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Summary. In this article, various definitions of contuity of multilinear
operators on normed linear spaces are discussed in the Mizar formalism [4], [I]
and [2]. In the first chapter, several basic theorems are prepared to handle the
norm of the multilinear operator, and then it is formalized that the linear space
of bounded multilinear operators is a complete Banach space.

In the last chapter, the continuity of the multilinear operator on finite normed
spaces is addressed. Especially, it is formalized that the continuity at the origin
can be extended to the continuity at every point in its whole domain. We referred
to [5], [11], [8], [9] in this formalization.
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1. COMPLETENESS OF THE SPACE OF MULTILINEAR OPERATORS

Now we state the propositions:
(1) Let us consider a natural number n, and a real number r. Suppose 0 < r.
Then there exists a real number s such that
(i) 0<s<r,and

(i) V5 s <.
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(2) Let us consider finite sequences Rj, Ry of elements of R, natural numbers
n, i, and a real number r. Suppose i € dom R; and R; = n — (1 qua real
number) and Ry = Ry +- (¢,7). Then [[ R = 7.

(3) Let us consider a finite sequence F' of elements of R. Suppose for every
element &k of N such that k£ € dom F' holds 0 < F'(k). Then 0 <[] F.
PROOF: Define P[natural number| = for every finite sequence F of ele-
ments of R such that for every element k£ of N such that k£ € dom F' holds
0 < F (k) and len F = $; holds 0 < [] F. For every natural number n such
that P[n] holds P[n + 1]. P[0]. For every natural number n, P[n]. O

From now on X, G denote real norm space sequences, Y denotes a real
normed space, and f denotes a multilinear operator from X into Y.
Now we state the propositions:

(4) dom X = dom X.

(5) Let us consider an element z of [T X. If z = OH y then for every element
i of dom X, (i) = Ox(;). The theorem is a consequence of (4).

(6) f(OHX) = Oy. The theorem is a consequence of (5).

(7) Let us consider a finite sequence F' of elements of R. If for every element
i of dom F', F'(i) > 0, then [T F > 0.

(8) Let us consider a real norm space sequence X, and a real normed space
Y. Suppose Y is complete. Let us consider a sequence s;
of NormSpaceOfBoundedMultOpersg (X, Y). If s; is Cauchy sequence by
norm, then s; is convergent.
PROOF: Define P|set, set] = there exists a sequence z1 of Y such that for
every natural number n, x1(n) = (PartFuncs(vseq(n), X,Y))($1) and
is convergent and $2 = limx;. For every element x of [][ X, there exists
an element y of Y such that P[z,y]. Consider f being a function from
the carrier of []X into the carrier of Y such that for every element x
of [IX, Pz, f(z)]. Reconsider t; = f as a function from [] X into Y.
For every point u of [ X and for every element ¢ of dom X and for every
point x of X (7), there exists a sequence x2 of Y such that for every natural
number n, z2(n) = ((PartFuncs(vseq(n), X,Y")) - (reproj(i,u)))(z) and x
is convergent and (¢ - (reproj(i,u)))(z) = lim . t; is Lipschitzian by [10),
(20)].

For every real number e such that e > 0 there exists a natural number

k such that for every natural number n such that n > k for every point
x of [[ X, ||(PartFuncs(vseq(n), X,Y))(z) — t1(z)|| < e - (NrProduct x).
Reconsider ty = ¢ as a point of NormSpaceOfBoundedMultOpersg (X, Y).
For every real number e such that e > 0 there exists a natural number &
such that for every natural number n such that n > k holds ||vseq(n) —
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to|| < e. For every real number e such that e > 0 there exists a natural
number m such that for every natural number n such that n > m holds
luseq(n) — taf| < e. O

(9) Let us consider a real norm space sequence X, and a real Banach space
Y. Then NormSpaceOfBoundedMultOpersg (X, Y') is a real Banach space.
The theorem is a consequence of (8).

Let X be a real norm space sequence and Y be a real Banach space. One
can check that NormSpaceOfBoundedMultOpersg (X, Y) is complete.

2. EQUIVALENCE OF CONTINUITY DEFINITIONS OF MULTILINEAR
OPERATORS

Now we state the propositions:

(10) Let us consider a natural number n, an element F' of R", and a real
number s. Suppose for every natural number ¢ such that ¢ € dom F' holds
0< F(i) < s. Then |F| < \/s-s- (len F).
PROOF: Set G = len F — s. Reconsider Fy = F as an element of R*" . For
every natural number j such that j € Seglen Fyy holds (2Fp)(j) < (3G)(j).
O

(11) Let us consider a real norm space sequence X, a real normed space Y,
a multilinear operator f from X into Y, and a real number K. Suppose
0 < K and for every point x of [[X, ||f(z)|| < K - (NrProduct z). Let
us consider points vg, v1 of [[ X, finite sequences Cp, C1, and an element
i of dom X. Suppose Cy = vy and C7; = v; and ||jv; — vg|| < 1 and for
every element j of dom X such that i # j holds C1(j) = Cy(j). Then
£ o = Frooll < (ol + 1'% - K - || (01 = vo) (3)]]-

PROOF: For every object z such that € dom vy holds vy (z) = (reproj(i, vg))
(v1(4))(z). Reconsider vz = (reproj(i, vo))(v1(i) —vo(i)) as a point of [T X.
Reconsider R; = len X +— (1 qua real number) as a finite sequence of
elements of R. Reconsider N1 = |[(v1 — vo)(i)|| as an element of R. Re-
consider Ry = Ry +- (i, N1) as a finite sequence of elements of R. Recon-
sider R = len X — (||vg|| + 1) as a finite sequence of elements of R. Set
Ry = Rye R3. [[ Ry = |[(v1 — v9)(3)||. Consider Ny being a finite sequence
of elements of R such that dom Ny = dom X and for every element i of
dom X, Na(i) = ||vg(i)|| and NrProductwvs = [] Na. For every element k
of N such that & € dom Na holds Na(k) < R4(k) and 0 < Na(k). O

(12) Let us consider a real norm space sequence X, a real normed space Y,
a multilinear operator f from X into Y, and a real number K. Suppose



64

(13)

(14)
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0 < K and for every point x of [T X, || f(z)| < K - (NrProduct z). Let us
consider a point vy of [] X. Then there exists a real number M such that

(i) 0< M, and

(ii) for every point vy of [T X such that ||v; —vg|| < 1 there exists a finite
sequence F' of elements of R such that dom F' = dom X and || f Jo1 —
f/UOH < M- K- (X F) and for every element i of dom X, F(i) =
[[(v1 = o) (@)]-

Proor: Consider g being a function such that vy = g and dom g = dom X
and for every object i such that i € dom X holds g(i) € X (i). Reconsider
Co = vp as a finite sequence. Define P[natural number] = for every points
vo, v1 of [T X for every finite sequences Cpy, Cy such that ||v; — vo| <
1 and v9 = Cp and v;1 = C; and $; < len X and C;l(len X —' $;) =
Col(len X —' $1) there exists a finite sequence F of elements of R such
that dom F' = Seg$; and ||/, — f/u,ll < (J|lvoll +3)rX K. (X F) and
for every natural number n such that n € Seg $; there exists an element i
of dom X such that ¢ =len X —'$; +n and F(n) = ||(v1 — vo)(?)]|.

P[0]. For every natural number k such that P[k] holds P[k + 1]. For
every natural number n, P[n]. Consider g being a function such that v; = ¢
and domg = dom X and for every object i such that i € dom X holds
g(i) € X (i). Consider F being a finite sequence of elements of R such that
dom F = Seglen X and || f/y, — f/u, |l < (||vo]| +3)'** - K - (X F) and for
every natural number n such that n € Seglen X there exists an element ¢
of dom X such that i =len X —"len X +n and F(n) = ||(v1 — vo)(4)||. For
every element i of dom X, F(i) = |[(v1 —vo)(¢)]]. O

Let us consider a point x of [[ X, and a real number r. Suppose 0 < 7.

Then there exists a finite sequence s of elements of R and there exists
a non empty, non-empty finite sequence Y such that dom s = dom X and
domY = dom X and [[Y C Ball(x,r) and for every element ¢ of dom X,
0 < s(i) < rand Y (i) = Ball(z(7), s(7)).

PRroOOF: Consider sg being a real number such that 0 < sp < 7 and
VS0 so - (len X) < r.Set Cy =len X — sg. For every element i of dom X,
0 < Cy(i) < r. Define Plobject,object] = there exists an element i of
dom X such that $; = i and $2 = Ball(z (), C2(i)). For every natural num-
ber n such that n € Seglen X there exists an object d such that P[n,d|.
Consider Y being a finite sequence such that domY = Seglen X and for
every natural number n such that n € Seglen X holds P[n,Y (n)]. 0 ¢
rng Y by [6, (14)]. For every element i of dom X, Y (i) = Ball(x (), Ca(i)).
For every object z such that z € [[Y holds z € Ball(x,r). O

Let us consider a real norm space sequence X, a real normed space Y,
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and a multilinear operator f from X into Y. Then

(i) f is continuous on the carrier of [] X iff f is continuous in OH » and

(ii) f is continuous on the carrier of [[ X iff f is Lipschitzian.
PROOF: f)g .= Oy. If f is continuous in OHX’ then f is Lipschitzian

by [7, (7)], (13), (4), (5). If f is Lipschitzian, then f is continuous on
the carrier of [T X by (12), [3, (10)]. O
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