj,, is simple and smid(p, m,n) is simple and (p(m),...,p(n)) is
simple.

Let p be a directed-simple, graph-yielding finite sequence. One can verify that
p[n is directed-simple and py, is directed-simple and smid(p,m,n) is directed-
simple and (p(m),...,p(n)) is directed-simple.

Let p be a connected, graph-yielding finite sequence. One can verify that p[n
is connected and py,, is connected and smid(p, m, n) is connected and

(p(m),...,p(n)) is connected.

Let p be an acyclic, graph-yielding finite sequence. One can verify that p[n
is acyclic and p,, is acyclic and smid(p, m,n) is acyclic and (p(m),...,p(n)) is
acyclic.

Let p be a tree-like, graph-yielding finite sequence. One can verify that p[n
is tree-like and pyy, is tree-like and smid(p, m, n) is tree-like and (p(m), ..., p(n))
is tree-like.

Let p be an edgeless, graph-yielding finite sequence. One can verify that p[n
is edgeless and p), is edgeless and smid(p, m,n) is edgeless and (p(m),...,p(n))



ABOUT SUPERGRAPHS. PART III

is edgeless.

Let p, g be graph-yielding finite sequences. Let us note that p ™ ¢ is graph-
yielding and p ~ ¢ is graph-yielding.

Let p, q be finite, graph-yielding finite sequences. Let us observe that p ™ ¢
is finite and p ~~ ¢ is finite.

Let p, q be loopless, graph-yielding finite sequences. Let us observe that p™¢q
is loopless and p ~ q is loopless.

Let p, ¢ be trivial, graph-yielding finite sequences. Let us observe that p ™ ¢
is trivial and p ~ ¢ is trivial.

Let p, ¢ be nontrivial, graph-yielding finite sequences. Let us observe that
p " q is nontrivial and p ~ ¢ is nontrivial.

Let p, ¢ be non-multi, graph-yielding finite sequences. Observe that p ™ q is
non-multi and p ~ ¢ is non-multi.

Let p, ¢ be non-directed-multi, graph-yielding finite sequences. Observe that
p " q is non-directed-multi and p ~ ¢ is non-directed-multi.

Let p, ¢ be simple, graph-yielding finite sequences. Observe that p ™ ¢ is
simple and p ~ ¢ is simple.

Let p, ¢ be directed-simple, graph-yielding finite sequences. One can verify
that p ™ q is directed-simple and p ~ ¢ is directed-simple.

Let p, ¢ be connected, graph-yielding finite sequences. Note that p ™ ¢ is
connected and p ~ ¢ is connected.

Let p, g be acyclic, graph-yielding finite sequences. Note that p ™ ¢ is acyclic
and p ~ ¢ is acyclic.

Let p, ¢ be tree-like, graph-yielding finite sequences. Note that p ™ ¢ is tree-
like and p ~ ¢ is tree-like.

Let p, g be edgeless, graph-yielding finite sequences. Observe that p ™~ ¢ is
edgeless and p ~ ¢ is edgeless.

Let G1, G2 be graphs. Note that (G, G2) is graph-yielding.

Let G5 be a graph. Let us note that (G, G, G3) is graph-yielding.

Let G1, G2 be finite graphs. Let us observe that (G1,G9) is finite.

Let G35 be a finite graph. One can verify that (G1, G2, G3) is finite.

Let G1, G2 be loopless graphs. Note that (G, Ga) is loopless.

Let G35 be a loopless graph. Let us note that (G, G2, G3) is loopless.

Let G1, G2 be trivial graphs. Let us observe that (G, G2) is trivial.

Let G5 be a trivial graph. One can verify that (G1, G2, G3) is trivial.

Let G1, G2 be non trivial graphs. One can check that (G, G2) is nontrivial.

Let G3 be a non trivial graph. One can check that (G1, G, G3) is nontrivial.

Let G1, G2 be non-multi graphs. Let us note that (G1,G2) is non-multi.

Let G5 be a non-multi graph. Observe that (G, G2, G3) is non-multi.
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Let G1, G2 be non-directed-multi graphs. One can verify that (G1,Ge) is
non-directed-multi.

Let G3 be a non-directed-multi graph. One can check that (G1,Ge,G3) is
non-directed-multi.

Let G1, G2 be simple graphs. Let us note that (G1,G2) is simple.

Let G5 be a simple graph. Observe that (G, G, G3) is simple.

Let G1, G be directed-simple graphs. One can verify that (G, Ga) is directed-
simple.

Let G3 be a directed-simple graph. One can check that (G, G2, Gs) is
directed-simple.

Let G1, G2 be connected graphs. Let us note that (G1,G2) is connected.

Let G3 be a connected graph. Observe that (G1, G2, G3) is connected.

Let G1, G2 be acyclic graphs. One can verify that (G1,Gs) is acyclic.

Let G3 be an acyclic graph. One can check that (G, G2, G3) is acyclic.

Let G1, G2 be tree-like graphs. Let us note that (G, G2) is tree-like.

Let G3 be a tree-like graph. Observe that (G, Ga, G3) is tree-like.

Let G1, G2 be edgeless graphs. One can verify that (G1,G2) is edgeless.

Let G3 be an edgeless graph. One can check that (G1, Ga, G3) is edgeless.

4. CONSTRUCTION OF FINITE GRAPHS

Now we state the propositions:

(59) Let us consider a graph Gg, a finite set V', and a supergraph G of Go
extended by the vertices from V. Then there exists a non empty, graph-
yielding finite sequence p such that

(i) p(1) = Gs, and
(i

) pllenp) = Gi, and
(iii) lenp =V \ a + 1, and
)

(iv) for every element n of domp such that n < lenp — 1 there exists
a vertex v of G such that p(n + 1) is a supergraph of p(n) extended
by v and v ¢ the vertices of p(n),

where « is the vertices of Gs.
PROOF: Define P[natural number| = for every finite set V for every su-
pergraph G of G extended by the vertices from V such that

V'\ (the vertices of G2) = $; there exists a non empty, graph-yielding
finite sequence p such that p(1) ~ G2 and p(lenp) = G and lenp =

V'\ (the vertices of G2) + 1 and for every element n of domp such that
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n < lenp—1 there exists a vertex v of G1 such that p(n+1) is a supergraph
of p(n) extended by v and v ¢ the vertices of p(n).
P[0]. For every natural number k such that P[k]| holds P[k + 1]. For
every natural number k, P[k]. O
(60) Let us consider a finite graph G, and a subgraph H of G. Suppose
G .size() = H .size(). Then there exists a non empty, finite, graph-yielding
finite sequence p such that

(i) p(1) ~ H, and
(ii) p(lenp) = G, and
(iii) lenp = G.order() — H.order() + 1, and
)

(iv) for every element n of domp such that n < lenp — 1 there exists
a vertex v of G such that p(n + 1) is a supergraph of p(n) extended
by v and v ¢ the vertices of p(n).

PROOF: Set V' = (the vertices of G)\ (the vertices of H). G is a supergraph
of H extended by the vertices from V. Consider p being a non empty,
graph-yielding finite sequence such that p(1) ~ H and p(lenp) = G and
lenp = V' \ @ + 1, where « is the vertices of H and for every element n
of dom p such that n < lenp — 1 there exists a vertex v of G such that
p(n + 1) is a supergraph of p(n) extended by v and v ¢ the vertices of
p(n).

Define P[natural number| = for every element n of dom p such that
$1 = n holds p(n) is finite. For every non zero natural number k such that
P[k] holds P[k + 1]. For every non zero natural number k, P[k]. For every
element x of dom p, p(x) is finite. O

(61) Let us consider a finite, edgeless graph G, and a subgraph H of G. Then
there exists a non empty, finite, edgeless, graph-yielding finite sequence
p such that

(i) p(1) =~ H, and
(ii) p(lenp) = G, and
(iii) lenp = G.order() — H.order() + 1, and
)

(iv) for every element n of domp such that n < lenp — 1 there exists
a vertex v of G such that p(n + 1) is a supergraph of p(n) extended
by v and v ¢ the vertices of p(n).

PrOOF: G.size() = 0. Consider p being a non empty, finite, graph-
yielding finite sequence such that p(1) ~ H and p(lenp) = G and lenp =
G.order() — H.order() + 1 and for every element n of domp such that
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n < lenp — 1 there exists a vertex v of G such that p(n + 1) is a super-
graph of p(n) extended by v and v ¢ the vertices of p(n). Define P[natural
number| = for every element n of domp such that $; = n holds p(n) is
edgeless.
P[1]. For every non zero natural number k such that P[k] holds P[k+

1]. For every non zero natural number k, P[k]. For every element x of
dom p, p(z) is edgeless. O

(62) Let us consider a finite, edgeless graph G. Then there exists a non empty,
finite, edgeless, graph-yielding finite sequence p such that

(i) p(1) is trivial and edgeless, and
(i)

(iii) lenp = G.order(), and

(iv) for every element n of domp such that n < lenp — 1 there exists

a vertex v of G such that p(n + 1) is a supergraph of p(n) extended
by v and v ¢ the vertices of p(n).

p(lenp) = G, and

The theorem is a consequence of (61) and (52).

The scheme FinFEdgelessGraphs deals with a unary predicate P and states
that

(Sch. 1) For every finite, edgeless graph G, P[G]
provided

e for every trivial, edgeless graph G, P[G] and

e for every finite, edgeless graph G and for every object v and for every
supergraph G; of G extended by v such that v ¢ the vertices of G2 and
P[GQ] holds P[Gl]

Now we state the propositions:

(63) Let us consider a non empty, graph-yielding finite sequence p. Suppose
p(1) is edgeless and for every element n of domp such that n <lenp — 1
there exists an object v such that p(n+1) is a supergraph of p(n) extended
by v. Then p(lenp) is edgeless.

PROOF: Define P[natural number| = for every non empty, graph-yielding
finite sequence p such that lenp = $; and p(1) is edgeless and for every
element n of dom p such that n < len p—1 there exists an object v such that
p(n + 1) is a supergraph of p(n) extended by v holds p(lenp) is edgeless.

For every non zero natural number m such that P[m| holds P[m + 1].
For every non zero natural number m, P[m]. O

(64) Let us consider a finite graph G, and a spanning subgraph H of G. Then
there exists a non empty, finite, graph-yielding finite sequence p such that
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(i) p(1) = H, and

(ii) p(lenp) = G, and

(iii) lenp = G.size() — H .size() + 1, and

(iv) for every element n of domp such that n < lenp — 1 there exist
vertices v1, v2 of G and there exists an object e such that p(n+1) is
a supergraph of p(n) extended by e between vertices v; and vy and
e € (the edges of G) \ (the edges of p(n)) and vy, ve € the vertices
of p(n).

PROOF: Define P[natural number| = for every spanning subgraph H of
G such that G.size() — H.size() = $; there exists a non empty, finite,
graph-yielding finite sequence p such that p(1) ~ H and p(lenp) = G and
lenp = G.size() — H .size() + 1 and for every element n of dom p such that
n < len p—1 there exist vertices vy, v9 of G and there exists an object e such
that p(n+1) is a supergraph of p(n) extended by e between vertices v; and
vg and e € (the edges of G) \ (the edges of p(n)) and vy, vy € the vertices
of p(n).

P[0]. For every natural number k such that P[k]| holds P[k + 1]. For
every natural number k, P[k]. O

(65) Let us consider a finite graph G. Then there exists a non empty, finite,
graph-yielding finite sequence p such that
(i) p(1) is edgeless, and
(ii) p(lenp) = G, and
(iii) lenp = G.size() + 1, and
(iv) for every element n of domp such that n < lenp — 1 there exist
vertices vy, vg of G and there exists an object e such that p(n+1) is

a supergraph of p(n) extended by e between vertices v; and ve and
e € (the edges of G) \ (the edges of p(n)) and vy, ve € the vertices

of p(n).
The theorem is a consequence of (64), (52), and (49).

(66) Let us consider a finite, connected graph G, and a spanning, connected
subgraph H of G. Then there exists a non empty, finite, connected, graph-
yielding finite sequence p such that

(i) p(1) = H, and
(ii) p(lenp) = G, and
(iii) lenp = G.size() — H .size() + 1, and
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(iv) for every element n of domp such that n < lenp — 1 there exist
vertices vy, vg of G and there exists an object e such that p(n+1) is

a supergraph of p(n) extended by e between vertices v; and ve and

e € (the edges of G) \ (the edges of p(n)) and v, vy € the vertices

of p(n).

ProoF: Consider p being a non empty, finite, graph-yielding finite sequen-
ce such that p(1) ~ H and p(lenp) = G and lenp = G.size() — H .size() + 1
and for every element n of dom p such that n < len p—1 there exist vertices
v1, v2 of G and there exists an object e such that p(n+ 1) is a supergraph
of p(n) extended by e between vertices v; and ve and e € (the edges of
G) \ (the edges of p(n)) and vy, vy € the vertices of p(n).

Define P[natural number| = for every element n of domp such that
$1 = n holds p(n) is connected. For every non zero natural number k such
that P[k] holds P[k + 1]. For every non zero natural number k, P[k]. For
every element x of dom p, p(x) is connected. [J

Let us consider a finite graph G1, and a subgraph H of G;. Then there
exists a spanning subgraph G2 of G; and there exists a non empty, finite,
graph-yielding finite sequence p such that H.size() = Ga.size() and p(1) ~
H and p(lenp) = G2 and lenp = G.order() — H.order() + 1 and for every
element n of dom p such that n < len p—1 there exists a vertex v of G1 such
that p(n + 1) is a supergraph of p(n) extended by v and v ¢ the vertices
of p(n).

PROOF: Set V' = (the vertices of G1) \ (the vertices of H). Set Ga =
the supergraph of H extended by the vertices from V. Consider p be-
ing a non empty, graph-yielding finite sequence such that p(1) ~ H and

p(lenp) = G2 and lenp = V \ @ + 1, where « is the vertices of H and
for every element n of dom p such that n < lenp — 1 there exists a vertex
v of G such that p(n + 1) is a supergraph of p(n) extended by v and
v ¢ the vertices of p(n).

Define P[natural number| = for every element n of domp such that
$1 = n holds p(n) is finite. For every non zero natural number k such that
P[k] holds P[k + 1]. For every non zero natural number k, P[k]. For every
element = of dom p, p(x) is finite. Gy is a subgraph of G. Consider v being
a vertex of G such that p(n + 1) is a supergraph of p(n) extended by v
and v ¢ the vertices of p(n). O

Let us consider a finite graph G, and a subgraph H of G. Then there
exists a non empty, finite, graph-yielding finite sequence p such that

(i) p(1) = H, and
(ii) p(lenp) = G, and
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(iii) lenp = G.order() + G.size() — (H.order() + H .size()) + 1, and

(iv) for every element n of dom p such that n < lenp— 1 holds there exist
vertices vy, vo of G and there exists an object e such that p(n+1) is
a supergraph of p(n) extended by e between vertices v; and ve and
e € (the edges of G) \ (the edges of p(n)) and vy, ve € the vertices of
p(n) or there exists a vertex v of G such that p(n+1) is a supergraph
of p(n) extended by v and v ¢ the vertices of p(n).

The theorem is a consequence of (67), (64), (36), and (60).
(69) Let us consider a finite graph G. Then there exists a non empty, finite,
graph-yielding finite sequence p such that
(i) p(1) is trivial and edgeless, and
(ii) p(lenp) = G, and
(iii) lenp = G.order() + G.size(), and
(iv) for every element n of dom p such that n < lenp — 1 holds there exist
vertices v1, v2 of G and there exists an object e such that p(n+1) is
a supergraph of p(n) extended by e between vertices v; and vy and
e € (the edges of G) \ (the edges of p(n)) and v1, ve € the vertices of
p(n) or there exists a vertex v of G such that p(n+1) is a supergraph
of p(n) extended by v and v ¢ the vertices of p(n).
The theorem is a consequence of (68), (52), and (49).
The scheme FinGraphs deals with a unary predicate P and states that
(Sch. 2) For every finite graph G, P[G]
provided

e for every trivial, edgeless graph G, P[G] and

e for every finite graph G2 and for every object v and for every supergraph
G of G extended by v such that v ¢ the vertices of G5 and P[G3] holds
P[G1] and

e for every finite graph G2 and for every vertices v1, ve of G5 and for every
object e and for every supergraph G; of G5 extended by e between vertices
v1 and vy such that e ¢ the edges of G2 and P[G2] holds P[G1].

Now we state the propositions:

(70) Let us consider a non empty, graph-yielding finite sequence p. Suppose
p(1) is finite and for every element n of dom p such that n < lenp—1 holds
there exists an object v such that p(n+1) is a supergraph of p(n) extended
by v or there exist objects vy, e, vy such that p(n + 1) is a supergraph of
p(n) extended by e between vertices v; and ve. Then p(len p) is finite.
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PROOF: Define Q[natural number| = if $; < len p, then there exists an ele-
ment k of domp such that $; = k and p(k) is finite. Q[1]. For every non
zero natural number m such that Q[m] holds Q[m + 1].
For every non zero natural number m, Q[m|. Consider k being an ele-

ment of dom p such that lenp = k and p(k) is finite. O

Let us consider a finite, tree-like graph G, and a connected subgraph
H of G. Then there exists a non empty, finite, tree-like, graph-yielding
finite sequence p such that

(i) p(1) =~ H, and
(ii) p(lenp) = G, and
(iii) lenp = G.order() — H.order() + 1, and
)

(iv) for every element n of domp such that n < lenp — 1 there exist
vertices vy, vy of G and there exists an object e such that p(n + 1)
is a supergraph of p(n) extended by v;, vy and e between them and
e € (the edges of G) \ (the edges of p(n)) and (v; € the vertices of
p(n) and vy ¢ the vertices of p(n) or vy ¢ the vertices of p(n) and
vg € the vertices of p(n)).

PROOF: Define Plnatural number| = for every finite, tree-like graph G for
every connected subgraph H of G such that $; = G.order() — H.order()
there exists a non empty, finite, tree-like, graph-yielding finite sequence p
such that p(1) ~ H and p(lenp) = G and lenp = G.order() — H.order()+1
and for every element n of dom p such that n < len p—1 there exist vertices
v1, vy of G and there exists an object e such that p(n+ 1) is a supergraph
of p(n) extended by v1, v2 and e between them and e € (the edges of
G)\ (the edges of p(n)) and (v; € the vertices of p(n) and vy ¢ the vertices
of p(n) or vy ¢ the vertices of p(n) and ve € the vertices of p(n)).

P0]. For every natural number k such that P[k] holds P[k + 1]. For
every natural number k, P[k]. O

Let us consider a finite, tree-like graph G. Then there exists a non empty,
finite, tree-like, graph-yielding finite sequence p such that
(i) p(1) is trivial and edgeless, and
(ii) p(lenp) = G, and
(iii) lenp = G.order(), and
(iv) for every element n of domp such that n < lenp — 1 there exist
vertices vy, vy of G and there exists an object e such that p(n + 1)

is a supergraph of p(n) extended by vy, vy and e between them and
e € (the edges of G) \ (the edges of p(n)) and (v; € the vertices of
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p(n) and vy ¢ the vertices of p(n) or v; ¢ the vertices of p(n) and
vg € the vertices of p(n)).

The theorem is a consequence of (71) and (52).

The scheme FinTrees deals with a unary predicate P and states that

(Sch. 3)

For every finite, tree-like graph G, P[G]|

provided

for every trivial, edgeless graph G, P[G] and

for every finite, tree-like graph G2 and for every vertex v of G and for
every objects e, w such that e ¢ the edges of G2 and w ¢ the vertices of
G2 and P[G2] holds for every supergraph G; of Gy extended by v, w and
e between them, P[G1]| and for every supergraph G of Go extended by
w, v and e between them, P[G1].

Now we state the propositions:

(73)

(74)

Let us consider a non empty, graph-yielding finite sequence p. Suppose
p(1) is tree-like and for every element n of dom p such that n <lenp — 1
there exist objects v, e, ve such that p(n + 1) is a supergraph of p(n)
extended by v1, v2 and e between them. Then p(lenp) is tree-like.
PROOF: Define Q[natural number| = if $; < len p, then there exists an ele-
ment k of dom p such that $; = k and p(k) is tree-like. Q[1].

For every non zero natural number m such that Q[m/] holds Q[m+ 1].
For every non zero natural number m, Q[m/|. Consider k being an element
of domp such that lenp = k and p(k) is tree-like. OJ

Let us consider a finite, connected graph G. Then there exists a non
empty, finite, connected, graph-yielding finite sequence p such that

(i) p(1) is trivial and edgeless, and
(ii) p(lenp) = G, and
(iii) lenp = G.size() + 1, and
)

(iv) for every element n of dom p such that n < lenp —1 holds there exist
vertices vy, vy of G and there exists an object e such that p(n + 1)
is a supergraph of p(n) extended by v, ve and e between them and
e € (the edges of G) \ (the edges of p(n)) and (v; € the vertices of
p(n) and vy ¢ the vertices of p(n) or vy ¢ the vertices of p(n) and
vg € the vertices of p(n)) or there exist vertices v1, v2 of G and there
exists an object e such that p(n+1) is a supergraph of p(n) extended
by e between vertices v1 and vy and e € (the edges of G) \ (the edges
of p(n)) and vy, vy € the vertices of p(n).

173
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The theorem is a consequence of (72), (66), and (36).

The scheme FinConnectedGraphs deals with a unary predicate P and states
that

(Sch. 4) For every finite, connected graph G, P[G]
provided

e for every trivial, edgeless graph G, P[G] and

e for every finite, connected graph G5 and for every vertex v of GGo and for
every objects e, w such that e ¢ the edges of G2 and w ¢ the vertices of
G2 and P[G2] holds for every supergraph G; of Gy extended by v, w and
e between them, P[G1]| and for every supergraph G of Go extended by
w, v and e between them, P[G1]| and

e for every finite, connected graph Go and for every vertices vy, vy of Go
and for every object e and for every supergraph G of Gy extended by e
between vertices v1 and vy such that e ¢ the edges of G2 and P[G2] holds
PlG1].

Now we state the propositions:

(75) Let us consider a non empty, graph-yielding finite sequence p. Suppose

p(1) is connected and for every element n of dom p such that n <lenp—1
there exist objects v1, e, vy such that p(n + 1) is supergraph of p(n)
extended by v1, vy and e between them or supergraph of p(n) extended
by e between vertices v; and ve. Then p(len p) is connected.
PROOF: Define Q[natural number| = if $; < len p, then there exists an ele-
ment k of dom p such that $; = k and p(k) is connected. Q[1]. For every
non zero natural number m such that Q[m] holds Q[m + 1]. For every non
zero natural number m, Q[m|. O

(76) Let us consider a graph G, an object v, a set Vi, a finite set V5, and
a supergraph Gp of G extended by vertex v and edges between v and
V1 U Vs of Ga. Suppose Vi U Vs C the vertices of Gy and v ¢ the vertices
of G2 and Vi misses V5. Then there exists a non empty, graph-yielding
finite sequence p such that

(i) p(1) = G2, and

(ii) p(lenp) = Gy, and

(iii) lenp = Vs 42, and

(iv) p(2) is a supergraph of Go extended by vertex v and edges between
v and V7 of Gg, and
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(v) for every element n of dom p such that 2 < n <lenp — 1 there exists
a vertex w of Gy and there exists an object e such that e € (the edges
of G1)\ (the edges of p(n)) and p(n+1) is supergraph of p(n) extended
by e between vertices v and w or supergraph of p(n) extended by e
between vertices w and v.

PROOF: Define P[natural number| = for every finite set V5 for every su-
pergraph G of G2 extended by vertex v and edges between v and Vi U Vs
of G such that V3 UV, C the vertices of G and v ¢ the vertices of G2 and
Vi misses V5 and V, = $; there exists a non empty, graph-yielding finite
sequence p such that p(1) = Go and p(lenp) = G and lenp = V5 + 2 and
p(2) is a supergraph of G2 extended by vertex v and edges between v and
V1 of G5 and for every element n of domp such that 2 <n <lenp — 1.
There exists a vertex w of Gy and there exists an object e such that

e € (the edges of Gp) \ (the edges of p(n)) and p(n + 1) is supergraph
of p(n) extended by e between vertices v and w or supergraph of p(n)
extended by e between vertices w and v. P[0]. For every natural number
k such that P[k] holds P[k + 1]. For every natural number k, P[k]. O

(77) Let us consider a graph Gg, an object v, a finite set V', and a supergraph
G1 of G9 extended by vertex v and edges between v and V of G5. Suppose
V' C the vertices of G2 and v ¢ the vertices of G3. Then there exists a non
empty, graph-yielding finite sequence p such that

(i) p(1) = Ga, and
(ii) p(lenp) = Gy, and
(iii) lenp = V +2, and

(iv) p(2) is a supergraph of G extended by v, and

)
)
)
(v) for every element n of domp such that 2 < n <lenp — 1 there exists
a vertex w of Gy and there exists an object e such that e € (the edges
of G1)\ (the edges of p(n)) and p(n+1) is supergraph of p(n) extended
by e between vertices v and w or supergraph of p(n) extended by e

between vertices w and v.

The theorem is a consequence of (76).

(78) Let us consider a graph Go, an object v, a non empty, finite set V', and
a supergraph G of G2 extended by vertex v and edges between v and V
of Gy. Suppose V' C the vertices of Gy and v ¢ the vertices of G2. Then
there exists a non empty, graph-yielding finite sequence p such that

(i) p(1) = G2, and
(ii) p(lenp) = Gy, and
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(i) lenp =V + 1, and

(iv) there exists a vertex w of G2 and there exists an object e such that
e € (the edges of G1)\ (the edges of G2) and p(2) is supergraph of G
extended by v, w and e between them or supergraph of Go extended
by w, v and e between them, and

(v) for every element n of domp such that 2 < n < lenp— 1 there exists
a vertex w of Gy and there exists an object e such that e € (the edges
of G1)\(the edges of p(n)) and p(n+1) is supergraph of p(n) extended
by e between vertices v and w or supergraph of p(n) extended by e
between vertices w and v.

The theorem is a consequence of (76).

Let us consider a finite, simple graph G, a set W, and a subgraph H of
G induced by W. Then there exists a non empty, finite, simple, graph-
yielding finite sequence p such that

(i) p(1) ~ H, and
(ii) p(lenp) = G, and
(iii) lenp = G.order() — H.order() + 1, and
)

(iv) for every element n of domp such that n < lenp — 1 there exists
an object v and there exists a finite set V' such that v € (the vertices
of G)\ (the vertices of p(n)) and V' C the vertices of p(n) and p(n+1)
is a supergraph of p(n) extended by vertex v and edges between v
and V of p(n).

PROOF: Define P[natural number| = for every finite, simple graph G
for every set W for every subgraph H of G induced by W such that
G.order() — H.order() = $; there exists a non empty, finite, simple,
graph-yielding finite sequence p such that p(1) ~ H and p(lenp) = G
and lenp = G.order() — H.order() + 1 and for every element n of domp
such that n < lenp — 1 there exists an object v and there exists a fi-
nite set V' such that v € (the vertices of G) \ (the vertices of p(n)) and
V' C the vertices of p(n) and p(n+ 1) is a supergraph of p(n) extended by
vertex v and edges between v and V' of p(n).

P[0]. For every natural number k such that P[k]| holds P[k + 1]. For
every natural number k, P[k]. O

Let us consider a finite, simple graph G. Then there exists a non empty,
finite, simple, graph-yielding finite sequence p such that

(i) p(1) is trivial and edgeless, and

(ii) p(lenp) = G, and
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(iii) lenp = G.order(), and

(iv) for every element n of domp such that n < lenp — 1 there exists
an object v and there exists a finite set V' such that v € (the vertices
of G)\ (the vertices of p(n)) and V' C the vertices of p(n) and p(n+1)
is a supergraph of p(n) extended by vertex v and edges between v
and V of p(n).

The theorem is a consequence of (79) and (52).
The scheme FinSimpleGraphs deals with a unary predicate P and states that
(Sch. 5) For every finite, simple graph G, P|[G]
provided

e for every trivial, edgeless graph G, P[G| and

e for every finite, simple graph Gs and for every object v and for every
finite set V and for every supergraph Gp of Gy extended by vertex v
and edges between v and V' of Ga such that v ¢ the vertices of G2 and
V' C the vertices of Gy and P[G3] holds P[G1].

Now we state the propositions:

(81) Let us consider a non empty, graph-yielding finite sequence p. Suppose

p(1) is simple and for every element n of domp such that n < lenp — 1
there exists an object v and there exists a set V' such that p(n + 1) is
a supergraph of p(n) extended by vertex v and edges between v and V' of
p(n). Then p(len p) is simple.
PROOF: Define Q[natural number] = if §; < len p, then there exists an ele-
ment k of dom p such that $; = k and p(k) is simple. Q[1]. For every non
zero natural number m such that Q[m/| holds Q[m + 1]. For every non zero
natural number m, Q[m|. O

(82) Let us consider a finite, simple, connected graph G. Then there exists
a non empty, finite, simple, connected, graph-yielding finite sequence p
such that

(i) p(1) is trivial and edgeless, and
(ii) p(lenp) = G, and
(iii) lenp = G.order(), and
(iv) for every element n of domp such that n < lenp — 1 there exists
an object v and there exists a non empty, finite set V' such that
v € (the vertices of G) \ (the vertices of p(n)) and V' C the vertices

of p(n) and p(n + 1) is a supergraph of p(n) extended by vertex v
and edges between v and V' of p(n).
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PROOF: Define P[natural number] = for every finite, simple, connected
graph G such that G.order() = $; there exists a non empty, finite, simple,
connected, graph-yielding finite sequence p such that p(1) is trivial and
edgeless and p(lenp) = G and lenp = G.order() and for every element n
of dom p such that n < lenp — 1 there exists an object v and there exists
a non empty, finite set V' such that v € (the vertices of G) \ (the vertices
of p(n)) and V' C the vertices of p(n) and p(n+ 1) is a supergraph of p(n)
extended by vertex v and edges between v and V' of p(n).

P[1]. For every non zero natural number k such that P[k] holds P[k +
1]. For every non zero natural number k, P[k]. O

The scheme FinSimpleConnectedGraphs deals with a unary predicate P and

states that

(Sch.

6) For every finite, simple, connected graph G, P[G]
provided

e for every trivial, edgeless graph G, P[G] and

e for every finite, simple, connected graph G and for every object v and for
every non empty, finite set V and for every supergraph G of G5 extended
by vertex v and edges between v and V' of Go such that v ¢ the vertices
of G2 and V' C the vertices of G2 and P[G2] holds P[G1].

Now we state the proposition:

(83) Let us consider a non empty, graph-yielding finite sequence p. Suppose

p(1) is simple and connected and for every element n of domp such that
n < lenp — 1 there exists an object v and there exists a non empty set V'
such that p(n+1) is a supergraph of p(n) extended by vertex v and edges
between v and V' of p(n). Then p(lenp) is simple and connected.
PROOF: Define Q[natural number| = if $; < len p, then there exists an ele-
ment k of domp such that $; = k and p(k) is simple and connected. Q[1].
For every non zero natural number m such that Q[m] holds Q[m + 1].
For every non zero natural number m, Q[m]. O
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Summary. In this paper we present a formalization in the Mizar system
[3],[1] of the partial correctness of the algorithm:

i :=val.l
j = val.2
n :=val.3
s = val.4

while (i <> n)

i:=1+j
s :=s % i
return s

computing the factorial of given natural number n, where variables i, n, s are
located as values of a V-valued Function, loc, as: loc/.1 = i,1loc/.3 = nand
loc/.4 = s, and the constant 1 is located in the location loc/.2 = j (set V
represents simple names of considered nominative data [16]).

This work continues a formal verification of algorithms written in terms of
simple-named complex-valued nominative data [6],[8],[14],[10],[11],[I2]. The va-
lidity of the algorithm is presented in terms of semantic Floyd-Hoare triples
over such data [9]. Proofs of the correctness are based on an inference system
for an extended Floyd-Hoare logic [2],[4] with partial pre- and post-conditions
[13], [151, 7], 15]
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Let D be a set and f1, fa, f3 be binominative functions of D. The functor
PP-composition(fi, f2, f3) yielding a binominative function of D is defined by
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(Def. 1)  fre foe fs.

Let f1, f2, f3, f4 be binominative functions of D. The functor PP-composition
(f1, f2, f3, fa) yielding a binominative function of D is defined by the term

(Def. 2) PP-composition(fi, f2, f3) ® fa.

From now on D denotes a non empty set, fi, fo, f3, f4 denote binominative
functions of D, and p, ¢, r, t, w denote partial predicates of D.
Now we state the proposition:

(1) UNCONDITIONAL COMPOSITION RULE FOR 3 PROGRAMS:
Suppose (p, f1,q) is an SFHT of D and (q, f2,r) is an SFHT of D and (r,
f3,w) is an SFHT of D and (~ q, f2,r) is an SFHT of D and (~ 7, f3,w) is
an SFHT of D. Then (p, PP-composition(f1, fo, f3),w) is an SFHT of D.
(2) UNCONDITIONAL COMPOSITION RULE FOR 4 PROGRAMS:
Suppose (p, f1,q) is an SFHT of D and (q, f2,7) is an SFHT of D and
(r, f3,w) is an SFHT of D and (w, fy,t) is an SFHT of D and (~ ¢, fa,
r) is an SFHT of D and (~ r, f3,w) is an SFHT of D and (~ w, f4,t) is
an SFHT of D. Then (p, PP-composition(fi, fo, f3, f4),t) is an SFHT of D.

In the sequel d, v, v1 denote objects, V', A denote sets, z denotes an element
of V, dy denotes a non-atomic nominative data of V' and A, f denotes a bino-
minative function over simple-named complex-valued nominative data of V' and
A, and T denotes a nominative data with simple names from V and complex
values from A.

Now we state the proposition:

(3) If V is without nonatomic nominative data w.r.t. A and v € V and
v # v1 and vy € domdy, then (d1ViT)(v1) = di(v1).

Let x, y be objects. Assume z is a complex number and y is a complex
number. The functors: x 4+ y and z * y yielding complex numbers are defined by
conditions

(Def. 3) there exist complex numbers z1, y; such that 1 = z and y; = y and
rT+y=x1+y1,
(Def. 4) there exist complex numbers z1, y; such that ;1 = z and y; = y and
XY =1T1-Yi,
respectively. Let us consider A. Assume A is complex containing. The functors:
addition(A) and multiplication(A) yielding functions from A x A into A are
defined by conditions
(Def. 5) for every objects x, y such that x, y € A holds addition(A4)(x,y) = z+v,
(Def. 6) for every objects x, y such that z, y € A holds multiplication(A)(z,y) =
T *x1Y,

respectively. Let us consider V. Let z, y be elements of V. The functors: addition
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(A, z,y) and multiplication(A, z, y) yielding binominative functions over sim-

ple-named complex-valued nominative date of V' and A are defined by terms
(Def. 7) lift-binary-op(addition(A), z, y),
(Def. 8) lift-binary-op(multiplication(A), x, y),

respectively.

Let us consider elements i, j of V and complex numbers z, y. Now we state
the propositions:

(4) Suppose A is complex containing and i, j € domd; and d; € dom(addition
(A,4,7)). Then if 2 = di(i) and y = dy(j), then (addition(A,1,75))(d1) =
T +y.

(5) Suppose A is complex containing and i, j € domd; and
dy € dom(multiplication(A,,7)). Then if x = dy(i) and y = d1(j), then
(multiplication(A4,4,))(d1) =z - y.

In the sequel loc denotes a V-valued function and val denotes a function.

Let us consider V', A, and loc. The functor factorial-loop-body(A, loc) yiel-
ding a binominative function over simple-named complex-valued nominative da-
ta of V and A is defined by the term

(Def. 9) Asg(loc/l)(addition(A, loci,locyy)) (Asg(loc/‘l)(multiplication(A, locy,
loc /1))).

The functor factorial-main-loop(A, loc) yielding a binominative function over

simple-named complex-valued nominative data of V and A is defined by the term
(Def. 10) WH(=Equality(A, loc/y, loc3), factorial-loop-body (A4, loc)).

Let us consider val. The functor factorial-var-init(A, loc, val) yielding a bi-
nominative function over simple-named complex-valued nominative data of V'
and A is defined by the term

(Def. 11)  PP-composition(Asg%/1) (val(1) =), Asg°/2) (val(2) =),
Asglo¢/s) (val(3) =), Asgo/1) (val(4) =,)).

The functor factorial-main-part(A, loc, val) yielding a binominative function
over simple-named complex-valued nominative data of V and A is defined by
the term

(Def. 12) factorial-var-init(A4, loc, val) e (factorial-main-loop(A, loc)).
Let us consider z. The functor factorial-program(A, loc, val, z) yielding a bi-

nominative function over simple-named complex-valued nominative data of V
and A is defined by the term

(Def. 13)  factorial-main-part(A, loc, val) e (Asg®((loc)s) =>a))-
In the sequel ng denotes a natural number.
Let us consider V', A, val, ng, and d. We say that ng and d constitute a valid
input for the factorial w.r.t. V', A and val if and only if
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(Def. 14) there exists a non-atomic nominative data d; of V and A such that
d = d; and {val(1),val(2),val(3),val(4)} C domd; and di(val(1)) = 0
and dj(val(2)) =1 and d;(val(3)) = ng and dy(val(4)) = 1.
The functor valid-factorial-input(V, A, val,ng) yielding a partial predicate
over simple-named complex-valued nominative data of V and A is defined by

(Def. 15) dom it = NDgc(V, A) and for every object d such that d € dom it holds
if ng and d constitute a valid input for the factorial w.r.t. V., A and val,
then it(d) = true and if ng and d do not constitute a valid input for the
factorial w.r.t. V., A and val, then it(d) = false.

Note that valid-factorial-input(V, A, val, ng) is total.
Let us consider z and d. We say that ng and d constitute a valid output for
the factorial w.r.t. A and z if and only if

(Def. 16) there exists a non-atomic nominative data d; of V and A such that
d=dy and z € domd; and d;i(z) = ng!.
The functor valid-factorial-output(A, z,ng) yielding a partial predicate over
simple-named complex-valued nominative data of V' and A is defined by

(Def. 17) dom it = {d, where d is a nominative data with simple names from V'
and complex values from A : d € dom(z =)} and for every object d such
that d € dom it holds if ng and d constitute a valid output for the factorial
w.r.t. A and z, then it(d) = true and if ng and d do not constitute a valid
output for the factorial w.r.t. A and z, then it(d) = false.

Let us consider loc and d. We say that ng and d constitute a valid invariant
for the factorial w.r.t. A and loc if and only if

(Def. 18) there exists a non-atomic nominative data d; of V' and A such that
d = dy and {loc)y,locs,loc/s,locsy} C domd; and di(locss) = 1 and
di(loc;3) = ng and there exist natural numbers I, S such that I = di(loc);)
and S = d;(loc)y) and S = I!.

The functor factorial-inv(A4, loc, ng) yielding a partial predicate over simple-
named complex-valued nominative data of V' and A is defined by

(Def. 19) dom it = NDgc(V, A) and for every object d such that d € dom it holds
if ng and d constitute a valid invariant for the factorial w.r.t. A and loc,
then it(d) = true and if ng and d do not constitute a valid invariant for
the factorial w.r.t. A and loc, then it(d) = false.

One can check that factorial-inv(A, loc, ng) is total.
Let us consider val. We say that loc and val are compatible w.r.t. 4 locations
if and only if
(Def. 20) wal(4) # loc;s and val(4) # loc/, and val(4) # loc;; and val(3) # loc/y
and val(3) # loc;y and val(2) # loc/;.
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Now we state the propositions:

(6) Suppose V is not empty and V' is without nonatomic nominative data

w.r.t. A and locy, locy, locs, loc)y are mutually different and loc and val
are compatible w.r.t. 4 locations. Then (valid-factorial-input(V, A, val, ngp),
factorial-var-init(A, loc, val), factorial-inv(A, loc, ng)) is an SFHT of NDgc
(V, A).
PROOF: Set @ = loc/y. Set j = locjy. Set n = loc3. Set s = locy. Set
i1 = val(1). Set j1 = val(2). Set n; = val(3). Set s; = val(4). Set [ =
valid-factorial-input(V, A, val, ng). Set iy = factorial-inv(A, loc,ng). Set
Dy = 11 =. Set Dy = j1 =a- Set D3 = N1 =q- Set Dy = s1 =,. Set
S = Sp(ig,D4,S). Set Ry = Sp(Sl,Dg,n). Set Q1 = Sp(Rl,DQ,j). Set
P = Sp(Ql,Dl,i). I ): P. O

(7) Suppose V is not empty and A is complex containing and V' is without
nonatomic nominative data w.r.t. A and loc,, loc/y, locs, loc,, are mu-
tually different. Then (factorial-inv(A, loc, ng), factorial-loop-body (A, loc),
factorial-inv(A, loc, ng)) is an SFHT of NDgc(V, A). The theorem is a con-
sequence of (3), (4), and (5).

(8) (~ factorial-inv(A, loc, ng), factorial-loop-body (A, loc), factorial-inv (A,
loc,mp)) is an SFHT of NDgc(V, A).

(9) Suppose V is not empty and A is complex containing and V' is without
nonatomic nominative data w.r.t. A and loc,y, loc)s, locs, loc,y are mu-
tually different. Then (factorial-inv(A, loc, ng), factorial-main-loop (A4, loc),
Equality (A, loc;y, locs) AMfactorial-inv(A, loc, ng)) is an SFHT of NDgc(V; A).
The theorem is a consequence of (7) and (8).

(10) Suppose V is not empty and A is complex containing and V' is without
nonatomic nominative data w.r.t. A and loc,, loc/y, locs, loc,, are mu-
tually different and loc and val are compatible w.r.t. 4 locations. Then
(valid-factorial-input(V, A, val, ng), factorial-main-part (A, loc, val),
Equality(A, loc,y,loc3) Afactorial-inv(A, loc, ng)) is an SFHT of NDga(V; A).
The theorem is a consequence of (6) and (9).

(11) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A and for every T, T' is a value on loc;; and T' is a value on loc/3.
Then Equality(A, loc/y, loc/s) A factorial-inv (A, loc, ng) =
Sp (valid-factorial-output(A, z,n9), (loc/s) =4, 2).

PROOF: Set @ = loc/y. Set j = locjy. Set n = locz. Set s = locy. Set
D4 = s =,. Consider d; being a non-atomic nominative data of V and A
such that d = d; and {i,j,n,s} C domd; and di(j) = 1 and dy(n) = ng
and there exist natural numbers I, S such that I = d; (i) and S = d;(s) and
S = I!. Reconsider do = d as a nominative data with simple names from
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V and complex values from A. Set L = daVZD4(dz2). ng and L constitute
a valid output for the factorial w.r.t. A and z. [J

(12) Suppose V is not empty and V' is without nonatomic nominative data

w.r.t. A and for every T, T' is a value on loc;; and T' is a value on loc/3.
Then (Equality(A4, loc/1, loc/3) Afactorial-inv(A, loc, no), Asg®((loc/s) =),
valid-factorial-output(A, z,ng)) is an SFHT of NDgc(V, A). The theorem
is a consequence of (11).

(13) Suppose for every T', T is a value on loc,; and T is a value on loc/3. Then

(~ (Equality(A,loc/i,loc/3) A factorial-inv(A, loc,ng)), Asg®((loc/s) =>a),
valid-factorial-output(A, z,ng)) is an SFHT of NDgc(V, A).

(14) PARTIAL CORRECTNESS OF A FACTORIAL ALGORITHM:

1]

2]
3]
[4]

[5]

[6]

[7]

[9]

Suppose V is not empty and A is complex containing and V' is without no-

natomic nominative data w.r.t. A and loc,y, loc/s, locs, loc,4 are mutually

different and loc and val are compatible w.r.t. 4 locations and for every T,

T'is a value on loc/; and T is a value on loc 3. Then (valid-factorial-input(V

A, wval,ng), factorial-program(A, loc, val, z), valid-factorial-output (A, z, ng))
is an SFHT of NDgc(V, A). The theorem is a consequence of (10), (12),

and (13).
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Summary. This work continues a formal verification of algorithms written

in terms of simple-named complex-valued nominative data [6], [8],[15],[11],[12],[13].

In this paper we present a formalization in the Mizar system [3],[I] of the partial

correctness of the algorithm:

1= val.
1= val.

;= val.

n B T« e
1]

;= val.

while (i

val.

g W N

<> n)

i:=1+j
s :=s * b

return s

computing the natural n power of given complex number b, where variables i,

b, n, s are located as values of a V-valued Function, loc, as: loc/.1 = i,
loc/.3 = b, loc/.4 = n and loc/.5 = s, and the constant 1 is located in the
location loc/.2 = j (set V represents simple names of considered nominative

data [17]).

The validity of the algorithm is presented in terms of semantic Floyd-Hoare

triples over such data [9]. Proofs of the correctness are based on an inference sys-

tem for an extended Floyd-Hoare logic [2],[4] with partial pre- and post-conditions

[14], [161,[7],15]

MSC: 68Q60 68T37 [03B70 |03B35

Keywords: power; nominative data; program verification

MML identifier: NOMIN_6, version:8.1.09 5.57.1355

189

(© 2019 University of Bialystok
CC-BY-SA License ver. 3.0 or later
ISSN 1426-2630(Print), 1898-9934(Online)


https://content.sciendo.com/view/journals/forma/forma-overview.xml
https://orcid.org/0000-0003-4899-4983
http://zbmath.org/classification/?q=cc:68Q60
http://zbmath.org/classification/?q=cc:68T37
http://zbmath.org/classification/?q=cc:03B70
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/nomin_6.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

190 ADRIAN JASZCZAK

Let D be a set and fi1, fo, f3, f1, f5 be binominative functions of D. The
functor PP-composition(f1, fo, f3, f1, f5) yielding a binominative function of D
is defined by the term

(Def. 1) PP-composition(f1, fa, f3, f1) ® f5.

From now on D denotes a non empty set, fi, fa, f3, f4, f5 denote binomi-
native functions of D, and p, q, 7, t, w, u denote partial predicates of D.
Now we state the proposition:

(1) UNCONDITIONAL COMPOSITION RULE FOR 5 PROGRAMS:
Suppose (p, f1,q) is an SFHT of D and (g, fa,7) is an SFHT of D and
(r, f3,w) is an SFHT of D and (w, f4,t) is an SFHT of D and (¢, f5,u) is
an SFHT of D and (~ gq, f2,r) isan SFHT of D and (~ r, f3,w) is an SFHT
of D and (~ w, fa,t) is an SFHT of D and (~ t, f5,u) is an SFHT of D.
Then (p, PP-composition( f1, fa, f3, f4, f5),u) is an SFHT of D.

In the sequel d, v, v; denote objects, V, A denote sets, i, j, b, n, s, z
denote elements of V', i1, ji, b1, n1, s1 denote objects, di, Lo, Ls, L1, L4, L3
denote non-atomic nominative data of V and A, and Do, D3, Dy, D4, D5 denote
binominative functions over simple-named complex-valued nominative date of
V and A.

Now we state the propositions:

(2) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A and Dy = iy =, and D3 = j; =, and Dy = by =, and Dy =
n1 =4 and D5 = s1 =, and Ly = d; V% Dy(dy) and Ly = LoV’ D3(Ls) and
L1 = Lgngl (Lg) and L4 = L1V2D4(L1) and L5 = L4VZD5(L4) and jl,
b1, n1, s1 € domd; and dy € dom Dy and s # n. Then Ls(n) = Ly(n).

(3) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A and Dy = iy =, and D3 = j; =, and D; = by =, and Dy =
n1 =4 and D5 = s1 =4 and Ly = d1 Vi Do(dy) and Lg = LoVJ D3(Ls) and
L1 = L3VZD1(L3) and L4 = L1VZD4(L1) and L5 = L4VZD5(L4) and jl,
b1, n1, s1 € domd; and d; € dom Dy and s # i. Then Ls(i) = L4(7).

In the sequel f denotes a binominative function over simple-named complex-
valued nominative data of V' and A, T denotes a nominative data with simple
names from V and complex values from A, loc denotes a V-valued function, and
val denotes a function.

Let us consider V', A, and loc. The functor power-loop-body(A, loc) yielding

a binominative function over simple-named complex-valued nominative data of
V and A is defined by the term

(Def. 2)  Asg¢/1) (addition(A, locy,locyy)) e (Asg(oe/s) (multiplication(A, locs,
lOC/g))).
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The functor power-main-loop (A, loc) yielding a binominative function over
simple-named complex-valued nominative data of V' and A is defined by the
term

Def. 3) WH(— Equality(A, loc/,loc,,), power-loop-body (A, loc)).
/ /
Let us consider val. The functor power-var-init(A, loc, val) yielding a bino-

minative function over simple-named complex-valued nominative data of V' and
A is defined by the term

(Def. 4)  PP-composition(Asg/1) (val(1) =), Asg22) (val(2) =),
Asgle/3) (val(3) =), Asgllo/4) (val(4) =), Asg/3) (val(5) =4)).
The functor power-main-part(A,loc,val) yielding a binominative function
over simple-named complex-valued nominative data of V and A is defined by
the term

(Def. 5) power-var-init(A, loc, val)  (power-main-loop(A4, loc)).
Let us consider z. The functor power-program(A, loc, val, z) yielding a bino-

minative function over simple-named complex-valued nominative data of V' and
A is defined by the term

(Def. 6) power-main-part(A, loc, val) e (Asg®((loc/s) =a))-
In the sequel ng denotes a natural number and by denotes a complex number.

Let us consider V', A, val, by, ng, and d. We say that by, ng and d constitute
a valid input for the power w.r.t. V', A and val if and only if

(Def. 7) there exists a non-atomic nominative data d; of V and A such that d =
dy and {wval(1),val(2),val(3),val(4),val(5)} € domd; and di(val(l)) =
0 and di(val(2)) = 1 and di(val(3)) = by and di(val(4)) = np and
dy(val(5)) = 1.

The functor valid-power-input(V, A, val, by, ng) yielding a partial predicate
over simple-named complex-valued nominative data of V' and A is defined by
(Def. 8) dom it = NDgc(V, A) and for every object d such that d € dom it holds

if by, ng and d constitute a valid input for the power w.r.t. V, A and val,
then it(d) = true and if by, ng and d do not constitute a valid input for
the power w.r.t. V, A and val, then it(d) = false.
Let us observe that valid-power-input(V, A, val, by, ng) is total.
Let us consider z and d. We say that by, ng and d constitute a valid output
for the power w.r.t. A and z if and only if

(Def. 9) there exists a non-atomic nominative data d; of V' and A such that
d=dy and z € domd; and di(z) = by"°.

The functor valid-power-output (A4, z, by, ny) yielding a partial predicate over
simple-named complex-valued nominative data of V' and A is defined by
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(Def. 10) dom it = {d, where d is a nominative data with simple names from V
and complex values from A : d € dom(z =,)} and for every object d
such that d € dom it holds if by, ng and d constitute a valid output for
the power w.r.t. A and z, then it(d) = true and if by, ny and d do not
constitute a valid output for the power w.r.t. A and z, then it(d) = false.

Let us consider loc and d. We say that by, ng and d constitute a valid invariant
for the power w.r.t. A and loc if and only if

(Def. 11) there exists a non-atomic nominative data d; of V and A such that
d = dy and {loc/y,locy,locs, locyy, loc)s} C domdy and dy(locjp) = 1 and
di(locs3) = by and dy (loc;s) = ng and there exists a complex number S and
there exists a natural number I such that I = dj(loc/;) and S = dy(loc/s)
and S = by’

The functor PP-composition(A4, loc, by, no) yielding a partial predicate over
simple-named complex-valued nominative data of V' and A is defined by

(Def. 12) dom it = NDgc(V, A) and for every object d such that d € dom it holds
if by, ng and d constitute a valid invariant for the power w.r.t. A and loc,
then it(d) = true and if by, ng and d do not constitute a valid invariant
for the power w.r.t. A and loc, then it(d) = false.

Observe that PP-composition(A, loc, by, ng) is total.
Let us consider val. We say that loc and val are compatible w.r.t. 5 locations
if and only if
(Def. 13)  wal(5) # loc;, and val(5) # loc/3 and val(5) # loc/y and val(5) # loc;
and val(4) # loc/s and val(4) # locsy and val(4) # loc/; and val(3) #
locjy and val(3) # loc;; and val(2) # loc;.
Now we state the propositions:

(4) Suppose V is not empty and V is without nonatomic nominative data

w.r.t. A and loc,y,loc)y,locs,loc y,locs are mutually different and loc and
val are compatible w.r.t. 5 locations. Then (valid-power-input(V, A, val, by,
ng), power-var-init( A, loc, val), PP-composition(A4, loc, by, ng)) is an SFHT
of NDgc(V, A).
PROOF: Set i = loc;;. Set j = locjy. Set b = loc;3. Set n = locy. Set
s = locss. Set i1 = wval(1). Set j1 = val(2). Set by = val(3). Set ny =
val(4). Set s1 = val(5). Set I = valid-power-input(V, A, val, by, ng). Set
i9 = PP-composition(A, loc, by, ng). Set Dy = i1 =4. Set D3 = j1 =4. Set
Dy = b1 —a- Set Dy = np =,. Set D5 = 81 =>q- Set T = Sp(iQ,D5,S).
Set 51 = Sp(Tl,D4,7”L). Set R1 = Sp(Sl,Dl,b). Set Ql = Sp(Rl,Dg,j).
Set P = SP(Ql,ngi)- I ': Py by [67 (39)}7 [87 (9)]7 [107 (4)] O

(5) Suppose V is not empty and A is complex containing and V' is without
nonatomic nominative data w.r.t. A and loc/y,loc/g,locz,locy,loc/s are
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mutually different. Then (PP-composition(A, loc, by, ng), power-loop-body
(A, loc), PP-composition(A, loc, by, ng)) is an SFHT of NDgc(V, A).

(6) (~ PP-composition(A4, loc, by, ng), power-loop-body (A4, loc),
PP-composition(A4, loc, by, np)) is an SFHT of NDgc(V, A).

(7) Suppose V is not empty and A is complex containing and V' is without
nonatomic nominative data w.r.t. A and locy,loc/y,locs,loc,,loc/s are
mutually different. Then (PP-composition(A4, loc, by, ng), power-main-loop
(4, loc), Equality(A, loc/y, loc/4) NPP-composition(A, loc, b, o)) is an SF-
HT of NDgc(V, A). The theorem is a consequence of (5) and (6).

(8) Suppose V is not empty and A is complex containing and V' is witho-
ut nonatomic nominative data w.r.t. A and loc,y,loc ,loc;z,loc,y,locs are
mutually different and loc and val are compatible w.r.t. 5 locations. Then
(valid-power-input(V, A, val, by, ng), power-main-part(A4, loc, val), Equality
(A,locyy,loc,4) NPP-composition(A4, loc, by, o)) is an SFHT of NDs¢(V, A).
The theorem is a consequence of (4) and (7).

(9) Suppose V is not empty and V is without nonatomic nominative data

w.r.t. A and for every T', T'is a value on loc/; and for every T', T'is a value
on loc/4. Then Equality (A, loc/y,loc;,) A PP-composition(A, loc, by, no) =
Sp (valid-power-output(A4, 2, by, no), (loc/s) =, 2)-
PROOF: Set i = loc;;. Set j = locjy. Set b = loc;3. Set n = locy. Set
s = loc/5. Set D5 = s =,. Consider d; being a non-atomic nominative data
of V and A such that d = d; and {3, j,b,n,s} C domd; and di(n) = ng
and di(b) = by and there exists a complex number S and there exists
a natural number I such that I = dy(i) and S = dy(s) and S = by’
Reconsider ds = d as a nominative data with simple names from V and
complex values from A. Set L = daVZDs5(d2). by, ng and L constitute a
valid output for the power w.r.t. A and z. [J

(10) Suppose V is not empty and V' is without nonatomic nominative data
w.r.t. A and for every T', T'is a value on loc/; and for every T', T'is a value
on loc;y. Then (Equality(A,loc/q,loc;y) A PP-composition(A, loc, by, no),
Asg®((loc/s) =), valid-power-output(A4, 2, by, ng)) is an SFHT of NDgc(V,
A). The theorem is a consequence of (9).

(11) Suppose for every T', T' is a value on loc,; and for every T, T'is a value on
locy. Then (~ (Equality(A4,loc/i,loc/4) A PP-composition(A4, loc, by, no)),
Asg®((loc/s) =q), valid-power-output (A, 2, by, 0))
is an SFHT of NDg¢(V, A).

(12) PARTIAL CORRECTNESS OF A POWER ALGORITHM:

Suppose V' is not empty and A is complex containing and V is without
nonatomic nominative data w.r.t. A and locy,locg,locz,loc,,loc/s are
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mutually different and loc and val are compatible w.r.t. 5 locations and
for every T', T' is a value on loc;; and for every T, T' is a value on loc/y.
Then (valid-power-input(V, A, val, by, ng), power-program (A, loc, val, z),
valid-power-output(A4, z, b, ng)) is an SFHT of NDgc(V, A). The theorem
is a consequence of (8), (10), and (11).
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Summary. The article is the next in a series aiming to formalize the
MDPR-theorem using the Mizar proof assistant [3], [6], [4]. We analyze four equ-
ations from the Diophantine standpoint that are crucial in the bounded quantifier
theorem, that is used in one of the approaches to solve the problem.

Based on our previous work [I], we prove that the value of a given binomial
coefficient and factorial can be determined by its arguments in a Diophantine
way. Then we prove that two products

z=Ja+i-w, z=[Jw+1-4), (0.1)

where y > x are Diophantine.
The formalization follows [10], Z. Adamowicz, P. Zbierski [2] as well as M. Da-
vis [5].
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1. PRODUCT OF ZERO BASED FINITE SEQUENCES

From now on i, j, n, n1, ng, m, k, I, u denote natural numbers, r, r1, 72 denote
real numbers, x, y denote integers, a, b denote non trivial natural numbers, F’
denotes a finite 0-sequence, F, F1, F2 denote complex-valued finite 0-sequences,
and ¢, ¢1, co denote complex numbers.

Let us consider ¢ and co. Let us note that (c1, co) is complex-valued.
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Let F be a finite O-sequence. The functor [[ F yielding an element of C is
defined by the term

(Def. 1) -c®F.
Now we state the propositions:
(1) If F is real-valued, then [[F = g ©® F.
(2) If Fis Zvalued, then [[F =z ® F.
(3) If F is natural-valued, then [[F = .y © F.
Let F be a real-valued finite 0-sequence. One can check that [] F' is real.
Let F' be a natural-valued finite 0-sequence. One can verify that [[F' is

natural.
Now we state the propositions:
(4) U F =0, then [[F=1.
(5) II{e) =
(6) Tl{c1,c2) =c1-ca.
(M) IR~ F2) =1 F) - (1 F2)-
8) c+Fi~Fa=(c+F1)" (c+ Fo).
PROOF: For every object x such that z € dom(c+ F; = F) holds (¢+F; ™
Fo)(@) = ((c+F1) ™ (c+ Fo)) (). O
(9) c1 + <CQ> = <01 + C2>.
(10) Let us consider finite 0-sequences fi, f2, and n. Suppose n < len fi.
Then (f1 7 f2)jn = fijn ™ fo
Let us consider n. One can verify that there exists a finite 0-sequence which
is m-element and natural-valued and there exists a finite 0-sequence which is
natural-valued and positive yielding.
Let R be a positive yielding binary relation and X be a set. Observe that
R[X is positive yielding.
Let X be a positive yielding, real-valued finite O-sequence. One can verify
that J[] X is positive.
Now we state the proposition:

(11) Let us consider a natural-valued, positive yielding finite 0-sequence X.

If i € dom X, then X (i) <[] X.
PROOF: Define Plnatural number] = for every natural-valued, positive
yielding finite 0-sequence X for every natural number ¢ such that len X =
$1 and ¢ € dom X holds X (7) < [[ X. If P[n], then P[n + 1]. P[n]. O

Let X be a natural-valued finite 0-sequence and n be a positive natural

number. Let us observe that n 4+ X is positive yielding.
Now we state the proposition:
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Let us consider natural-valued finite O-sequences X1, Xo. Suppose len X7
= len X5 and for every n such that n € dom X; holds X;(n) < Xa(n).
Then HX1 < HX2
PROOF: Define P[natural number| = for every natural-valued finite 0-
sequences X1, X5 such that len X1 = $; = len X, and for every n such
that n € dom X holds Xj(n) < Xa(n) holds [T X1 < [[ Xa. P[0]. If P[n],
then Pn + 1]. Pn]. O

2. BINOMIAL 1S DIOPHANTINE

Now we state the propositions:

(13)

(14)

(15)

If k < n, then (}) < nk.
PROOF: Define P[natural number] = if $; < n, then () < nSt. If Pml,
then Plm + 1]. P[m]. O

If u>n*and n >k > i, then (}) - (u') < % The theorem is a consequ-
ence of (13).

If u > n* and n > k, then L(uzi,})nj mod u = (}).

ProOF: Set I = ((3)1%",..., (})1"u"). Set ki = k + 1. Consider ¢ be-
ing a finite sequence such that I = (I[k1) ~ q. Reconsider I} = I as
a finite sequence of elements of N. Set ko = k — % For every natural
number i such that i € Segk holds (I [k)(i) < ka(7). Define P[natural
number, object] = $2 € N and for every natural number i such that i = $5
holds ¢($;) = u* - u - 4. For every natural number j such that j € Seglen g
there exists an object = such that P[j,z]. Consider @) being a finite se-
quence such that dom @) = Seglen ¢ and for every natural number j such
that j € Seglen ¢ holds P[j, Q(j)]. rng @ C N. For every natural number i
such that 1 < 4 < len ¢ holds ¢(i) = (u*-u-Q)(4). L%khj = () +u- Q).
(7) < n¥. O

(16) Let us consider natural numbers x, y, z. Then z > z and y = (%) if and

only if there exist natural numbers u, v, y1, yo, y3 such that y; = x* and
y2 = (u+1)" and y3 = u* and v > y; and v = [ 2] and y = v (mod u)
and y < u and =z > z.

ProOOF: If z > z and y = (;E), then there exist natural numbers u, v, y1,
Y2, y3 such that y; = 2% and y2 = (u+1)" and y3 = v* and u > y; and
v=|£]andy =0 (modu) and y <uwand 2>z y mod u= (7). O

199
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3. FACTORIAL IS DIOPHANTINE

Now we state the propositions:

(17) Ifk>0and n>2-k* then k! = L%J.
k

(18) Let us consider natural numbers z, y. Then y = z! if and only if there
exist natural numbers n, yi, y2, y3 such that y; = 2- 2! and yy = n®
and y3 = () and n > y; and y = Lz—ij
PRrROOF: If y = !, then there exist natural numbers n, y1, y2, y3 such that

y1=2-z"" and yp = n” and y3 = () and n > y1 and y = [2]. O

4. DIOPHANTICITY OF SELECTED PRODUCTS

In the sequel z, y, x1, u, w denote natural numbers.
Now we state the propositions:

(19) Let us consider natural numbers z1, w, u. Suppose 1 - w = 1 (mod u).
Let us consider a natural number x. Then [](1 + z; - (idseq(z))) = 1* -
(1) - (“I7) (modu).
ProOF: Consider b being an integer such that w-b = 1 - w — 1. Define
Plnatural number] = [T(1 4z - (idseq($1))) = 1% - ($1!) - (’LU;—I$1) (mod u).
If P[n], then P[n + 1] by [12}, (43)]. P[n]. O

(20) Let us consider natural numbers x, y, z1. Suppose x1 > 1. Then y =
[T(1 4 21 - (idseq(x))) if and only if there exist natural numbers u, w, yi,
Y2, Y3, Y4, Y5 such that v > y and 21 - w = 1 (modwu) and y; = z1* and

yo =zl and y3 = (“}*) and y1 - y2 - y3 =y (modu) and y4 = 1421 -2 and

Y5 = ya* and u > ys.

PROOF: Define P[natural number] = (1 + z; - $1)$1 > [1(1+z1-(idseq($1))).

If P[n], then P[n+1]. P[n]. If y = [[(1+x1-(idseq(z))), then there exist na-

tural numbers w, w, Y1, Y2, Y3, Y4, Y5 such that u > y and z1-w = 1 (mod u)

and y; = 1% and yo = z! and y3 = (w;“x) and y1 - y2 - y3 =y (mod u) and
ys = 14212 and y5 = y4” and u > ys by [8] (16)]. Set U = 217+ (z!)- (V7).
[1(1 + 21 - (idseq(x))) = U (modu). O

(21) c1+n—co=nr (c1 +c2).

(22) Let us consider natural numbers x, y, 1. If 21 =0, then y = [](1 4+ 21 -
(idseq(x))) iff y = 1. The theorem is a consequence of (21).

(23) If n >k, then [J(n+ 14 —idseq(k)) = k!- (7).
PROOF: Define P[natural number] = if $; < n, then [[(n+14 —idseq($1))
=$!- ($"1) If P[i], then P[i + 1] by [T, (3), (2)]. P[i]. O
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(24) Let us consider natural numbers y, z1, x2. Then y = [[(x2 + 1 +
—idseq(z1)) and w9 > 27 if and only if y = x1! - (ﬁ) and z9 > 7.

5. SELECTED SUBSETS OF ZERO BASED FINITE SEQUENCES OF N
AS DIOPHANTINE SETS

From now on n, m, k denote natural numbers, p, ¢ denote n-element finite
0-sequences of N| iy, io, i3, i4, 15, i denote elements of n, and a, b, d, f denote
integers.

Now we state the propositions:

(25) Let us consider natural numbers a, b, i1, i3, and i3. Then {p : p(i1) =
(a-p(i2) +b) - p(iz)} is a Diophantine subset of the n-xtuples of N.
PROOF: Define R(natural number, natural number, natural number) = a -
$1 + b. Define P;[natural number, natural number, natural object, natural
number, natural number, natural number] = 1-$; = 1-$3-$5. For every n, i1,
02,13, 14, and i5, {p 1P Lp(il)7p(i2)v R(p(ig),p(i4),p(i5)),p(i3),p(i4),p(i5)]}
is a Diophantine subset of the n-xtuples of N. Define Q;[finite 0-sequence
of N| = P1[81(41), $1(43), a-$1(32) +b, $1(i3), $1(i3), $1(i3)]. Define Qo[finite
0-sequence of N = §;(i1) = (a-$1(i2) +b)-$1(i3). {p : Qi[p|} = {q: Qa[g]}-
O

(26) {p:p(i1) = a-p(iz) - p(iz)} is a Diophantine subset of the n-xtuples of
N.

PROOF: Define Q[finite 0-sequence of N] = 1-$1(i1) = a - $1(42) - $1(43).
Define Qylfinite O-sequence of N] = $;(i1) = a-$1(i2)-$1(i3). {p: Q1[p]} =
{g: Q[q]}. O

(27) Let us consider a Diophantine subset A of the n-xtuples of N, and natural

numbers k, ng. Suppose k +nyg = n. Then {p,, : p € A} is a Diophantine
subset of the k-xtuples of N.
PRrOOF: Consider ng being a natural number, p; being a Z-valued poly-
nomial of n + n3,Rp such that for every object s, s € A iff there exists
an n-element finite 0-sequence x of N and there exists an ng-element finite
0-sequence y of N such that s = z and eval(p;, %(z " y)) = 0. Reconsider
I = idy4n, as a finite O-sequence. Set Iy = I[ny4. Set Iy = (I[n),,. Set
I3 = I},,. Reconsider J = (I;" 1) " I3 as a function from n+n3 into n+ns.
Set h = the p; permuted by J~'. Reconsider H = h as a polynomial of
k+ (n4a +n3),Rp. Set Y = {pp, : p € A}. Y C the k-xtuples of N. For
every object s, s € Y iff there exists a k-element finite 0-sequence = of N
and there exists an (n4 + n3)-element finite 0-sequence y of N such that
s = and eval(H, %z ~y)) = 0 by [9, (25)], [IT} (27)]. O
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(28) Let us consider integers a, b, a natural number ¢, i1, i2, and i3. Then
{p:a-pliy) = ingzgj and ¢ - p(i3) # 0} is a Diophantine subset of

the n-xtuples of N.

PROOF: Define Fy(natural number, natural number, natural number) =
c-$3+a-c-$1-$3. For every n, i1, ig, i3, i1, and d, {p : Fa(p(i1), p(i2), p(i3)) =
d-p(is)} is a Diophantine subset of the n-xtuples of N. Define Py[natural
number, natural number, integer] = b - $; + 0 < $3. For every n, i1, i,
i3, 14, and is, {p : Pa[p(i1),p(i2), F2(p(i3), p(ia), p(i5))]} is a Diophan-
tine subset of the n-xtuples of N. Define Ps[natural number, natural
number, integer] = b-$; > $3 + 0. Define Fz(natural number, natural
number, natural number) = a - ¢ - $; - $3. For every n, i, i9, i3, i4, and
is, {p : Polp(in), plia), Fa(plis), p(ia), plis))]} is a Diophantine subset of
the n-xtuples of N.

Define Q;[finite 0-sequence of N] = P2[$1(Z2),$1(22), Fo($1(41), $1(41),
$1(i3))] Define Qslfinite 0-sequence of N] = P3[$1(42), $1(i2), F3($1(41),
$1(71), $1(i3))]. Define Q1o[finite O-sequence of N] = Q1[$1] and Q2[$;]. De-
fine Qslfinite 0-sequence of N] = ¢-$(i3) # 0-$1(i3) +0. Define Q193[finite
0-sequence of N| = Q19[$;] and Q3[$1]. Define 7 [finite 0-sequence of N] =
a-$1(i1) = Liii(ggj and c¢-$1(i3) # 0. {p : Q1[p] and Qz[p]} is a Diophan-
tine subset of the n-xtuples of N. {p : Q12[p] and Qz[p]} is a Diophantine
subset of the n-xtuples of N. For every p, T [p] iff Q1a3[p]. {p: T[p]} = {¢

: Quaslq]}. O

Let us consider 71, i3, and i3. Now we state the propositions:

(29) If n # 0, then {p : p(i1) > p(is) and p(iz) = (7 “))} is a Diophantine
subset of the n-xtuples of N.
PROOF: Set ng = n+ 6. Define R/[finite 0-sequence of N] = $;(i1) > $1(i3)
and $;(iz) = ($1§“§) Set RR = {p : R[p|}. Reconsider X = i;, Y = i,
Z=1i3,U=n,V=n+1Y1=n4+2,Yo=n+3,Ys=n+4,U;=n+5
as an element of n + 6. Define P;[finite 0-sequence of N] = $;(Y;) =
$1(X)*1 ). Define Py[finite 0-sequence of N] = $;(V2) = $1(U7)** ). De-
fine Psfinite O-sequence of N| = $;(Y3) = $,(U)*19) | Define Py[finite
0-sequence of N] = 1-$;(U) > 1-$1(Y7) 4 0. Define P5[finite 0-sequence of
Nl=1-$(V) = Hgigﬁgj and 1-3%1(Y3) # 0. {p, where p is an ng-element
finite 0-sequence of N : P5[p]} is a Diophantine subset of the ng-xtuples of
N.

Define Pglfinite 0-sequence of N] = 1-$1(Y) = 1-$1(V) (mod 1-$,(U)).
Define P [finite 0-sequence of N| = 1-$;(U) > 1-$1(Y")+0. Define Pg|[finite
0-sequence of N] = 1-8$1(X) > 1-$1(Z) + 0. Define Py|[finite 0-sequence
of Nj =1-8%1(U1) =1-8%1(U) + 1. Define Pislfinite 0-sequence of N| =
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P1[$1] and P2[$1]. {p, where p is an ng-element finite O-sequence of N :
P12[p]} is a Diophantine subset of the ng-xtuples of N. Define Pjoslfinite
0-sequence of N|] = P2[$;1] and Ps[$1]. {p, where p is an ng-clement finite
0-sequence of N : Pjas[p]} is a Diophantine subset of the ng-xtuples of N.
Define Pjos4[finite 0-sequence of N] = Pio3[$1] and Py[$1]. {p, where p is
an ng-element finite 0-sequence of N : Pja34[p]} is a Diophantine subset of
the ng-xtuples of N. Define Pj9345[finite 0-sequence of N| = Pja34[$1] and
P5[$1]. {p, where p is an ng-element finite 0-sequence of N : Pioss5[p]} is
a Diophantine subset of the ng-xtuples of N.

Define P1a3456[finite 0-sequence of N| = P1a345[$1] and Pg[$1]. {p, where
p is an ng-element finite 0-sequence of N : Pjo3456[p]} is a Diophantine
subset of the ng-xtuples of N. Define Pia34567|[finite 0-sequence of N| =
Piosas6[31] and P7[$1]. {p, where p is an ng-element finite 0-sequence of
N : Piasaser[p]} is a Diophantine subset of the ng-xtuples of N. Define
P1asasers[finite O-sequence of N| = Piossser[$1] and Ps[$1]. {p, where p
is an ng-element finite O-sequence of N : Piasss678[p]} is a Diophantine
subset of the ng-xtuples of N. Define Pj93456789]finite 0-sequence of N| =
Prasasers|[$1] and Pg[$1]. Set PP = {p, where p is an ng-element finite
0-sequence of N : Piossse7s9[p|}. PP is a Diophantine subset of the ng-
xtuples of N. Reconsider PP,, = {p[n, where p is an ng-element finite
0-sequence of N : p € PP} as a Diophantine subset of the n-xtuples of N.
PP, C RR. RR C PP,,.

(30) {p: p(i1) > p(iz) and p(iz) = (gg:;;)} is a Diophantine subset of the n-

xtuples of N. The theorem is a consequence of (29).

Let us consider 7; and 7. Now we state the propositions:

(31) Ifn #0,then {p:p(i1) = p(i2)'} is a Diophantine subset of the n-xtuples
of N.
PROOF: Set ng = n+6. Define R[finite O-sequence of N| = $;(i1) = $1(i2)!.
Set RR = {p : R[p|}. Reconsider ¥ = i1, X =iy, N =n, Y1 =n+1,
Yo=n+2,Ys=n+3, X1 =n+4, Xo =n+5 as an element of n + 6.
Define P [finite O-sequence of N] = $1 (V1) = $1(X2)* %) Define P;[finite
0-sequence of N] = §;(Y2) = $1(N)$1(X). Define Pjs[finite 0-sequence of
N] = $1(N) > $1(X) and $1(Y3) = (gig%) {p, where p is an ng-element
finite 0-sequence of N : Ps[p]} is a Diophantine subset of the ng-xtuples
of N. Define Py[finite 0-sequence of N] = 1-$1(Y) = H%E%J and 1 -
$1(Y3) # 0. {p, where p is an ng-element finite 0-sequence of N : Py[p]} is
a Diophantine subset of the ng-xtuples of N. Define Ps[finite 0-sequence
of N =1-%1(X2) = 2-3%1(X) + 0. Define Pg[finite 0-sequence of N] =
1-%1(X1) =1-%$1(X) + 1. Define Pr[finite 0-sequence of N] = 1-$;(N) >
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1-$1(Y1) + 0. Define Pyolfinite O-sequence of N|] = P;[$1] and P2[$1]. {p,
where p is an ng-element finite O-sequence of N : Pja[p]} is a Diophantine
subset of the ng-xtuples of N.

Define Pjo3[finite 0-sequence of N| = Pio[$1] and P3[$1]. {p, where p
is an ng-element finite 0-sequence of N : Pjo3[p|} is a Diophantine sub-
set of the ng-xtuples of N. Define Pj234[finite 0-sequence of N| = Pja3[$1]
and Py[$1]. {p, where p is an ng-element finite O-sequence of N : Pya34[p|} is
a Diophantine subset of the ng-xtuples of N. Define Pj9345[finite 0-sequence
of N] = P1234[$1] and P5[$1]. {p, where p is an ng-element finite 0-sequence
of N : Piasas[p]} is a Diophantine subset of the ng-xtuples of N. Defi-
ne Piasqse[finite 0-sequence of N] = Piagqs[$1] and Pg[$1]. {p, where p is
an ng-element finite 0-sequence of N : Pya3456[p]} is a Diophantine subset of
the ng-xtuples of N. Define Pja34567[finite 0-sequence of N| = Pia3456[%1]
and Pr[$1]. Set PP = {p, where p is an ng-element finite 0-sequence of
N : Piasaser[p]}. PP is a Diophantine subset of the mg-xtuples of N.

Reconsider PP,, = {p[n, where p is an ng-element finite 0-sequence of
N : p € PP} as a Diophantine subset of the n-xtuples of N. PP,, C RR.
RR C PP,. O

(32) {p: p(i1) = p(i2)!} is a Diophantine subset of the n-xtuples of N. The
theorem is a consequence of (31).

(33) {p:1+(p(i1)+1)-(p(i2)!) = p(i3)} is a Diophantine subset of the n-
xtuples of N.
PROOF: Define R(natural number, natural number, natural number) = 1 -
$1 + —1. Define P;[natural number, natural number, integer] = 1-$; - $2 =
$3. For every iy, ia, i3, i4, and i5, {p : P1[p(i1), p(iz), R(p(i3), p(is), p(is))]}
is a Diophantine subset of the n-xtuples of N. Define F»(natural number,
natural number, natural number) = $;!. For every i;, is, i3, and i4, {p
: Fa(p(in), p(i2), p(iz)) = p(ia)} is a Diophantine subset of the n-xtuples
of N. Define Py[natural number, natural number, natural object, natural
number, natural number, natural number] = 1-8$; - $3=1-%5 — 1.

For every i1, i2, i3, 14, and i5, {p : Pa[p(i1), p(i2), F2(p(i3), p(ia), p(i5)),
p(i3),p(i4), p(i5)]} is a Diophantine subset of the n-xtuples of N. Define
Ps[natural number, natural number, natural object, natural number, natural
number, natural number] = 1-$3-($;!) = 1-9$, — 1. Define F3(natural
number, natural number, natural number) = 1-$; + 1. For every n, i1, i,
is, 44, and is, {p : P3[p(i1), piz), F3(p(is), p(ia), p(is)), p(is), p(ia), p(i5)]}
is a Diophantine subset of the n-xtuples of N. Define Q;[finite 0-sequence
of N] = 7)3[$1(i2), $1(i3), 1'$1(i1)+1, $1(i3), $1(i3), $1(23)] Define Q9 [ﬁnite
0-sequence of N] = 14 ($1(i1) + 1) - ($1(d2)!) = $1(33). {p : Qi[p]} = {¢
: Qofq]}. O
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Let us consider 71, 72, and i3. Now we state the propositions:

(34) Ifn#0, then {p : p(i3) = [I(1 + p(i1) - (idseq(p(i2)))) and p(i1) > 1} is
a Diophantine subset of the n-xtuples of N.
PROOF: Set nj2 = n+13. Define R[finite O-sequence of N] = $; (i3) = [[(1+
$1(i1) - (idseq($1(i2)))) and $1(i1) > 1. Set RR = {p : R[p]}. Reconsider
Xi=4,X=14,Y=i3,U=nW=n+1Y =n+4+2 Yy, =n+3,
Ys=n+4,Y,=n+5Ys5=n+6,Xs=n+7, Wi =n+8, Yg=n+9,
Y =n+4+10, X4 = n—+ 11, O = n+ 12 as an element of nqs. Define
Q[finite 0-sequence of N] = 1-$;(X1) > 0-$1(Y) + 1. Define P [finite
O-sequence of N = 1-$;(U) > 1-$;(Y) + 0. Define Ps|finite O-sequence
of NJ=1-8$1(X3) =1 81(X1) - $.(W).

Define Pslfinite 0-sequence of N] = $;(0O) = 1. Define Pylfinite
0-sequence of N = 1-$1(X3) =1-%$1(O) (mod1-$;(U)). Define Ps|finite
0-sequence of N = $1(¥1) = $1(X1)%X). Define Pg|finite 0-sequence of
N] = $1(Y2) = $1(X)!. {p, where p is an njs-element finite 0-sequence
of N : Pg[p]} is a Diophantine subset of the njs-xtuples of N. Define
Pr[finite 0-sequence of N] = 1-$;(W7) =1-$ (W) +1-$;(X) + 0. De-
fine Pg[finite O-sequence of N] = §;(W;) > $1(X) and $;(Y3) = ($$11((I§/<1)))‘
{p, where p is an mjs-element finite 0-sequence of N : Pg[p|} is a Dio-
phantine subset of the nq9- Xtuples of N. Define Pylfinite 0-sequence of
Nl =1-8%(Ys) = 1 $1(Y1 $1(Y2). Define PAlfinite 0-sequence of

] 1-%1(Y7) = 1-%1(Ys) - $1(Y3). Define PB|[finite 0-sequence of N| =

(Y7) = 1-81(Y) (modl $1(U)). Define PClfinite 0-sequence of

] 1-81(X ) =1-%1(X1) - $1(X). Define PDlfinite 0-sequence of N| =

1- $1(Y4) =1-%1(X4) + 1. Define PE[finite 0-sequence of N| = §;(Y5) =

$, (v Deﬁne PF|finite O-sequence of N] = 1-$;(U) > 1-$;(Y5) +0.
Define C;[finite O-sequence of N] = Q[$;] and P1[$1]. {p, where p is

an njg-element finite 0-sequence of N : Ci[p]} is a Diophantine subset of
the nio-xtuples of N. Define Cs[finite 0-sequence of N|] = C;[$;] and P2[$1].
{p, where p is an njs-element finite 0-sequence of N : Co[p|} is a Diophantine
subset of the nis-xtuples of N. Define Cs|finite O-sequence of N|] = Co[$1]
and Ps[$1]. {p, where p is an njs-element finite O-sequence of N : C3[p|} is
a Diophantine subset of the njo-xtuples of N. Define Cy4lfinite 0-sequence
of N] = C3[$1] and P4[$1]. {p, where p is an nis-element finite 0-sequence of
N : C4[p]} is a Diophantine subset of the nja-xtuples of N. Define Cs[finite
0-sequence of N] = C4[$;1] and P5[$1]. {p, where p is an njs-element finite
0-sequence of N : Cs[p]} is a Diophantine subset of the njs-xtuples of N.
Define Cg[finite 0-sequence of N| = C5[$:1] and Pg[$1]. {p, where p is an njo-
element finite 0-sequence of N : Cg[p]} is a Diophantine subset of the njo-
xtuples of N. Define Cr[finite 0-sequence of N| = Cg[$1] and P7[$:1]. {p,

& |
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where p is an njz-element finite 0-sequence of N : C7[p|} is a Diophantine
subset of the njg-xtuples of N. Define Cg[finite 0-sequence of N|] = C7[$1]
and Pg[$1]. {p, where p is an njs-element finite O-sequence of N : Cg[p|} is
a Diophantine subset of the njo-xtuples of N. Define Cylfinite 0-sequence
of N] = Cg[$1] and Pg[$1]. {p, where p is an njs-element finite 0-sequence
of N : Cg[p]} is a Diophantine subset of the njs-xtuples of N.

Define CAlfinite O-sequence of N| = Cy[$1] and PA[$;1]. {p, where p
is an mjg-element finite 0-sequence of N : CA[p]} is a Diophantine subset
of the nja-xtuples of N. Define CBlfinite 0-sequence of N] = CA[$;] and
PB[$1]. {p, where p is an nis-element finite 0-sequence of N : CB[p]} is
a Diophantine subset of the njs-xtuples of N. Define (C|finite 0-sequence
of N] = CB[$1] and RC[$1]. {p, where p is an ni2-element finite O-sequence of
N : C[p]} is a Diophantine subset of the nja-xtuples of N. Define CD/[finite
0-sequence of N] = (C[$1] and PD[$1]. {p, where p is an njs-element finite
0-sequence of N : CD[p]} is a Diophantine subset of the njs-xtuples of
N. Define C€[finite 0-sequence of N] = CD[$1] and PE[$1]. {p, where p
is an njz-element finite 0-sequence of N : C€[p]} is a Diophantine subset
of the nja-xtuples of N. Define CF|[finite 0-sequence of N| = C£[$;] and
PF[$1]. Set PP = {p, where p is an njs-element finite 0-sequence of N :
CFp]}. PP is a Diophantine subset of the nja-xtuples of N. Reconsider
PP,, = {p[n, where p is an njs-element finite 0-sequence of N : p € PP}
as a Diophantine subset of the n-xtuples of N. PP, C RR. RR C PP,,. [J

(35) {p:p(iz) =[1(1+p(i1) - (idseq(p(i2)))) and p(i1) > 1} is a Diophantine
subset of the n-xtuples of N. The theorem is a consequence of (34).

(36) {p:p(is) =T1(1+ p(i1)! - (idseq(1 + p(i2))))} is a Diophantine subset of
the n-xtuples of N.
PROOF: Define R (natural number, natural number, natural number) = $;!.
For every i1, ig, i3, and i4, {p : R(p(i1),p(i2),p(i3)) = p(is)} is a Dio-
phantine subset of the n-xtuples of N. Define P; [natural number, natural
number, natural object, natural number, natural number, natural number]
=% =TI(1 + $3 - (idseq($2))) and $3 > 1. For every i1, i2, i3, i4, i5, and
i6, {p : Pilp(i1), p(i2), p(is),p(is), p(is), p(i6)]} is a Diophantine subset of
the n-xtuples of N.

For every i1, i2, i3, 14, and is, {p : P1[p(i1), p(i2), R(p(i3), p(ia), p(i5)),
p(i3),p(i4), p(i5)]} is a Diophantine subset of the n-xtuples of N. Define
Fa(natural number, natural number, natural number) = 1 - $; 4+ 1. Define
Py [natural number, natural number, natural object, natural number, natural
number, natural number] = $; = [](1 + $2! - (idseq($3))) and $3! > 1. For
every i1, 12, 3, i4, and 15, {p : PQ[p(il)vp(i2)7f2(p(i3)7p(i4))p(i5))vp(i?))v
p(i4), p(is)]} is a Diophantine subset of the n-xtuples of N. Define Q; [finite
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0-sequence of N| = Pa[$1(43),$1(41),1 - $1(i2) + 1,1 - $1(i3), $1(i3), $1(i3)]-
Define Qp[finite 0-sequence of N] = $1(i3) = [I(1 + $1(é1)! - (idseq(1 +
$1(i2))))- {p : Qulpl} = {q: Qlg]}. O

Let us consider 71, 72, and i3. Now we state the propositions:

(37) Ifn #0, then {p: p(iz) = [1(p(i2) +1+—idseq(p(i1))) and p(iz) > p(i1)}

is a Diophantine subset of the n-xtuples of N.
PROOF: Set na = n + 2. Define Rlfinite 0-sequence of N] = $;(i3) =
H($1(22) + 1+ —idseq($1(i1))) and $1(i2) > $1(i1). Set RR = {p : R[p]}
Reconsider Y = i3, Xo = i9, X7 = i1, C = n, F = n+ 1 as an element
of ng. Define P [finite O-sequence of N] = $1(X3) > $1(X;) and $,(C) =
(gigi;) {p, where p is an ng-element finite O-sequence of N : Py[p|} is
a Diophantine subset of the no-xtuples of N. Define Ps[finite 0-sequence
of N] = $1(F) = $1(X1)!. {p, where p is an ng-element finite 0-sequence of
N : Pa[p]} is a Diophantine subset of the ng-xtuples of N. Define Ps|finite
0-sequence of N] = 1-$1(X2) > 1-3$1(X1) +0. Define Py[finite 0-sequence
of Nl =1-$1(Y)=1-$1(F)-$:(0).

Define Pyo[finite O-sequence of N] = Py[$;] and Po[$1]. {p, where p
is an ng-element finite 0-sequence of N : Py3[p]} is a Diophantine subset
of the no-xtuples of N. Define P;o3[finite 0-sequence of N| = Pj2[$1] and
P3[$1]. {p, where p is an ng-element finite 0-sequence of N : Pyog[p]} is
a Diophantine subset of the na-xtuples of N. Define P;934[finite 0-sequence
of N] = P123[8$1] and P4[$:1]. Set PP = {p, where p is an ns-element finite
0-sequence of N : Pya34[p|}. PP is a Diophantine subset of the na-xtuples
of N. Reconsider PP,, = {p[n, where p is an ng-element finite 0-sequence
of N: p € PP} as a Diophantine subset of the n-xtuples of N. PP,, C RR.
RR C PP,,. [

(38) {p: plis) = [I(p(i2) + 1 + —idseq(p(i1))) and p(i2) > p(i1)} is a Dio-
phantine subset of the n-xtuples of N. The theorem is a consequence of
(37).

(39) {p:p(i1) =II( + pin, In2)} is a Diophantine subset of the n-xtuples of
N.

PROOF: Define P[natural number| = for every n such that $; +n; < n
for every i1, {p : p(i1) = [1(¢ + pn, [$1)} is a Diophantine subset of the n-
xtuples of N. P[0]. If P[m], then P[m + 1]. P[m]. O
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1. PRELIMINARIES

From now on i, j, n, n1, no, m, k, I, u denote natural numbers, 1, i2, i3, i4,
i5, i denote elements of n, p, ¢ denote n-element finite 0-sequences of N, and
a, b, ¢, d, e, f denote integers.

Let n be a natural number. Let us note that idseq(n) is Zvalued.

Let z be an n-element, natural-valued finite 0-sequence and p be a Z-valued
polynomial of n,Rp. One can check that eval(p, @x) is integer.

Now we state the proposition:

(1) Let us consider a Zvalued polynomial p of n,Rp, and n-element finite
0-sequences z, y of N. Suppose k£ # 0 and for every ¢ such that ¢ € n holds
k| 2(i)—y(i). Then k | (eval(p, ®¢) qua integer)—(eval(p, %) qua integer).
PRrROOF: Reconsider f; = Ry as a field. Reconsider p; = p as a polynomial
of n,f1. Reconsider x5 = %, yo = % as a function from n into the carrier
of fi. Set s3 = SgmX(BagOrder n, Support p;). Consider X being a finite
sequence of elements of the carrier of f; such that len X = lenss and
eval(p1,z2) = > X and for every element ¢ of N such that 1 < i <len X
holds X /; = p1 - s3; - (eval(s3/;, 72))-

Consider Y being a finite sequence of elements of the carrier of f; such
that lenY = lenss and eval(py,y2) = > Y and for every element i of N
such that 1 <4 < lenY holds Y); = p1 - s3/; - (eval(s3/;,y2)). Reconsider
Yo =Y, X4 = X as a finite sequence of elements of R. Define P[natural
number| = if §; <len X, then Y (X4[$1) — > (Y2[$1) is an integer and for
every integer d such that d = > (X4[$1) — > (Y2[$1) holds k | d. For every
natural number i such that P[i] holds P[i + 1]. P[i]. O
Let f be a Zvalued function. Let us note that — f is Zvalued.
The scheme SCHI deals with a binary predicate P and a finite-0-sequence-
yielding finite 0-sequence f and states that
(Sch. 1) {f(i)(j), where i, j are natural numbers : P[i, j]} is finite.
Now we state the propositions:

(2) If m>n>0,then 1+ m!- (idseq(n)) is a CR-sequence.

PROOF: Set h = 1+m!-(idseq(n)). Define F(natural number) = m!-$; +1.
For every ¢ such that ¢ € dom h holds h(i) = F(i). h is positive yielding.
For every natural numbers 4, j such that i, j € domh and ¢ < j holds h(7)
and h(j) are relatively prime. h is Chinese remainder. (J

(3) Let us consider a prime number p, and a finite sequence f of elements
of N. Suppose f is positive yielding and p | [] f. Then there exists i such
that

(i) i € dom f, and
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(i) p | f(@).

PROOF: Define P[natural number] = for every finite sequence f of elements
of N such that len f = $; and f is positive yielding and p | [] f there exists
i such that ¢ € dom f and p | f(i). P[0]. If P[n], then Pn + 1]. Pln]. O

2. SELECTED OPERATIONS ON POLYNOMIALS

Let n be a set and p be a series of n, Rp. The functor |p| yielding a series of

n, Rp is defined by
(Def. 1) for every bag b of n, it(b) = |p(b)|.

Now we state the proposition:

(4) Let us consider a set n, and a series p of n, Rp. Then Supportp =
Support |p|.

Let n be an ordinal number and p be a polynomial of n,Rg. Let us note that
Ip| is finite-Support.

Let n be a set, S be a non empty zero structure, and p be a finite-Support
series of n, S. One can check that Support p is finite.

Let n be an ordinal number, L be an add-associative, right zeroed, right
complementable, non empty additive loop structure, and p be a polynomial of
n,L. The functor Y coeff(p) yielding an element of L is defined by the term

(Def. 2) > p- (SgmX(BagOrder n, Support p)).
The functor degree(p) yielding a natural number is defined by
(Def. 3) (i) there exists a bag s of n such that s € Support p and it = degree(s)
and for every bag s; of n such that s; € Support p holds degree(s;) <
it, if p # 0, L,
(ii) ¢ =0, otherwise.

Now we state the propositions:

(5) Let us consider an ordinal number n, and a bag b of n. Then degree(b) =
S b (SgmX(&,,, support b)).

(6) Let us consider an ordinal number n, an add-associative, right zero-
ed, right complementable, non empty additive loop structure L, and
a polynomial p of n,L. Then degree(p) = 0 if and only if Supportp C
{EmptyBagn}.

ProOF: If degree(p) = 0, then Supportp C {EmptyBagn}. Consider s
being a bag of n such that s € Support p and degree(p) = degree(s). O
(7) Let us consider an ordinal number n, an add-associative, right zeroed,

right complementable, non empty additive loop structure L, a polynomial
p of n,L, and a bag b of n. If b € Support p, then degree(p) > degree(b).
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(8) Let us consider an ordinal number n, and a polynomial p of n,Rp. If
Ip| = 0,(Rp), then p = 0,(Rp).
Let n be a set. One can verify that |0, (Rp)| reduces to 0,(Rr). Now we state
the propositions:

(9) Let us consider an ordinal number n, and a polynomial p of n,Rp. Then
degree(p) = degree(|p|). The theorem is a consequence of (8) and (4).
(10) Let us consider an ordinal number n, a bag b of n, and a real number

r. Suppose r > 1. Let us consider a function x from n into the carrier of
Rp. Suppose for every object ¢ such that ¢ € dom z holds |z(7)| < r. Then

|eval(b, z)| < rdesree(t),

PROOF: Reconsider f; = Ry as a field. Set so = SgmX(,,, support ). Set
B = b- sy. Consider y being a finite sequence of elements of f; such that
leny = len sy and eval(b,z) = [[y and for every element i of N such that
1 <i<leny holds y/; = powerg, (z - 52/;, B/;)-

Define P[natural number] = if $; < leny, then [](y[$1) is a real
number and for every real number P such that P = [[(y[$1) holds |P| <
r2_(BI$1)_ For every i such that P[i] holds P[i + 1]. For every ¢, P[i]. O

(11) Let us consider an ordinal number n, a polynomial p of n,Rp, and a real
number r. Suppose r > 1. Let us consider a function x from 7 into the car-
rier of Rp. Suppose for every object ¢ such that ¢ € dom x holds |z(7)| < 7.
Then | eval(p, )| < (3 coeff(|p|)) - (rdesree®)),
PROOF: Reconsider f; = Ry as a field. Reconsider p; = p, A; = |p| as a po-
lynomial of n, f;. Reconsider zo = z as a function from n into the carrier
of f1. Set S1 = SgmX(BagOrder n, Support p1). Reconsider H = Ay - S as
a finite sequence of elements of the carrier of Rp. Y coeff(|p|) = > A;1-51.

Consider y being a finite sequence of elements of the carrier of f; such
that leny = lenS; and eval(p,z) = Y y and for every element i of N
such that 1 <4 < leny holds y/; = p1 - S1/; - (eval(S1;, 22)). Reconsider
Y = y as a finite sequence of elements of R. Define P[natural number] =
if $1 <leny, then | (Y 1$1)| < (X (H[$1)) - (rdegee(P)), For every natural
number 4 such that P[i] holds P[i + 1]. For every natural number i, P]i].
]

Let n be an ordinal number and p be a Zvalued polynomial of n,Rg. Let us
note that |p| is natural-valued and there exists a polynomial of n,Rp which is
natural-valued.

Let O be an ordinal number and p be a natural-valued polynomial of O,Ry.
Let us observe that Y coeff(p) is natural.
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3. SELECTED SUBSETS OF ZERO BASED FINITE SEQUENCES OF N
AS DIOPHANTINE SETS

The scheme SubsetDioph deals with a natural number n and a 4-ary predicate
P and a set S and states that

(Sch. 2) For every elements ia, i3, i4 of n, {p, where p is an n-element fini-
te 0-sequence of N : for every natural number ¢ such that ¢ € S holds
Plp(i), p(iz), p(i3), p(i4)]} is a Diophantine subset of the n-xtuples of N

provided

e for every elements iy, ig, i3, i4 of n, {p, where p is an n-element finite
0-sequence of N : P[p(i1), p(i2),p(i3),p(ia)]} is a Diophantine subset of
the n-xtuples of N and

e SCZ,.

Now we state the propositions:

(12) Suppose nj + ng < n.
Then {p: p(i1) > k-((p(i2)2 +1) - (II(1 + pim, 102)) - (- plis) +m) )}
is a Diophantine subset of the n-xtuples of N.
PROOF: Define Fj(natural number, natural number, natural number) =
$1$2. Define Py[natural number, natural number, natural object, natural
number, natural number, natural number| = 1-$; > k-$3+0. For every i1,
i2, i3, i4, and i5, {p : Po[p(i1), p(i2), Fo(p(is), p(ia), p(i5)), p(i3), p(i), p(is)] }
is a Diophantine subset of the n-xtuples of N. Define Fj (natural number,
natural number, natural number) = i-$;+j. Define P; [natural number, na-
tural number, natural object, natural number, natural number, natural num-
ber] = $; > k-($2$3). For every i1, 2, 3, 14, and i5, {p : P1[p(i1), p(i2), F1(p
(i3),p(i4),p(i5)), p(i3), p(is), p(i5)]} is a Diophantine subset of the n-xtuples
of N. Define F»(natural number, natural number, natural number) = 1-$; -
$o.
Define Py[natural number, natural number, natura$l object, natural
$3i~ 2+j)

number, natural number, natural number| = $; > k-( . For every i1,

i2, 13, 14, and is, {p : P2[p(i1), p(iz), Fo(p(i3), p(ia), p(is)), p(i3), p(ia), p(is)] }
is a Diophantine subset of the n-xtuples of N. Define Ps[natural number,

natural number, natural object, natural number, natural number, natural

number| = $; > k - ($6-$3i'$2+j). For every iy, ig, i3, i4, and i5, {p
: Palpin), plia), Fa(plis), p(ia), plis)), plis), p(ia), plis)]} is a Diophantine
subset of the n-xtuples of N. Define F5(natural number, natural number, na-
tural number) = 1-§;+1. Define Ps[natural number, natural number, natur-
al object, natural number, natural number, natural number| = $; > k-
(83 - $5 - $6"5217). For every i1, i, i3, ia, and i5, {p: Ps[p(ir), p(iz), Fs(p(is),
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p(i4),p(i5)), p(is), p(ia), p(i5)]} is a Diophantine subset of the n-xtuples
of N. Define G(natural number, natural number, natural number) = [ -
$1+m. Define Ry [natural number, natural number, natural object, natural

number, natural number, natural number] = $; > k-($3 - $5 - ($6 + 1)"%217).
For every i1, i, i3, i4, and i5, {p : R1[p(i1), p(i2), G(p(i3), p(is), p(i5)), p(i3),
p(i4),p(i5)]} is a Diophantine subset of the n-xtuples of N.

Define Pgnatural number, natural number, natural object, natural
number, natural number, natural number] = $; > k- (($3+1) - 85 - (I - $6+
m)i'$2+j ). Define Fg(natural number, natural number, natural number) =
1-$1-%;. For every n, i1, i9, i3, i4, and i5, {p : Ps[p(i1), p(i2), Fe(p(i3), p(is),
p(i5)),p(i3), p(ia), p(i5)]} is a Diophantine subset of the n-xtuples of N.
Set X = n+ 1. Reconsider N = n, Iy = i1, Is = i9, I3 = i3, Iy = i4
as an element of X. Define Pr[finite 0-sequence of N] = §,(I1) > k -
(1-$1(12) - $1(Iz) + 1) - $1(N) - (I - $1(I3) + m)" 51U ) Define Qfinite
0-sequence of N] = $1(N) = [[(1 + $1n, [n2). Set Py = {p, where p is
an X-element finite 0-sequence of N : P7[p] and Q7[p]}. P is a Diophan-
tine subset of the X-xtuples of N. Define Slfinite 0O-sequence of N| =
$1(i1) > k- (($1(i2)2 + 1) - (TT(1 + $1my [m2)) - (1- $1(i) + m) 1 H7) Get
S ={p:Sp|}. S C the n-xtuples of N. [J

Let us consider a Zvalued polynomial P of k,Rg, an integer a, a permu-
tation py of n, and i;. Suppose k < n. Then {p : for every k-element finite
0-sequence ¢ of N such that ¢ = p - pa[k holds a - p(iy) = eval(P, %)} is
a Diophantine subset of the n-xtuples of N.

Let us consider a Zvalued polynomial P of k+ 1,Rp, an integer a, n, i1,

and io. Suppose k+ 1 < n and k € ig. Then {p : for every (k + 1)-element
finite O-sequence ¢ of N such that ¢ = (p(i2)) = (plk) holds a - p(iy) =
eval(P, %)} is a Diophantine subset of the n-xtuples of N.
PROOF: Set k1 = k + 1. Reconsider I5 = id; as a finite O-sequence. Set
f = (i2) 7 I5. Set R = rng f. Consider g being a function such that g
is one-to-one and domg = n \ k1 and rngg = n \ R. Reconsider f; =
f+-g as a function from n into n. Define Qlfinite 0-sequence of N] =
for every kj-element finite 0-sequence g of N such that ¢ = $; - f1[k1
holds a - $1(i1) = eval(P, “g). Define R[finite 0-sequence of N] = for every
(k 4+ 1)-element finite 0-sequence ¢ of N such that ¢ = ($1(i2)) = ($1[k)
holds a- $1(i1) = eval(P, %). For every n-element finite O-sequence p of N,
Qlp] iff Rp]. {p: Qlp]} = {¢: Rlg]}. O

Let us consider a Zvalued polynomial P of k+1,Rg, n, i1, and i5. Suppose
k+1<mnandk € i;. Then {p : for every (k+ 1)-element finite 0-sequence
q of N such that ¢ = (p(i1)) ~ (p[k) holds eval(P, %) = 0 (mod p(iz))} is
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a Diophantine subset of the n-xtuples of N.
ProOF: Set ky = K+ 1. Set X = n+ 1. Reconsider N = n, I} = i1,
Iy = is as an element of X. Define Plfinite O-sequence of N =1-$;(N) =
0-9%1(/1) (mod1 - $;(I2)). Define Olfinite 0-sequence of N| = for every
k1-element finite O-sequence ¢ of N such that ¢ = ($1(11)) ~ ($1[k) holds
1-$1(N) = eval(P,“). Define M[finite 0-sequence of N] = for every k-
element finite 0-sequence ¢ of N such that ¢ = ($1(/1)) ™ ($1]k) holds (—1)-
$1(N) = eval(P,%). Define Q[finite O-sequence of N] = O[$;] or M]$4].
{p, where p is an X-element finite 0-sequence of N : O[p]} is a Diophantine
subset of the X-xtuples of N. {p, where p is an X-element finite 0-sequence
of N : M[p]} is a Diophantine subset of the X-xtuples of N. {p, where p
is an X-element finite O-sequence of N : O[p] or M|p]} is a Diophantine
subset of the X-xtuples of N. Set P; = {p, where p is an X-element finite
0-sequence of N : P[p] and Qlp|}. P; is a Diophantine subset of the X-
xtuples of N.

Set P, = {p[n, where p is an X-element finite 0-sequence of N : p €
Py }. Define Slfinite 0-sequence of N| = for every kj-element finite 0-
sequence q of N such that ¢ = ($1(i1))"($1[k) holds eval(P, %) = 0 (mod $;
(i2)). Set S ={p:Sp|]}. SC . P, CS. O

4. BOUNDED QUANTIFIER, THEOREM AND ITS VARIANT

Let us consider a Zvalued polynomial p of 2+ n + k,Rp, an n-element finite
0-sequence X of N, and an element = of N. Now we state the propositions:

(16) For every element z of N such that z < x there exists a k-element finite
0-sequence y of N such that eval(p, *(({(z,z) ~ X) "~ %)) = 0 if and on-
ly if there exists a k-element finite O-sequence Y of N and there exist
elements Z, e, K of N such that K > z and K > () coeff(|p|)) -
(2 +1) - (TI(1 + X)) - edegree(p)) and for every natural number ¢ such that
i€ kholdsY(i) >eande >z and 1+(Z+1)-(K!) =[[(1+K!- (idseq(z+
1))) and eval(p, %(((Z,z) " X) " Y)) =0 (mod 1+ (Z + 1) - (K!)) and for
every natural number ¢ such that ¢ € k holds [[(Y (i) + 1 + —idseq(e)) =
0 (mod1+ (Z+1)-(K').

PRrROOF: If for every element z of N such that z < x there exists a k-
element finite O-sequence y of N such that eval(p, %(({z,2) ~ X) ")) =0,
then there exists a k-element finite O-sequence Y of N and there exist
elements Z, e, K of N such that K > z and K > (3 coeff(|p|)) -
(2 +1) - (11 + X)) - edegree(p)) and for every natural number ¢ such that
i€ kholdsY(i) >eand e >z and 1+(Z+1)-(K!) = [[(1+K!- (idseq(z+
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1))) and eval(p, %(((Z,z) " X) " Y)) =0 (mod 1+ (Z + 1) - (K!)) and for
every natural number ¢ such that ¢ € k holds [[(Y () + 1 + —idseq(e)) =
0 (mod1+4(Z+1)-(K!)). Set K; = K!. Set z1 = 14 (2+1)- K;. Consider
ps being an element of N such that ps | z; and ps < z; and ps3 is prime.
Define P(object) = Y ($1) mod ps.

Consider Y3 being a finite 0-sequence such that lenYs = k and for
every natural number ¢ such that ¢ € k holds Y3(i) = P (). rngY3 C N.
Reconsider By = eval(p, %((Z,z) ~ X) " Y)) as an integer. K < p3. For
every i such that i € 24+k+n holds p3 | (({(Z,2)"X)"Y) (i) —(((z,2) " X)"
Y3)(i). p3 | By — eval(p, %((z,z) ~ X) 7 Y3)). Consider m being a natural
number such that | eval(p, (((z,z) ~ X) " ¥3))| = p3 - m. For every object
i such that i € dom(%(((z,z) ™~ X) " Y3)) holds [(%(((z,z) ™ X) " Y3))(i)| <
(2 +1) - (TI(1 + X)) - e. [eval(p, “(({z,2) ~ X) " ¥3))| < (X coetf(|p])) -
(@2 +1) - ([I(1 + X)) - "), O

For every element z of N such that z < x there exists a k-element finite

0-sequence y of N such that for every i such that ¢ € k holds y(i) <
z and eval(p, %(((z,z) © X) " y)) = 0 if and only if there exists a k-
element finite O-sequence Y of N and there exist elements Z, K of N
such that K > z and K > (X coef£(|p|)) - (22 + 1) - (TT(1 + X)) &™)
and for every natural number ¢ such that ¢ € k holds Y (i) > x 4+ 1 and
1+(Z+1)-(K!) = [1(1+ K" (idseq(z+1))) and eval(p, %((Z,z) " X)"Y)) =
0 (mod1+ (Z+1)-(K!)) and for every natural number ¢ such that i € k
holds [[(Y () + 1 + —idseq(z + 1)) =0 (mod 1 + (Z + 1) - (K!)).
PROOF: Set 1 = x + 1. If for every element z of N such that z < x there
exists a k-element finite 0-sequence y of N such that for every 4 such that
i € k holds y(i) < z and eval(p, %((z,z) ~ X) " y)) = 0, then there exists
a k-element finite 0-sequence Y of N and there exist elements Z, K of N
such that K > z and K > (X coef£(|p|)) - (22 + 1) - (TT(1 + X)) &)
and for every natural number ¢ such that ¢ € k holds Y (i) > z; and
1+(Z+1)-(K!) = [1(1+K!-(idseq(z+1))) and eval(p, (((Z,2) " X)"Y)) =
0 (mod1+ (Z+1)-(K!)) and for every natural number 7 such that i € k
holds T](Y (¢) + 1+ —idseq(z1)) =0 (mod 1+ (Z+1) - (K!)). Set K1 = K!.
Set z1 =14+ (2 +1)- K.

Consider p3 being an element of N such that ps | z; and ps3 < 2z and
ps is prime. Define P(object) = Y ($1) mod ps. Consider Y3 being a finite
0-sequence such that len Y3 = k and for every natural number ¢ such that
i € k holds Y3(i) = P(4). rng Y3 C N. Reconsider E; = eval(p, {(((Z,z) ~
X)"Y)) as an integer. K < ps. For every natural number ¢ such that i € k
holds Y3(i) < x. For every i such that i € 2+k+n holds p3 | (({(Z,z)"X)"
Y)(i) = (({z,2) " X) " Y3)(i). p3 | By —eval(p, %(({z,2) " X)"Y3)). Consider
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m being a natural number such that | eval(p, %(((z,z) " X)"Y3))| = p3-m.
For every object 4 such that i € dom(%(((z, )"~ X)"Y3)) holds |(*(({z,2)"
X) " Ys))(@)] < (2 +1) - (1A + X)). |eval(p, (((z,2) ~ X) " ¥3))| <
(S coetz(|p])) - ((a? +1) - (IT(1 + X)) 7). O

Let us consider a Zvalued polynomial p of 2 + n + k,Rr. Now we state the
propositions:

(18) {X, where X is an n-element finite 0-sequence of N : there exists an ele-
ment x of N such that for every element z of N such that z < x there exists
a k-element finite 0-sequence y of N such that eval(p, %(((z,z) " X) "y)) =
0} is a Diophantine subset of the n-xtuples of N.

PROOF: Set Xy = {X, where X is an n-element finite 0-sequence of N :
there exists an element x of N such that for every element z of N such
that z < x there exists a k-element finite 0-sequence y of N such that
eval(p, %(((z,xz) " X) " y)) = 0}. Set ny = 1+n+k. Set s4 = 3 coeff(|p|).
Set D = degree(p). Reconsider Zy = 0, ig = n1, i1 =n1 + 1, ia = ny + 2,
i3 = n1 + 3 as an element of ny + 4. Define Ps[finite 0-sequence of N| =
1-8$1(i1) > 1-$1(Zp) + 0. Define Pslfinite 0-sequence of N| = $1(i1) >
51+ ((81(Z0)? +1) - (IT(1 + $1111m)) - (1 $1(io) + 0)" ™ “1P) . {g, where ¢
is an (n; + 4)-element finite 0-sequence of N : Psq]} is a Diophantine
subset of the n; + 4-xtuples of N.

Define Py[finite 0-sequence of N| = for every natural number ¢ such that
i € k holds $1(1+n+1i) > $1(ip) and [T($1(1+n+i)+1+—idseq($1(p))) =
0 (mod $1(i2)). {g, where ¢ is an (ny + 4)-element finite 0-sequence of N :
P4lq]} is a Diophantine subset of the nj + 4-xtuples of N. Define Ps|[finite
0-sequence of N] = 1-$1(ig) > 1-$1(Zp) +0. Define Pg[finite 0-sequence of
N] = 14+(8$1(i3)+1) - ($1(i1)!) = $1(i2). Define Pr[finite 0-sequence of N] =
$1(i2) = TT(1+31(21)!- (idseq(1+9%1(Zp)))). Reconsider R = p as a Z-valued
polynomial of 1 + n;,Rp. Define Pg|finite 0-sequence of N|] = for every
(1+ nq)-element finite 0-sequence Y of N such that Y = ($1(i3)) ~ ($1]n1)
holds eval(R, ®Y") = 0 (mod $; (i2)). {g, where ¢ is an (n; +4)-element finite
0-sequence of N : Pg[q]} is a Diophantine subset of the n; + 4-xtuples of
N.

Define Pjaslfinite 0-sequence of N|] = Ps[$1] and Ps[$1]. {gq, where ¢
is an (n; + 4)-element finite 0-sequence of N : Pja3[q]} is a Diophantine
subset of the n; + 4-xtuples of N. Define Pja34[finite 0-sequence of N] =
Pi23[$1] and P4[$1]. {g, where ¢ is an (n; + 4)-element finite 0-sequence
of N : Pias4a[q]} is a Diophantine subset of the nj + 4-xtuples of N. Define
P12345]finite 0-sequence of N| = Pya34[$1] and P5[$1]. {¢, where g is an (n1+
4)-element finite O-sequence of N : Pjagys[q]} is a Diophantine subset of
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the ny + 4-xtuples of N. Define P123456[finite 0-sequence of N| = P1o345[$1]
and Pg[$1]. {g, where ¢ is an (n; + 4)-element finite 0-sequence of N :
Piasase[q]} is a Diophantine subset of the ny + 4-xtuples of N. Define
P1asase7[finite 0-sequence of N| = Piasas6[$1] and Pr[$1]. {g, where ¢ is
an (n; + 4)-element finite 0-sequence of N : Pjasaser[q]} is a Diophantine
subset of the n; 4+ 4-xtuples of N.

Define Pio34567s[finite 0-sequence of N| = Piagyse7[$1] and Pg[$:1]. Set
X3 = {q, where ¢ is an (n;+4)-element finite 0-sequence of N : P1a345678[q] }-
X3 is a Diophantine subset of the n; + 4-xtuples of N. Set Xo = {X [(n +
1), where X is an (n; + 4)-element finite 0-sequence of N : X € Xs}.
Define Slfinite 0-sequence of N] = for every element z of N such that
z < $1(0) there exists a k-element finite O-sequence y of N such that
for every n-element finite 0-sequence X of N such that X; = $;; holds
eval(p, %(((z,$1(0)) ™ X1) " y)) = 0. Set X; = {X, where X is an (n +
1)-element finite 0-sequence of N : §[X]}. For every object s, s € X7 iff
s € Xo. Set Y1 = {X|1, where X is an (n + 1)-element finite 0-sequence
of N: X € X;}. For every object s, s € Y7 iff s € X. O

(19) {X, where X is an n-element finite 0-sequence of N : there exists an ele-
ment z of N such that for every element z of N such that z < x there exists
a k-element finite O-sequence y of N such that for every natural number
i such that i € k holds y(i) < x and eval(p, (({z,z) ~ X) " y)) = 0} is
a Diophantine subset of the n-xtuples of N.

PRrROOF: Set Xy = {X, where X is an n-element finite 0-sequence of N :
there exists an element x of N such that for every element z of N such
that z < « there exists a k-element finite 0-sequence y of N such that
for every natural number ¢ such that i € k holds y(i) < x and eval(p,
U({z,2) " X)"y)) =0}. Set ny = 1 +n+ k. Set 54 = coeff(|p|). Set
D = degree(p). Reconsider Zy = 0, i9p = n1, i1 = n1 + 1, ia = ny + 2,
i3 = n1 + 3 as an element of ny + 4. Define Ps[finite 0-sequence of N| =
1-%1(i1) > 1-%1(Zp) + 0. Define Pslfinite 0-sequence of N| = $;(i1) >
54+ ((81(Z0)% + 1) - ([T + $1p1 1) - (0 $1(io) + 1) " 7). {g, where ¢
is an (n; + 4)-element finite O-sequence of N : Psq]} is a Diophantine
subset of the n; + 4-xtuples of N.

Define Py[finite 0-sequence of N| = for every natural number ¢ such that
i € kholds $1(1+n+i) > $1(i0) and [[($1(1+n+1i)+1+—idseq($1(i0))) =
0 (mod $;(i2)). {g, where ¢ is an (n; + 4)-element finite 0-sequence of N :
Palq]} is a Diophantine subset of the n; + 4-xtuples of N. Define Ps[finite
0-sequence of N| = $1(ig) = 1-$1(Zy) + 1. Define Ps|finite 0-sequence of
Nl =1+ ($1(i3)+1)-($1(i1)!) = $1(d2). Define Pr[finite 0-sequence of N] =
$1(i2) = [T(1+9%1(41)!- (idseq(1+$1(Zp)))). Reconsider R = p as a Z-valued
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polynomial of 1 + ny,Rp. Define Pg|finite 0-sequence of N] = for every
(14 nq)-element finite 0-sequence Y of N such that Y = ($1(i3)) ™ ($1[n1)
holds eval(R, ®Y") = 0 (mod $; (i2)). {q, where ¢ is an (n;+4)-element finite
0-sequence of N : Pg[q]} is a Diophantine subset of the n; + 4-xtuples of
N.

Define Pjos[finite O-sequence of N| = Ps[$;] and P3[$;1]. {¢, where ¢
is an (n1 + 4)-element finite 0-sequence of N : Pja3[g]} is a Diophantine
subset of the n; + 4-xtuples of N. Define Pja34[finite 0-sequence of N] =
P123[$1] and Py[$1]. {q, where ¢ is an (n; + 4)-element finite 0-sequence
of N : Piasa[q]} is a Diophantine subset of the nj + 4-xtuples of N. Define
P12345[finite 0-sequence of N] = Pia34[$1] and P5[$1]. {q, where ¢ is an (n1+
4)-element finite 0-sequence of N : Pjasa5[g]} is a Diophantine subset of
the ny + 4-xtuples of N. Define P1a3456[finite 0-sequence of N| = Pya345[$1]
and Ps[$1]. {¢, where ¢ is an (n; + 4)-element finite O-sequence of N :
Pira3aselq]} is a Diophantine subset of the nj + 4-xtuples of N. Define
Pia3ase7[finite O-sequence of N| = Piagys[$1] and P7[$1]. {g, where ¢ is
an (ny + 4)-element finite O0-sequence of N : Piasas67(g]} is a Diophantine
subset of the nj 4+4-xtuples of N. Define P1234567s[finite 0-sequence of N| =
Prasase7[$1] and Pg[$1]. Set X3 = {g, where ¢ is an (n; +4)-element finite
0-sequence of N : Piasase78[q]}. X3 is a Diophantine subset of the ny + 4-
xtuples of N. Set Xo = {X[(n+1), where X is an (nj + 4)-element finite
0-sequence of N: X € X3}.

Define Sfinite 0-sequence of N] = for every element z of N such that
z < $1(0) there exists a k-element finite 0-sequence y of N such that for
every n-element finite 0-sequence X; of N such that X; = $;|; holds for
every 4 such that i € k holds y(i) < $1(0) and eval(p, *(((z,$1(0)) ™~ X1) °
y)) = 0. Set X7 = {X, where X is an (n + 1)-element finite 0-sequence
of N : S[X]}. For every object s, s € X iff s € Xo. Set Y1 = {X|1, where
X is an (n+1)-element finite 0-sequence of N : X € X;}. For every object
s, seiff se Xo. O

Let n be a natural number and A be a subset of the n-xtuples of N. We say
that A is recursively enumerable if and only if

(Def. 4) there exists a natural number m and there exists a Zvalued polynomial
P of 24+ n + m,Rp such that for every n-element finite 0-sequence X of
N, X € A iff there exists an element = of N such that for every element
z of N such that z < z there exists an m-element finite O-sequence Y of
N such that for every object i such that i € domY holds Y (i) < z and
eval(P,%({z,z) " X) " Y)) =0.

Now we state the proposition:
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(20) Let us consider a natural number n, and a subset A of the n-xtuples of
N. If A is Diophantine, then A is recursively enumerable.
PRrOOF: Consider m being a natural number, P being a Zvalued poly-
nomial of n + m,Rp such that for every object s, s € A iff there exists
an n-element finite O-sequence = of N and there exists an m-element finite
0-sequence y of N such that s = z and eval(P, %(z"y)) = 0. Set ng = n+m.
Reconsider Py = P as a Zvalued polynomial of 0 4+ n4,Rp. Consider g be-
ing a polynomial of 0 4+ 2 + n4,Rp such that rng¢ C rngPy U {0, } and
for every function x; from 0 + n4 into Rp and for every function X; from
0 + 2 + ny into R such that 1[0 = X7 [0 and (@$1)[0 = (@Xl)L0+2 holds
eval(Pg, z1) = eval(q, X7).

Reconsider () = ¢ as a Zvalued polynomial of 2+n+m,Rp. If X € A,
then there exists an element x of N such that for every element z of
N such that z < z there exists an m-element finite 0-sequence Y of N
such that for every object ¢ such that i € domY holds Y (i) < z and
eval(Q, “(((z,2) ~ X) 7 Y)) = 0. Consider y being an m-element finite
0-sequence of N such that for every object ¢ such that ¢ € domy holds
y(i) < a and eval(Q, (({a,a) ~ X) " y)) =0. O

5. MRDP THEOREM

Now we state the proposition:

(21) YURI MATIYASEVICH, JULIA ROBINSON, MARTIN DAvis, HILARY PuT-
NAM THEOREM:
Let us consider a natural number n, and a subset A of the n-xtuples of
N. If A is recursively enumerable, then A is Diophantine. The theorem is
a consequence of (19).
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