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Klein-Beltrami model. Part IV

Roland Coghetto
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Summary. Timothy Makarios (with Isabelle/HOIEb and John Harrison
(with HOL-LightEI) shown that “the Klein-Beltrami model of the hyperbolic plane
satisfy all of Tarski’s axioms except his Euclidean axiom” [2],[3],[4, [5].

With the Mizar system [I] we use some ideas taken from Tim Makarios’s
MSc thesis [I0] to formalize some definitions and lemmas necessary for the veri-
fication of the independence of the parallel postulate. In this article, which is the
continuation of [§], we prove that our constructed model satisfies the axioms of
segment construction, the axiom of betweenness identity, and the axiom of Pasch
due to Tarski, as formalized in [II] and related Mizar articles.
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1. PRELIMINARIES

Let us consider real numbers a, b. Now we state the propositions:
_ b
(].) If(l;éb, thenl—ﬁ——ﬂ
(2) IfO<a-b,then0< §.
Now we state the propositions:
(3) Let us consider real numbers a, b, ¢. Suppose 0 < a < 1 and 0 < b-c.

Then0<%<l.
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(4) Let us consider real numbers a, b, ¢. Suppose (1 —a)-b+a-c # 0. Then
. _ (1-a)b
L= (1763-lc>+a-c - (1fa)-(z+a-c'

(5) Let us consider real numbers a, b, ¢, d. If b # 0, then L{d = %l.
(6) Let us consider an element u of £3. Then u = [u(1), u(2), u(3)].
(7) Let us consider an element P of the BK-model. Then BK-to-REAL2(P) €
TarskiEuclid2Space.
Let P be a point of BK-model-Plane. The functor BKtoT2(P) yielding a po-
int of TarskiEuclid2Space is defined by
(Def. 1) there exists an element p of the BK-model such that P = p and it =
BK-to-REAL2(p).
Let P be a point of TarskiEuclid2Space. Assume P € the inside of circle(0,0,1).
The functor T2toBK(P) yielding a point of BK-model-Plane is defined by
(Def. 2)  there exists a non zero element u of &3 such that it = the direction of u
and (u)g =1 and P = [(u)1, (u)2].
Let us consider a point P of BK-model-Plane. Now we state the propositions:
(8) BKtoTQ(P) € the inside of circle(0,0,1).
(9) T2toBK(BKtoT2(P)) = P.
(10) Let us consider a point P of TarskiEuclid2Space. Suppose P is an element
of the inside of circle(0,0,1). Then BKtoT2(T2toBK(P)) = P.

(11) Let us consider a point P of BK-model-Plane, and an element p of
the BK-model. Suppose P = p. Then

(i) BKtoT2(P) = BK-to-REAL2(p), and
(ii) BKtoT2(P) = BK-to-REAL2(p).

(12) Let us consider points P, @, R of BK-model-Plane, and points P, Q2, R
of TarskiEuclid2Space. Suppose P, = BKtoT2(P) and Q2 = BKtoT2(Q)
and Ry = BKtoT2(R). Then @ lies between P and R if and only if Q2 lies
between P, and Ry. The theorem is a consequence of (11).

(13) Let us consider elements P, Q of 4. If P # Q, then P(1) # Q(1) or
P(2) #Q(2).

(14) Let us consider real numbers a, b, and elements P, Q of £2. If P # Q
and (1—a)-P+a-Q=(1-0b)-P+b-Q, then a = b. The theorem is
a consequence of (13).

(15) Let us consider points P, @ of BK-model-Plane. If BKto’TQ(P) =
BKtoT2(Q), then P = Q. The theorem is a consequence of (11).

Let P, @, R be points of BK-model-Plane. Assume @ lies between P and R
and P # R. The functor length(P, @, R) yielding a real number is defined by
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(Def. 3) 0 < it <1 and BKtoT2(Q) = (1— it) - (BKtoT2(P)) + it - (BKtoT2(R)).
Let us consider points P, () of BK-model-Plane. Now we state the proposi-
tions:

(16) (i) P lies between P and @, and

(ii) @ lies between P and Q.
The theorem is a consequence of (12).

(17) If P # @, then length(P, P,Q) = 0 and length(P, @, Q) = 1. The the-
orem is a consequence of (16).

(18) Let us consider a square matrix N over Rp of dimension 3. Suppose

N = {(2,0,-1),(0,+/3,0), (1,0, —2)). Then
(i) Det N = (—3) - /3, and
(ii) N is invertible.

(19) Let us consider elements ai1, ai2, ai3, as1, a2, a3, asi, aze, asz, bii,
bi2, b13, b1, baa, bas, b1, b32, b33, a1, az, as, as, as, ag, ar, as, ag of Ry,
and square matrices A, B over Ry of dimension 3.

Suppose A = <<CL11, a2, CL13>, <a21, ag, CL23>, <a31, asa, CL33>> and B =
((b11, b12, b13), (b1, b2z, ba3), (b31, b32,b33)) and a1 = aiy - b1y + a12 - bay +
ay3-b31 and ag = a11-b12+a12-bag+a13-b32 and ag = a11-b13+aiz-baz+ai3-b33
and a4 = asy - bi1 + ag - ba1r + ags - bay.

Suppose a5 = ag1-b1o+a92-bag+aoz-b3e and ag = ao1-b13+ag2-bag+aos-
bz and a7 = a3y -b11+agzz-ba1 +ass-b31 and ag = az1-bia+asz-be2+ass-b32
and ag = a3y - b1z + azz - bz + as3 - bss.

Then A- B = (<a1, ag, a3>, (a4, as, ag), <a7, as, a9>).

Let us consider square matrices N1, Ny over Rp of dimension 3. Now we
state the propositions:

(20) Suppose Ny = ((2,0,-1),(0,+/3,0), (1,0,—2)) and N2 = ((%,0,—3), (0,

%,0>,<%70,—%>>.ThenN1-N2: ((1,0,0),(0,1,0),(0,0,1)). The theorem

is a consequence of (19)
(21) Suppose No = ((2,0,—1),(0,/3,0),(1,0,—-2)) and Ny = <( 0,—%>,<0,
%,O),(%,O,—%)).Thean Ny = ((1,0,0),(0,1,0), (0,0, 1)). The theorem

is a consequence of (19).
(22) Suppose Ny = ((2,0,-1),(0,+/3,0), (1,0,—2)) and N2 = ((%,0,—3), (0,
%, 0), <%, 0, —%)> Then N is inverse of No. The theorem is a consequence
of (20) and (21).
Let us consider an invertible square matrix N over Rg of dimension 3. Now
we state the propositions:
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(23) Suppose N = (<%,0, —%), (0, %,0), (é,(), —%>) Then (the homography
of N)°(the absolute) C the absolute.
PRrROOF: (The homography of N)°(the absolute) C the absolute by [7,
(89)], [9, (7)]. OO

(24) Suppose N = ((2,0,—1),(0,v/3,0), (1,0, —2)). Then (the homography
of N)°(the absolute) = the absolute.
PROOF: (The homography of N)°(the absolute) C the absolute.
The absolute C (the homography of N)°(the absolute) by [6, (19)], (22),
(23). O

(25) Let us consider real numbers a, b, r, and elements P, Q, R of £%. Suppose
Q € L(P,R) and P, R € the inside of circle(a,b,r). Then @ € the inside
of circle(a,b,r).

(26) Let us consider non zero elements u, v of 8%. Suppose the direction of
u = the direction of v and u(3) # 0 and «(3) = v(3). Then u = v.

(27) Let us consider an element R of the projective space over £3. elements
P, @ of the BK-model, non zero elements u, v, w of 5%, and a real number
r. Suppose 0 < r < 1 and P = the direction of u and ) = the direction
of v and R = the direction of w and u(3) = 1 and v(3) = 1 and w =
r-u+ (1 —7r)-v. Then R is an element of the BK-model.
ProoF: Consider uy being a non zero element of 5% such that the direction
of ug = P and u2(3) = 1 and BK-to-REAL2(P) = [ua(1), u2(2)]. u = ua.
Reconsider r4 = [ua(1),u2(2)] as an element of £2. Consider v being a non
zero element of &3 such that the direction of vy = Q and v2(3) = 1 and
BK-to-REAL2(Q) = [v2(1),v2(2)]. v = v2. Reconsider rg = [v2(1), v2(2)]
as an element of £3. Reconsider rg = [w(1),w(2)] as an element of £3.
rs = r-ry+ (1 —7) - re. Consider R3 being an element of €2 such that
R3 = rg and REAL2-to-BK(rg) = the direction of [(R3)1, (R3)2,1]. O

(28) Let us consider an invertible square matrix N over Ry of dimension 3,
elements ni1, ni2, N13, N21, N2, N23, N31, N32, N3z of Ry, points P, ) of
the projective space over 5%, and non zero elements u, v of 5%. Suppose
N = <<TL11, ni2, n13>, <n21, n99, n23>, <n31, nsa, n33>> and P = the direction
of u and @ = the direction of v and @ = (the homography of N)(P) and
u(3) = 1. Then there exists a non zero real number a such that

(i) v(1) =a- (n11-w(l) + ni2 - u(2) + n13), and
(i) v(2) = a- (n21 - u(l) + noa - u(2) 4 na3), and
(iii) v(3) = a - (n31 - u(l) + ng2 - u(2) + ns33).

(29) Let us consider an invertible square matrix N over Rp of dimension
3, elements nq1, ni2, N3, No1, N2, N3, N31, N32, N33 of Rp, an element
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P of the BK-model, a point @ of the projective space over &2, and non
zero elements u, v of 3. Suppose N = ((n11,n12,n13), (na1, n2a, nag), (n31,
ns2,n33)) and P = the direction of u and @ = the direction of v and
@ = (the homography of N)(P) and u(3) =1 and v(3) = 1. Then

(i) n31-u(l) + n32 - u(2) + ngg # 0, and

.. ni1-u(l)+niz-u(2)+n
(i) v(1) = MraGrmeuin,
2)

_ naru(l)+nos-u(2)+n
(iii) v(2) = ni.u(1)+n§§-u(2)+n§§'

The theorem is a consequence of (28).

and

(30) Let us consider an invertible square matrix N over Rp of dimension
3, an element h of the subgroup of K-isometries, elements ni1, nis, n13,
n91, Nog, Nog, N31, N3z, N33 of Rp, an element P of the BK-model, and
a non zero element u of 8%. Suppose h = the homography of N and
N = <<n11, n127n13>, (ngl,ngg,n23>, <n31,n32,n33>> and P = the direction
of w and u(3) = 1. Then n3; - u(1) + n32 - u(2) + n3z # 0. The theorem is
a consequence of (29).

(31) Let us consider an invertible square matrix N over Rp of dimension
3, elements nq1, ni2, N3, N21, No2, N3, N31, N3z, N33 of Rp, an element
P of the absolute, a point ) of the projective space over 5%, and non
zero elements u, v of £3. Suppose N = ((n1,n12, n13), (n21, nag, naz), (na1,
nsa,n33)) and P = the direction of u and @ = the direction of v and
@) = (the homography of N)(P) and u(3) =1 and v(3) = 1. Then

(1) na1-u(l) +n32 - uw(2) +ng3 # 0, and

.. ni1-u(l)+ni2-u(2)+n
(i) v(1) = mruEms u i,
)

_ nar-u(l)+naz-u(2)+n
(iii) v(2) = niu(l)—i—niiﬂ(?)-&-nz;'

The theorem is a consequence of (28).

and

(32) Let us consider an invertible square matrix N over Ry of dimension 3,
an element h of the subgroup of K-isometries, elements ni1, ni2, n13, no1,
N9, Nag, N31, N32, N33 of Rp, an element P of the absolute, and a non
zero element u of £3. Suppose h = the homography of N and N = {(ny1,
n12,n13), (N1, n22, M23), (n31,n32, ng3)) and P = the direction of u and
u(3) = 1. Then n3y-u(1)+nge-u(2)+ns3 # 0. The theorem is a consequence
of (31).

(33) Let us consider an invertible square matrix N over Rp of dimension
3, an element h of the subgroup of K-isometries, elements ny1, ni2, n1s,
no1, N22, N23, N31, N32, N33 of RF, an element P of the BK—model, and
a non zero element u of £3. Suppose h = the homography of N and
N = ((n11,n12, 113), (n21, N2, n23), (N31, n32, n33)) and P = the direction
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of u and u(3) = 1. Then (the homography of N)(P) = the direction of
[nll'u(1)+n12‘u(2)+n13 n21-u(1)+no2-u(2)+ns2s
n31-u(1l)+n32-u(2)+n33’ n31-u(l)+nzz-u(2)+na3
of (29).

(34) Let us consider an invertible square matrix N over Rp of dimension

, 1]. The theorem is a consequence

3, an element A of the subgroup of K-isometries, elements nq1, n12, n13,
n91, No2, Mo3, N31, N3z, N33 of Ry, an element P of the absolute, and
a non zero element u of £. Suppose h = the homography of N and
N = <<7’L11, nlg,n13>, <n21, n22,n23>, (n31,n32,n33>> and P = the direction

of v and u(3) = 1. Then (the homography of N)(P) = the direction of
[nll-u(1)+n12-u(2)+n13 na1-u(1l)+n22-u(2)+nas3 1

n31-u(1l)+n32-u(2)+n33’ n31-u(l)+nzz-u(2)+na3’
of (31).

(35) Let us consider a subset A of £, a convex, non empty subset B of £%,

]. The theorem is a consequence

a real number r, and an element = of £3. Suppose A = {z, where z is
an element of & : [(z)1, (x)2] € B and (z)3 = r}. Then A is non empty
and convex.

(36) Let us consider elements ni, ng, ng of Rp, and elements n, u of £3.
Suppose n = (n1,n2,n3) and u(3) = 1. Then |(n,u)| = ny - u(l) + ng -
u(2) + n3.

(37) Let us consider a convex, non empty subset A of £, and elements n,
u, v of £3. Suppose for every element w of &3 such that w € A holds
|(n,w)| # 0 and u, v € A. Then 0 < |(n,u)| - |(n,v)|.

PROOF: Set # = |(n, u)|. Set y = |(n, v)|. Reconsider I = 2% as a non zero
real number. Reconsider w = -v + (1 —[) - u as an element of 3. z # y.
1-l=-4|(nw)]=0.0

Let us consider elements n31, n3e, ngz of Rp and elements u, v of 5%. Now
we state the propositions:

(38) Suppose u, v € the inside of circle(0,0,1) and for every element w of £2
such that w € the inside of circle(0,0,1) holds nz;-w(1)+n32-w(2)+nszs # 0.
Then 0 < (7”L31 u(l) + n32 u(2) + 7”L33) . (7131 . U(l) + ns3g - ’U(2) + 7”L33). The
theorem is a consequence of (35), (36), and (37).

(39) Suppose u € the inside of circle(0,0,1) and v € circle(0,0,1) and for
every element w of £2 such that w € the closed inside of circle(0,0,1)
holds n31 - w(1) + ng2 - w(2) + ngg # 0. Then 0 < (n31 - u(l) + n32 - u(2) +
ns3) - (ns1 - v(1) + n3z - v(2) + ngsg). The theorem is a consequence of (35),
(36), and (37).

(40) Let us consider real numbers [, r, elements u, v, w of £3,, and real numbers
ni1, N2, 113, N21, 122, N23, N31, N32, N33, M1, M2, M3, M4, M5, Mg, M7,
meg, ™My.
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Suppose m3 # 0 and mg # 0 and mg # 0 and r = (l_l)lm%
and (1 —=10)-mg+1-mg #0and w = (1 —1)-u+1-vand m; =
niy - ’LL(].) + nq9 - u(2) 4+ ni13 and my = noy - U(l) + Nnog - U(2) + n93 and
ms =ngy - u(l) + n3z - w(2) + n3z and my = nqy - v(1) + nyg - v(2) + nys.

Suppose ms = nap-v(1)+na2-v(2)+ngs and me = nz1-v(1)+ns2-v(2)+
ng3 and my = nll.w(1)+n12-w(2)+n13 and mg = ngl-w(1)+n22-w(2)+n23
and mg = ngy - w(l) + nz2 - w(2) + ns3.

Then (1 —r)-[;t, 22, 1] 4[4, 78 1] = [0, ™8 1]. The theorem is
a consequence of (4) and (5).

(41) Let us consider an invertible square matrix N over Rp of dimension
3, an element h of the subgroup of K-isometries, elements ni1, nis, n13,
n91, Nog, Nog, N31, N32, N3z of Rp, and an element P of the BK-model.
Suppose h = the homography of N and N = ({(ni1,ni2,ni3), (na1, nag,

na3), (n31, n32, n3s)). Then (the homography of N)(P) = the direction of
TL11-(BK-tO—REAL2(P))1+n12~(BK-t0-REAL2(P))2+TL13
[TL31~(BK-t0—REAL2(P))1+n32~(BK—t0—REAL2(P))2+n33 ’
TL21~(BK—tO—REALQ(P))l+n22-(BK-tO—REALQ(P))2+7L23 1
n31~(BK—tO—REALQ(P))l+n32~(BK-tO—REAL2(P))2+TL33’ ]

The theorem is a consequence of (33).

(42) Let us consider an element h of the subgroup of K-isometries, an in-
vertible square matrix N over Rg of dimension 3, elements n11, n12, n13,
n91, Moo, N3, N31, N3z, N33 of Rp, and an element us of 5%. Suppose
h = the homography of N and N = ((ni1,n12,n13), (no1, na2, na3), (N3,
ns2, n3s)) and ug € the inside of circle(0,0,1). Then ngy-ug(1)+ns2-u2(2)+
ns3 # 0. The theorem is a consequence of (30).

(43) Let us consider a positive real number r, and an element u of 6’%. If
u € circle(0,0,7), then u is not zero.

(44) Let us consider an element h of the subgroup of K-isometries, an in-
vertible square matrix N over Rp of dimension 3, elements ni1, ni2, n13,
n91, Mo, N3, N31, N3z, N33 of Rp, and an element us of 8%. Suppose
h = the homography of N and N = ((n11,n12,n13), (no1, noa, na3), (n31,
nsa,n33)) and ug € the closed inside of circle(0,0,1). Then ns3; - ug(1) +
n3z - u2(2) +n33 # 0. The theorem is a consequence of (30), (43), and (32).

(45) Let us consider real numbers a, b, ¢, d, e, f, r. Suppose (1 —r) - [a,b,
1 4+7r-[c,d, 1] =[e, f,1]. Then (1 —7) - [a,b] +r - [c,d] = e, f].

(46) Let us consider points P, Q, R, P', @', R’ of BK-model-Plane, elements
p, q, 7, p, ¢, r of the BK-model, an element h of the subgroup of K-
isometries, and an invertible square matrix N over Ry of dimension 3.
Suppose h = the homography of N and @ lies between P and R and
P=pand @ = g and R = r and p’ = (the homography of N)(p) and
¢ = (the homography of N)(q) and " = (the homography of N)(r) and

15
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P'=p and Q' = ¢ and R’ = r'. Then @’ lies between P’ and R'.
Proor: Consider niy, Ni2, N13, N21, N2, N23, N31, N32, N33 being ele-
ments of RF such that NV = <<n11, nio, n13>, <n21, no22, 7”L23>, <’/L31, n3a, TL33>>.
Consider u being a non zero element of £3 such that the direction of
u = p and u(3) = 1 and BK-to-REAL2(p) = [u(1),u(2)]. Consider v
being a non zero element of £3 such that the direction of v = r and
v(3) = 1 and BK-to-REAL2(r) = [v(1),v(2)]. Consider w being a non
zero element of &3 such that the direction of w = ¢ and w(3) = 1 and
BK-to-REAL2(q) = [w(1),w(2)].

Reconsider my = nqp - u(1) + nio - u(2) + ni3, mg = noy - u(1) + nag -
u(2) +na3, mg = n3i-u(l)+nz2-u(2)+ns3, ma = ni1-v(1)+ni2-v(2)+n13,
ms = ngy - V(1) + nag - v(2) + na3, me = n31 - v(1) + n3a - v(2) + ngz, my =
ni1-w(l)+nig-w(2)+n13, mg = nop-w(1l)+noe-w(2)+nes, mg = nz-w(l)+
n32 - w(2) + ng3 as a real number. BKtoT2(P) = BK-to-REAL2(p) and
BKto’TQ(P) = BK-to-REAL2(p) and BKtoT2(Q) = BK-to-REAL2(q)
and BKtoTQ(Q) BK-to-REAL2(q) and BKtoT2(R) = BK-to-REAL2(r)
and BKtoT2(R) = BK-to- REAL2(r) Consider [ being a real number such
that 0 < I < 1 and BKtoT2(Q) = (1—1)- (BKtoT2(P)) +1- (BKtoT2(R)).

l-
Set 1 = (rptatir (L) - (5 22 - [ ) = (2

ms 11,0 < r < 1. BKtoT2(P') = BK-to-REAL2(p') and BKtoT2(P') =

mg N
BK-to-REAL2(p') and BKtoT2(Q') = BK-to-REAL2(¢') and BKtoT2(Q') =
BK-to-REAL2(q') and BKtoT2(R') = BK-to-REAL2(r") and BKtoT2(R') =
BK-to-REAL2(r"). O

Let P be a point of the projective space over S%. We say that P is point at
oo if and only if

(Def. 4)

there exists a non zero element v of 5% such that P = the direction of
uw and (u)s = 0.

Now we state the proposition:

(47)

Let us consider a point P of the projective space over 8%. Suppose there
exists a non zero element u of £ such that P = the direction of u and
(u)g # 0. Then P is not point at oo.

Note that there exists a point of the projective space over 5% which is point

at oo

at 0o.

and there exists a point of the projective space over 5% which is non point

Let P be a non point at oo point of the projective space over £3. The functor
RP3toREAL2(P) yielding an element of R? is defined by

(Def. 5)

there exists a non zero element u of 5% such that P = the direction of
uwand (u)s =1 and it = [(u)1, (u)2].
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The functor RP3toT2(P) yielding a point of TarskiEuclid2Space is defined
by the term

(Def. 6) RP3toREAL2(P).
Now we state the propositions:

(48) Let us consider non point at oo elements P, Q, R, P', @', R’ of the pro-
jective space over £, an element h of the subgroup of K-isometries, and
an invertible square matrix N over Ry of dimension 3.

Suppose h = the homography of N and P, Q) € the BK-model and R €
the absolute and P’ = (the homography of N)(P) and Q" = (the homogra-
phy of N)(Q) and R’ = (the homography of N)(R) and RP3toT2(Q) lies
between RP3toT2(P) and RP3toT2(R).

Then RP3t0T2(Q’) lies between RP3toT2(P’) and RP3toT2(R’).
Proor: Consider nq1, nis2, n13, n21, No2, Nog, N31, N32, N33 being elements
of RF such that N = <<n11, nig, 7%13), <7”L21, n22, n23>, <7”L31, nsz, n33)>. Con-
sider u being a non zero element of £ such that P = the direction
of u and (u)g = 1 and RP3toREAL2(P) = [(u)1, (u)2]. Consider v be-
ing a non zero element of £3 such that R = the direction of v and
(v)s = 1 and RP3toREAL2(R) = [(v)1, (v)2]. Consider w being a non
zero element of &3 such that @ = the direction of w and (w)s = 1 and
RP3toREAL2(Q) = [(w)1, (w)2].

Reconsider my = ny1-u(1)+ni2-u(2)+nis, ma = noy-u(l)+noe-u(2)+
ng3, M3 = N3 * u(l) “+ nszo - u(2) + n33, Mg = N1 - 1)(1) + N2 - 1)(2) + nis,
ms = na1 - v(1) + nag - v(2) + no3, mg = n31 - v(1) + nz2 - v(2) + nss,
my7 = ni1 - w(l) + nig - w(2) + niz, mg = nar - w(l) + noa - w(2) + nas,
mg = ngy - w(l) + n32 - w(2) + n33 as a real number.

Consider [ being a real number such that 0 <7 <1 and RP3t0T2(Q) =
(1—1)-(RP3toT2(P))+1-(RP3toT2(R)). Set r = (u)lm% (1—r)- [,
m2 )+ [%g,mg 1]:[%;,23 1.0<r<1.0

(49) Let us consider real numbers a, b, ¢, and elements u, v, w of 5%. Suppose
a#0anda+b+c=0anda-u+b-v+c-w= Ogs . Then u € Line(v, w).

(50) Let us consider non point at co points P, @, R of the projective space
over 5%, and non zero elements u, v, w of 8%. Suppose P = the direction
of u and () = the direction of v and R = the direction of w and (u)3 =1
and (v)s = 1 and (w)g = 1. Then P, Q and R are collinear if and only if
u, v and w are collinear. The theorem is a consequence of (49).

(51) Let us consider elements u, v, w of £3. Suppose u € L(v,w). Then [(u)1,
(u)2] € L([(v)1, (v)2]; [(w)1, (w)2])-
(52) Let us consider elements u, v, w of £2. Suppose u € L(v,w). Then [(u)1,

(u)2, 1] € L([(v)1, (v)2, 1], [(w)1, (w)2, 1]).
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PRrOOF: Consider r being a real number such that 0 < r and r < 1 and
u=(1-=7r)-v+7r-w. Reconsider v’ = [(u)1, (u)2,1], v' = [(v)1, (v)2,1],
w' = [(w)1, (w)2,1] as an element of £3. v/ = (1 —7r) - v +7r-w'. O

(53) Let us consider non point at co points P, @, R of the projective spa-
ce over £. Then P, Q and R are collinear if and only if RP3toT2(P),
RP3toT2(Q) and RP3toT2(R) are collinear. The theorem is a consequen-
ce of (50), (51), and (52).

(54) Let us consider elements u, v, w of £4. Suppose u, v and w are colline-
ar. Then [(u)1, (u)2,1], [(v)1, (v)2,1] and [(w)1, (w)2, 1] are collinear. The
theorem is a consequence of (52).

(55) Let us consider non point at oo elements P, @, P; of the projective
space over 5%. Suppose P, @ € the BK-model and P; € the absolute.
Then RP3toT2(P;) does not lie between RP3toT2((Q) and RP3toT2(P).
The theorem is a consequence of (52) and (27).

The functor Dir001 yielding a non point at co element of the projective space
over 5% is defined by the term

(Def. 7)  the direction of [0, 0, 1].

The functor Dirl01 yielding a non point at co element of the projective space
over £} is defined by the term

(Def. 8) the direction of [1,0, 1].
Now we state the propositions:

(56) Let us consider non point at oo elements P, @ of the projective space over
E3.. Suppose P, Q € the absolute. Then RP3toT2(Dir001) RP3toT2(P) =
RP3toT2(Dir001) RP3toT2(Q).

(57) Let us consider non point at co elements P, @), R of the projective space

over 5%, and non zero elements u, v, w of 5%. Suppose P, @ € the absolute
and P # @ and P = the direction of v and @) = the direction of v and
R = the direction of w and (u)g = 1 and (v)g = 1 and w = [%
(w242 4] Then R € the BK-model.
PRrROOF: Reconsider v = [u(1),u(2)], v' = [v(1),v(2)] as an element of
E2. u' # v'. Reconsider rg = [(w)1, (w)2] as an element of the inside of
circle(0,0,1). Consider R3 being an element of 5% such that R3 = rg and
REAL2-to-BK(rg) = the direction of [(R3)1, (R3)2,1]. O

(58) Let us consider points Ry, Re of TarskiEuclid2Space. Suppose Rl, Ry €
circle(0,0,1) and R; # Ra. Then there exists an element P of BK-model-
Plane such that BKtoT2(P) lies between R; and Rs. The theorem is
a consequence of (47), (57), and (26).

(59) Let us consider non point at co elements P, @ of the projective space

)
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over £3. If RP3toT2(P) = RP3toT2(Q), then P = Q.

(60) Let us consider non point at oo elements R, Ro of the projective space
over £3. Suppose Rj, Rs € the absolute and Ry # Ry. Then there exi-
sts an element P of BK-model-Plane such that BKtoT2(P) lies between
RP3toT2(R;) and RP3toT2(R2). The theorem is a consequence of (59)
and (58).

(61) Let us consider points P, ), R of TarskiEuclid2Space. Suppose @ lies be-
tween P and R and P, R € the inside of circle(0,0,1). Then Q € the inside
of circle(0,0,1).

Let us consider a non point at oo element P of the projective space over 8%.

(62) If P € the absolute, then RP3toREAL2(P) € circle(0,0,1).

(63) If P € the BK-model, then RP3toREAL2(P) € the inside of circle(0,0,1).
The theorem is a consequence of (26).

(64) Let us consider a non point at oo point P of the projective space over £3,,
and an element @ of the BK-model. If P = @, then RP3toREAL2(P) =
BK-to-REAL2(Q). The theorem is a consequence of (26).

(65) Let us consider non point at oo elements P, @, Ry, Ry of the projecti-
ve space over 5%. Suppose P # @ and P € the BK-model and R;, Ro €
the absolute and RP3toT2(Q) lies between RP3toT2(P) and RP3toT2(R;)
and RP3toT2(Q) lies between RP3toT2(P) and RP3toT2(Rz). Then R; =
Ry. The theorem is a consequence of (60), (59), (62), (64), (8), and (61).

(66) Let us consider non point at co elements P, @), Py, P» of the projective
space over 6’%. Suppose P # @ and P, Q € the BK-model and Py, P, €
the absolute and P; # P, and P, () and P; are collinear and P, () and P
are collinear. Then

(i) RP3toT2(P) lies between RP3toT2(Q) and RP3toT2(F;), or
(ii) RP3toT2(P) lies between RP3toT2((Q) and RP3toT2().
The theorem is a consequence of (55), (53), and (65).

Let us consider elements P, @) of the BK-model. Now we state the proposi-
tions:

(67) Suppose P # @Q. Then there exists an element R of the absolute such
that for every non point at co elements p, ¢, r of the projective space over
&3 such that p= P and ¢ = Q and 7 = R holds RP3toT2(p) lies between
RP3toT2(¢q) and RP3toT2(r). The theorem is a consequence of (47) and

(66).
(68) Suppose P # @. Then there exists an element R of the absolute such
that for every non point at co elements p, ¢, r of the projective space over
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&3 such that p = P and ¢ = Q and r = R holds RP3toT2(q) lies between
RP3toT2(p) and RP3toT2(r). The theorem is a consequence of (67).

(69) The direction of [1,0,1] is an element of the absolute.

(70) Let us consider points a, b of BK-model-Plane. Then @a = bb. The
theorem is a consequence of (69).

(71) Every element of the BK-model is a non point at co element of the pro-
jective space over £3.. The theorem is a consequence of (47).

(72) Every element of the absolute is a non point at co element of the pro-
jective space over £3. The theorem is a consequence of (47).

(73) Let us consider an element P of the BK-model, and a non point at oo ele-
ment P’ of the projective space over £.. If P = P/, then RP3toREAL2(P') =
BK-to-REAL2(P). The theorem is a consequence of (26).

(74) Let us consider points a, ¢, b, ¢ of BK-model-Plane. Then there exists
a point z of BK-model-Plane such that
(i) a lies between ¢ and x, and
(ii) @z = be.
The theorem is a consequence of (71), (68), (72), (12), (70), (48), and (73).

(75) Let us consider points P, @ of BK-model-Plane.
If BKtoT2(P) = BKtoT2(Q), then P = Q.

(76) Let us consider real numbers a, b, r, and elements P, @, R of 5%. Sup-
pose P, R € the inside of circle(a,b,r). Then L(P,R) C the inside of
circle(a,b,r).

2. THE AXIOM OF SEGMENT CONSTRUCTION

Now we state the proposition:

(77) BK-model-Plane satisfies the axiom of segment construction.

3. THE AXIOM OF BETWEENNESS IDENTITY

Now we state the proposition:

(78) BK-model-Plane satisfies the axiom of betweenness identity. The the-
orem is a consequence of (12) and (75).
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4. THE AXIOoM OF PASCH

Now we state the proposition:

(79) BK-model-Plane satisfies the axiom of Pasch. The theorem is a conse-

2]
8]

(10]

(11]

quence of (12), (8), (25), and (10).
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