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Summary. We continue in the Mizar system [2] the formalization of fuzzy
implications according to the book of Baczynski and Jayaram “Fuzzy Implica-
tions” [1]. In this article we define fuzzy negations and show their connections
with previously defined fuzzy implications [4] and [5] and triangular norms and
conorms [6]. This can be seen as a step towards building a formal framework
of fuzzy connectives [I0]. We introduce formally Sugeno negation, boundary ne-
gations and show how these operators are pointwise ordered. This work is a
continuation of the development of fuzzy sets [12], [3] in Mizar [7] started in [IT]
and partially described in [§]. This submission can be treated also as a part of
a formal comparison of fuzzy and rough approaches to incomplete or uncertain
information within the Mizar Mathematical Library [9].
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0. INTRODUCTION

The main aim of this Mizar article was to implement a formal counterpart
of (the part of) Chapter 1.4, pp. 13-20 of Baczynski and Jayaram book “Fuzzy
Implications” [I]. This is the fourth submission in the series formalizing this
textbook, following [4], [5], and [6].

After filling some gaps — proving lemmas about monotone functions absent

in the Mizar Mathematical Library, in Section 2 we recall the notion of conjugate

(©) 2020 University of Bialystok
121 CC-BY-SA License ver. 3.0 or later
ISSN 1426-2630(Print), 1898-9934(Online)


https://content.sciendo.com/view/journals/forma/forma-overview.xml
https://orcid.org/0000-0001-5026-3990
http://zbmath.org/classification/?q=cc:03B52
http://zbmath.org/classification/?q=cc:68V20
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/fuzimpl3.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

122 ADAM GRABOWSKI

fuzzy implications, and formally implement a method of generating a new fuzzy
implication from a given one. We prove that I; inherits corresponding properties
of f, such as (NP) — the left neutrality property, (EP) — the exchange principle,
(IP) — the identity principle, and (OP) — the ordering property, providing also
registrations of clusters which guarantee the automatic handling of adjectives
(their adjunction to the respective radix type), thus making a formalization
work a bit easier.

Section 3, which is a fundamental part of this paper, contains elementary
definitions needed to cope with fuzzy negations, and Sect. 4 provides a method
of generating fuzzy negation from a given fuzzy implication. There are also con-
crete examples given in Section 5: the classical (standard) fuzzy complement N¢
introduced at the beginning, two boundary (in the sense of the natural ordering
of the functions) negations Np; and Npy (Def. 17 and 18, respectively). Section
6 shows which negations are generated from nine well-known fuzzy implications,
so it can be treated as the formal counterpart of Table 1.7, p. 18 [IJ.

Fuzzy implication I | Fuzzy negation Ny
Ik N¢
Icp Npy
Irc N¢
Ixp Ne¢
Jfelel Npy
Irs Npy
Iva Np;
Iws Np2
Irp N¢

Section 7 is devoted to Sugeno negation (Def. 21), which can be used as a
useful method of constructing examples of fuzzy negations (for example, substi-
tuting A = 0 in the Sugeno negation, we obtain the standard fuzzy complemen-
tation). We conclude with some properties of conjugate fuzzy negations.

1. PRELIMINARIES

Now we state the proposition:
(1) Let us consider real numbers z, 7. If 0 < x < 1 and r > —1, then
x-r+1>0.
Let us consider a real number z. Now we state the propositions:
(2) If z €0,1] and z # 0, then there exists an element w of [0, 1] such that
w < 2.
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(3) If z € [0,1] and z # 1, then there exists an element w of [0, 1] such that
w > z.

Note that there exists a unary operation on [0, 1] which is bijective and incre-
asing and every unary operation on [0, 1] which is bijective and non-decreasing
is also increasing and every unary operation on [0, 1] which is bijective and in-
creasing is also non-decreasing. Let f be a bijective, increasing unary operation
on [0, 1]. One can check that f~! is real-valued and function-like and (f[0,1])~*
is real-valued. Now we state the propositions:

(4) Let us consider a one-to-one unary operation f on [0, 1], and an element
d of [0,1]. If d € tng f, then (f~!)(d) € dom f.
(5) Let us consider a bijective, increasing unary operation f on [0, 1]. Then
f~1is increasing.
Let f be a bijective, increasing unary operation on [0, 1]. Let us note that
f~1 is increasing. Let us consider a unary operation f on [0,1]. Now we state
the propositions:

(6) f is non-decreasing if and only if for every elements a, b of [0, 1] such
that a < b holds f(a) < f(b).

(7) f is non-increasing if and only if for every elements a, b of [0,1] such
that a < b holds f(a) > f(b).

(8) f is decreasing if and only if for every elements a, b of [0,1] such that
a < b holds f(a) > f(b).

(9) f is increasing if and only if for every elements a, b of [0,1] such that
a < b holds f(a) < f(b).

(10) Let us consider an increasing, bijective unary operation f on [0, 1]. Then
(i) £(0) =0, and
(i) (1) =1.
Let f be a bijective, increasing unary operation on [0, 1]. Observe that f~!
is bijective and increasing as a unary operation on [0, 1].

2. CONJUGATE Fuzzy IMPLICATIONS

The functor @ yielding a set is defined by the term
(Def. 1) the set of all f where f is a bijective, increasing unary operation on [0, 1].

Let f be a binary operation on [0, 1] and ¢ be a bijective, increasing unary
operation on [0, 1]. The functor f, yielding a binary operation on [0, 1] is defined
by

(Def. 2) for every elements x1, ¥ of [0,1], it(z1,22) = (¢~ 1) (f(p(x1), p(12))).
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Let f, g be binary operations on [0, 1]. We say that f, g are conjugate if and
only if
(Def. 3) there exists a bijective, increasing unary operation ¢ on [0, 1] such that

g=1F p-

Let I be a fuzzy implication and f be a bijective, non-decreasing unary
operation on [0, 1]. Let us note that Iy is antitone w.r.t. 1st coordinate, isotone
w.r.t. 2nd coordinate, 00-dominant, 11-dominant, and 10-weak.

(11) Let us consider a fuzzy implication I, and a bijective, increasing unary
operation f on [0,1]. Then I; is a fuzzy implication.
Let us note that there exists a fuzzy implication which satisfies (NP), (OP),
(EP), and (IP). Let us consider a fuzzy implication I and a bijective, increasing
unary operation f on [0, 1]. Now we state the propositions:
(12) If I satisfies (NP), then Iy satisfies (NP). The theorem is a consequence
of (10).
(13) If I satisfies (EP), then I satisfies (EP).
(14) If I satisfies (IP), then I satisfies (IP). The theorem is a consequence
of (10).
(15) If I satisfies (OP), then Iy satisfies (OP).
PRrROOF: Set g = I;. If g(x,y) =1, then x < y. f(z) < f(y).
(I (@), fy) =1.0

Let I be fuzzy implication satisfying (NP) and f be a bijective, increasing
unary operation on [0,1]. Let us observe that Iy satisfies (NP). Let I be fuz-
zy implication satisfying (EP). Observe that Iy satisfies (EP). Let I be fuzzy
implication satisfying (IP). Let us note that Iy satisfies (IP). Let I be fuzzy
implication satisfying (OP). Note that Iy satisfies (OP). Now we state the pro-
position:

(16) Let us consider a fuzzy implication I, and a bijective, increasing unary
operation f on [0,1]. Then Iy = f~1-I-(f x f).
PROOF: Set g = Iy. For every object = such that € dom g holds g(z) =
(f7HI-(f x f))(2). O

3. Fuzzy NEGATIONS

Let N be a unary operation on [0,1]. We say that N is satisfying (N1) if
and only if

(Def. 4) N(0) =1 and N(1) =0.

We say that N is satisfying (N2) if and only if

(Def. 5) N is non-increasing.
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The functor N¢ yielding a unary operation on [0, 1] is defined by
(Def. 6) for every element z of [0,1], it(x) =1 — z.

Note that N¢ is satisfying (N1) and satisfying (N2) and N¢ is bijective and
decreasing and there exists a unary operation on [0, 1] which is bijective and
decreasing and there exists a unary operation on [0, 1] which is satisfying (N1)
and satisfying (N2).

A fuzzy negation is a satisfying (N1), satisfying (N2) unary operation on
[0,1]. Let f be a unary operation on [0,1]. We say that f is continuous if and
only if

(Def. 7) there exists a function g from I into I such that f = g and g is continuous.
Let N be a unary operation on [0, 1]. We say that N is involutive if and only
if
(Def. 8) for every element z of [0,1], N(N(z)) = «.
We say that N is satisfying (N3) if and only if
(Def. 9) N is decreasing.
We say that N is satisfying (N4) if and only if
(Def. 10) N is continuous.
We say that N is satisfying (N5) if and only if
(Def. 11) N is involutive.
We say that IV is strict if and only if
(Def. 12) N is satisfying (N3) and satisfying (N4).
We say that N is strong if and only if
(Def. 13) N is satisfying (N5).
We say that N is non-vanishing if and only if
(Def. 14) for every element z of [0,1], N(z) =0 iff z = 1.
We say that N is non-filling if and only if
(Def. 15) for every element z of [0,1], N(z) =1 iff = 0.

4. GENERATING Fuzzy NEGATIONS FROM FUzzy IMPLICATIONS

Now we state the proposition:

(17) Let us consider a decreasing, bijective unary operation f on [0, 1]. Then
() £(0) =1, and
(ii) f(1) =0.

Let I be a binary operation on [0, 1]. The functor N yielding a unary ope-
ration on [0, 1] is defined by
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(Def. 16) for every element z of [0, 1], it(x) = I(x,0).
Let I be binary operation on [0, 1] satisfying (I1), (I3), and (I5). Note that
Ny is satisfying (N1) and satisfying (N2).
Now we state the proposition:

(18) Let us consider a fuzzy implication I. Then Ny is a fuzzy negation.

5. BOUNDARY Fuzzy NEGATIONS

The functors: Np; and Npo yielding unary operations on [0, 1] are defined
by conditions

(Def. 17) for every element x of [0, 1], if z = 0, then Npy(z) = 1 and if = # 0, then

Np1 (.’E) =0,
(Def. 18) for every element x of [0, 1], if z = 1, then Npa(z) = 0 and if = # 1, then
NDQ(.T) = 1,

respectively. Let fi1, fo be unary operations on [0, 1]. We say that fi < fs if and
only if
(Def. 19) for every element a of [0,1], fi(a) < fa(a).

Let us note that Np; is satisfying (N1) and satisfying (N2) and Npg is
satisfying (N1) and satisfying (N2).
Now we state the proposition:
(19) Let us consider a fuzzy negation N. Then Np; < N < Npg.

6. Fuzzy NEGATIONS GENERATED BY NINE Fuzzy IMPLICATIONS

Now we state the propositions:
(20) Np . = Nc.
PRrROOF: Set I = I1k. Set f = Nj. Set g = N¢. For every element = of
[0,1], f(z) = g(z). O

PRrROOF: Set I = Ixp. Set f = Nj. Set ¢ = N¢. For every element z of
[0,1], f(z) = g(z). O

(24) Niye = Npa
(25) N = Npi
(26) Nryo = Npi
(27) Nryws = Np2
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(28) Np., = Ne.
PROOF: Set I = Ipp. Set f = Ni. Set g = N¢. For every element x of
[0,1], f(2) = g(z). O

(29) Let us consider binary operation I on [0, 1] satisfying (EP) and (OP).
Then Ny is a fuzzy negation.

(30) Let us consider binary operation I on [0, 1] satisfying (EP) and (OP),
and an element x of [0,1]. Then = < (N7)((Ny)(x)).

(31) Let us consider binary operation I on [0,1] satisfying (EP) and (OP).
Then (Ny) - (N7) - (N;) = Nj. The theorem is a consequence of (7) and
(30).

7. SUGENO NEGATION

Let x, A be real numbers. We say that A is greater than z if and only if
(Def. 20) A > z.

One can verify that there exists a real number which is greater than (—1).
Let A be a real number. Assume A > —1. The functor SugenoNegation A
yielding a unary operation on [0, 1] is defined by

. 1—
(Def. 21)  for every element z of [0,1], it(z) = 1555-

Now we state the proposition:
(32) N¢ = SugenoNegation 0.
Let A be a greater than (—1) real number. Note that SugenoNegation \ is
satisfying (N1) and satisfying (N2).

8. CONJUGATE Fuzzy NEGATIONS

Let f be a unary operation on [0, 1] and ¢ be a bijective, increasing unary
operation on [0, 1]. The functor f, yielding a unary operation on [0, 1] is defined
by

(Def. 22) for every element x of [0, 1], it(x) = (¢~ 1) (f(e(2))).

Now we state the proposition:

(33) Let us consider a fuzzy negation I, and a bijective, increasing unary
operation f on [0,1]. Then Iy = f~'-I- f.
PROOF: Set g = I7. For every object  such that € dom g holds g(z) =
(f'-1-f)x). 0

Let f, g be unary operations on [0, 1]. We say that f, g are conjugate if and
only if
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(Def. 23) there exists a bijective, increasing unary operation ¢ on [0, 1] such that
9= fe
Let N be a fuzzy negation and ¢ be a bijective, increasing unary operation
on [0, 1]. One can check that NN, is satisfying (N1) and satisfying (N2).
Now we state the proposition:

(34) Let us consider a fuzzy implication I, and a bijective, increasing unary
operation ¢ on [0,1]. Then (Ny), = Ny . The theorem is a consequence
of (10).
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