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Summary. In this article we formalize in Mizar [1], [2] the final step of our
attempt to formally construct a prime representing polynomial with 10 variables
proposed by Yuri Matiyasevich in [4].

The first part of the article includes many auxiliary lemmas related to mul-
tivariate polynomials. We start from the properties of monomials, among them
their evaluation as well as the power function on polynomials to define the substi-
tution for multivariate polynomials. For simplicity, we assume that a polynomial
and substituted ones as i-th variable have the same number of variables. Then we
study the number of variables that are used in given multivariate polynomials.
By the used variable we mean a variable that is raised at least once to a non-zero
power. We consider both adding unused variables and eliminating them.

The second part of the paper deals with the construction of the polynomial
proposed by Yuri Matiyasevich. First, we introduce a diophantine polynomial
over 4 variables that has roots in integers if and only if indicated variable is the
square of a natural number, and another two is the square of an odd natural
number. We modify the polynomial by adding two variables in such a way that
the root additionally requires the divisibility of these added variables. Then we
modify again the polynomial by adding two variables to also guarantee the non-
negativity condition of one of these variables. Finally, we combine the prime dio-
phantine representation proved in [7] with the obtained polynomial constructing
a prime representing polynomial with 10 variables. This work has been partially
presented in [8] with the obtained polynomial constructing a prime representing
polynomial with 10 variables in Theorem (85).
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1. Preliminaries

From now on i, j, k, n, m denote natural numbers, X denotes a set, b, s
denote bags of X, and x denotes an object. Now we state the propositions:

(1) Let us consider an integer i. Then i ?1CF = i.
Proof: Define P[natural number] ≡ $1 ?1CF = $1. If P[n], then P[n+ 1]
by [9, (62),(60)]. P[n]. Consider k being a natural number such that i = k

or i = −k. �

(2) Let us consider complex numbers z1, z2. Suppose <(z1) ­ 0 and <(z2) ­
0 and =(z1) ­ 0 and =(z2) ­ 0 and z1

2 = z2
2 and z1

2 is a real number.
Then z1 = z2.

(3) Let us consider integers a, b. If a2 | b2, then a | b.

(4) Let us consider a positive natural number m. Then 2(Segm)\{1} = 2m−
′1.

Proof: Define P[natural number] ≡ 2(Seg(1+$1))\{1} = 2$1 . If P[n], then
P[n+ 1]. P[n]. �

(5) Let us consider an ordinal number n, and a finite subset A of n. Then
⊆
n linearly orders A.

(6) Let us consider an element x of RF. Suppose x 6= 0RF .
Then powerRF(x, n) 6= 0RF .
Proof: Define P[natural number] ≡ powerRF(x, $1) 6= 0RF . If P[i], then
P[i+ 1]. P[i]. �

2. More on Bags

Let us consider a bag b of X. Now we state the propositions:

(7) support(n · b) ⊆ support b.

(8) If n 6= 0, then support(n · b) = support b. The theorem is a consequence
of (7).

(9) support(b+· (x, n)) ⊆ {x} ∪ support b.

Let X be a set, b be a bag of X, and n be a natural number. Observe that
n · b is finite-support. Let x be an object. One can check that b +· (x, n) is
finite-support. Now we state the propositions:

(10) Let us consider a bag b of X. Then 0 · b = EmptyBagX.

(11) Let us consider an ordinal number n, a right zeroed, add-associative,
right complementable, well unital, distributive, Abelian, non trivial,
commutative, associative, non empty double loop structure L, a function
x from n into L, a bag b of n, and a natural number i. If i 6= 0, then
eval(i · b, x) = powerL(eval(b, x), i).
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Proof: Define P[natural number] ≡ if $1 6= 0, then eval($1 · b, x) =
powerL(eval(b, x), $1). If P[j], then P[j + 1]. P[j]. �

(12) Let us consider a non empty set X, an element x of X, and an element
i of N. Then EmptyBagX +· (x, i) = ({x}, i) -bag.

(13) Let us consider a set X, x, and i. Suppose x ∈ X and i 6= 0. Then
support(EmptyBagX +· (x, i)) = {x}. The theorem is a consequence of
(12).

(14) Let us consider an ordinal number n, a well unital, non trivial double
loop structure L, and a function y from n into L. Suppose x ∈ n. Then
eval(EmptyBag n +· (x, i), y) = powerL(y(x), i). The theorem is a conse-
quence of (13).

Let us consider a bag b of X. Now we state the propositions:

(15) b = (b+· (x, 0)) + (EmptyBagX +· (x, b(x))).
Proof: Set E = EmptyBagX. Set b5 = b+·(x, 0). Set E6 = E+·(x, b(x)).
For every object y such that y ∈ dom b holds b(y) = (b5 + E6)(y). �

(16) support(b+· (x, 0)) = (support b) \ {x}.
Proof: support(b+· (x, 0)) ⊆ (support b) \ {x}. �

(17) Let us consider an ordinal number n, a right zeroed, add-associative,
right complementable, well unital, distributive, Abelian, non trivial,
commutative, associative, non empty double loop structure L, a function
x from n into L, a bag b of n, an object i, and a natural number j.
Suppose i ∈ n. Then (eval(b+· (i, j), x)) · powerL(x/i, b(i)) = (eval(b, x)) ·
powerL(x/i, j). The theorem is a consequence of (15) and (14).

Let A, B be sets, f be a function from A into B, x be an object, and b be
an element of B. Observe that the functor f +· (x, b) yields a function from A

into B. Now we state the propositions:

(18) Let us consider an ordinal number n, a well unital, non trivial double
loop structure L, a bag b of n, a function f from n into L, and an element
u of L. If b(x) = 0, then eval(b, f +· (x, u)) = eval(b, f).
Proof: Set S = SgmX(⊆n, support b). Set f6 = f +· (x, u). Consider
y being a finite sequence of elements of L such that len y = lenS and
eval(b, f6) =

∏
y and for every element i of N such that 1 ¬ i ¬ len y

holds y/i = powerL(f6 · S/i, b · S/i). For every element i of N such that
1 ¬ i ¬ len y holds y/i = powerL(f · S/i, b · S/i). �

(19) Let us consider a natural number n, a bag b of n, and i. If b(i) =
degree(b), then b = EmptyBag n+· (i, b(i)). The theorem is a consequence
of (15) and (13).

(20) Let us consider a set X, and bags b1, b2 of X. Suppose 2·b1+·(0, b1(0)) =
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2 · b2 +· (0, b2(0)). Then b1 = b2.
Proof: For every x such that x ∈ X holds b1(x) = b2(x). �

(21) Let us consider a set X, and a bag b of X. Then support(2·b+·(0, b(0))) =
support b.
Proof: support(2 · b+· (0, b(0))) ⊆ support b. support b ⊆ support(2 · b+·
(0, b(0))). �

(22) Let us consider a bag b of X. Then b +· (x, i + k) = (b +· (x, i)) +
(EmptyBagX +· (x, k)).
Proof: Set E3 = EmptyBagX. For every object y such that y ∈ X holds
(b+· (x, i+ k))(y) = ((b+· (x, i)) + (E3 +· (x, k)))(y). �

(23) Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure L, an element a of L, and a bag b of X.
Then Monom(−a, b) = −Monom(a, b).
Proof: If x ∈ BagsX, then (Monom(−a, b))(x) = (−Monom(a, b))(x). �

(24) Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure L, elements a1, a2 of L, and a bag b of
X. Then Monom(a1, b) + Monom(a2, b) = Monom(a1 + a2, b).
Proof: If x ∈ BagsX, then (Monom(a1, b) + Monom(a2, b))(x) =
(Monom(a1 + a2, b))(x). �

(25) Let us consider a non empty zero structure L, and a bag b of X. Then
Monom(0L, b) = 0XL.
Proof: If x ∈ BagsX, then (Monom(0L, b))(x) = (0XL)(x). �

(26) Let us consider an ordinal number O, a right zeroed, add-associative,
right complementable, right unital, distributive, non trivial double loop
structure R, a polynomial p of O,R, and a bag b of O. Then Support(p−
Monom(p(b), b)) = (Support p)\{b}. The theorem is a consequence of (25).

(27) Let us consider a natural number n, and an object p. Suppose p ∈ n. Let
us consider an integer element i of RF, and a function x from n into RF.
Then eval(Monom(i,EmptyBag n+· (p, 1)), x) = i · (x/p). The theorem is
a consequence of (14).

Let X be a set, b be a bag of X, and i be an integer element of RF. One can
check that Monom(i, b) is Z-valued.

3. Power of Multivariate Polynomial

From now on O denotes an ordinal number, R denotes a right zeroed, add-
associative, right complementable, right unital, distributive, non trivial double
loop structure, and p denotes a polynomial of O,R.

Let n be an ordinal number, R be a right zeroed, add-associative, right
complementable, right unital, distributive, non trivial double loop structure,
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p be a polynomial of n,R, and k be a natural number. The functor pk yielding
a polynomial of n,R is defined by the term

(Def. 1) powerPolyRing(n,R)(p, k).

Now we state the propositions:

(28) If R is well unital, then p0 = 1 (O,R) and p1 = p.
Proof: Set P7 = PolyRing(O,R). Reconsider E = 1 (O,R) as an element
of P7. For every element H of P7, H ·E = H and E ·H = H. P7 is unital.
�

(29) pn+1 = pn ∗ p.
(30) Let us consider an Abelian, well unital, commutative, associative, right

zeroed, add-associative, right complementable, right unital, distributive,
non trivial double loop structure R, a polynomial p of O,R, and a function
f from O into R. Then eval(pk, f) = powerR(eval(p, f), k).
Proof: Define P[natural number] ≡ eval(p$1 , f) = powerR(eval(p, f), $1).
eval(p0, f) = eval(1 (O,R), f). If P[n], then P[n+ 1]. P[n]. �

Let O be an ordinal number, p be a Z-valued polynomial of O,RF, and n be
a natural number. Observe that pn is Z-valued.

4. Substitution in Multivariate Polynomials

LetX be a set, b, s be bags ofX, and x be an object. The functor Subst(b, x, s)
yielding a bag of X is defined by the term

(Def. 2) (b+· (x, 0)) + s.

Now we state the propositions:

(31) support Subst(b, x, s) = (support b) \ {x} ∪ support s. The theorem is
a consequence of (16).

(32) Let us consider bags s1, s2, b of X. If Subst(b, x, s1) = Subst(b, x, s2),
then s1 = s2.

Let X be an ordinal number, L be a right zeroed, add-associative, right
complementable, right unital, distributive, non trivial double loop structure,
t be a bag of X, p be a polynomial of X,L, and x be an object. The functor
Subst(t, x, p) yielding a series of X, L is defined by

(Def. 3) for every bag b ofX, if there exists a bag s ofX such that b = Subst(t, x, s),
then for every bag s of X such that b = Subst(t, x, s) holds it(b) =
(pt(x))(s) and if for every bag s of X, b 6= Subst(t, x, s), then it(b) = 0L.

In the sequel O denotes an ordinal number, R denotes a right zeroed, add-
associative, right complementable, right unital, distributive, non trivial double
loop structure, and p denotes a polynomial of O,R.
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Now we state the propositions:

(33) Let us consider bags t, s of O. Then (Subst(t, x, p))(Subst(t, x, s)) =
(pt(x))(s).

(34) Let us consider a bag t of O, and a one-to-one finite sequence o1 of
elements of BagsO. Suppose rng o1 = Support pt(x). Then there exists
a one-to-one finite sequence o2 of elements of BagsO such that

(i) rng o2 = Support Subst(t, x, p), and

(ii) len o2 = len o1, and

(iii) for every j such that 1 ¬ j ¬ len o2 holds o2(j) = Subst(t, x, o1/j).

Proof: Set S = Subst(t, x, p). Define O(object) = Subst(t, x, o1/$1). Con-
sider o2 being a finite sequence such that len o2 = len o1 and for eve-
ry k such that k ∈ dom o2 holds o2(k) = O(k). rng o2 ⊆ SupportS.
SupportS ⊆ rng o2. o2 is one-to-one. �

Let O be an ordinal number, R be a right zeroed, add-associative, right
complementable, right unital, distributive, non trivial double loop structure,
t be a bag of O, p be a polynomial of O,R, and x be an object. Let us note that
Subst(t, x, p) is finite-Support.

Now we state the proposition:

(35) Let us consider a commutative, associative, Abelian, right zeroed,
add-associative, right complementable, well unital, distributive, non
trivial double loop structure R, a bag t of O, a polynomial p of O,R,
an object i, and a function x from O into R. Suppose i ∈ O. Then
eval(Subst(t, i, p), x) = eval(t, x+· (i, eval(p, x))).
Proof: Set x4 = x+· (i, eval(p, x)). Set P = pt(i). Set t0 = t+· (i, 0). Set
S7 = SgmX(BagOrderO,SupportP ). Set S13 = Subst(t, i, p). Consider
y being a finite sequence of elements of R such that len y = lenS7 and
eval(P, x) =

∑
y and for every element i of N such that 1 ¬ i ¬ len y holds

y/i = P ·S7/i ·(eval(S7/i, x)). Consider t2 being a one-to-one finite sequence
of elements of BagsO such that rng t2 = SupportS13 and len t2 = lenS7
and for every j such that 1 ¬ j ¬ len t2 holds t2(j) = Subst(t, i, S7/j).
Consider Y being a finite sequence of elements of R such that lenY =
SupportS13 and eval(S13, x) =

∑
Y and for every natural number i such

that 1 ¬ i ¬ lenY holds Y/i = S13 · t2/i · (eval(t2/i, x)). eval(P, x) =
powerR(eval(p, x), t(i)). For every j such that 1 ¬ j ¬ lenY holds Y (j) =
(y · (eval(t0, x)))(j). (eval(t0, x4)) · powerR(x4/i, t(i)) = (eval(t, x4)) · (1R).
�

Let X be a set, L be an add-associative, right zeroed, right complementable,
right distributive, non empty double loop structure, p be a finite-Support series
of X, L, and a be an element of L. One can verify that a · p is finite-Support.
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Let X be an ordinal number, L be a right zeroed, add-associative, right
complementable, right unital, well unital, distributive, non trivial double
loop structure, p, s be polynomials of X,L, and x be an object. The functor
Subst(p, x, s) yielding a polynomial of X,L is defined by

(Def. 4) there exists a finite sequence S of elements of PolyRing(X,L) such that
it =

∑
S and len SgmX(BagOrderX,Support p) = lenS and for every i

such that i ∈ domS holds S(i) = p((SgmX(BagOrderX,Support p))/i) ·
(Subst((SgmX(BagOrderX,Support p))/i, x, s)).

Let O be an ordinal number, t be a bag of O, and p be a Z-valued polynomial
of O,RF. Let us observe that Subst(t, x, p) is Z-valued.

Let p, s be Z-valued polynomials of O,RF. Observe that Subst(p, x, s) is
Z-valued.

Now we state the propositions:

(36) Let us consider an ordinal number O, a right zeroed, add-associative,
right complementable, Abelian, well unital, distributive, non trivial
double loop structure L, a polynomial p of O,L, a function x from O

into L, and a finite sequence P of elements of PolyRing(O,L). Suppose
p =
∑
P . Let us consider a finite sequence E of elements of L. Suppose

lenE = lenP and for every polynomial s of O,L and for every i such that
i ∈ domE and s = P (i) holds E(i) = eval(s, x). Then eval(p, x) =

∑
E.

Proof: Define P[natural number] ≡ for every natural number i such that
$1 = i and i ¬ lenP for every polynomial q of O,L such that q =

∑
(P �i)

holds
∑

(E�i) = eval(q, x). P[0]. If P[n], then P[n+ 1]. P[n]. �

(37) Let us consider a commutative, associative, Abelian, right zeroed, add-
associative, right complementable, well unital, distributive, non tri-
vial double loop structure R, polynomials p, s of O,R, an object i, and
a function x from O into R. Suppose i ∈ O. Then eval(Subst(p, i, s), x) =
eval(p, x+· (i, eval(s, x))).
Proof: Set x4 = x+·(i, eval(s, x)). SetB = SgmX(BagOrderO,Support p).
Consider f being a finite sequence of elements of R such that len f = lenB
and eval(p, x4) =

∑
f and for every element j of N such that 1 ¬ j ¬ len f

holds f/j = p·B/j ·(eval(B/j , x4)). Consider S being a finite sequence of ele-
ments of PolyRing(O,R) such that Subst(p, i, s) =

∑
S and lenB = lenS

and for every j such that j ∈ domS holds S(j) = p(B/j)·(Subst(B/j , i, s)).
For every polynomial q of O,R and for every j such that j ∈ dom f and
q = S(j) holds f(j) = eval(q, x). �
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5. Set of Variables Used in Multivariate Polynomial

Let X be a set, S be a zero structure, and p be a series of X, S. The functor
vars(p) yielding a subset of X is defined by

(Def. 5) for every object x, x ∈ it iff there exists a bag b of X such that b ∈
Support p and b(x) 6= 0.

Now we state the propositions:

(38) Let us consider an ordinal number X, a non empty zero structure S, and
a series p of X, S. Then vars(p) = ∅ if and only if p is constant.

(39) Let us consider a set X, a zero structure S, and a series p of X, S. Then
vars(p) =

⋃
{support b, where b is an element of BagsX : b ∈ Support p}.

(40) Let us consider a set X, a zero structure S, a series p of X, S, and
a bag b of X. If b ∈ Support p, then support b ⊆ vars(p). The theorem is
a consequence of (39).

Let X be an ordinal number, S be a non empty zero structure, and p be
a polynomial of X,S. Let us observe that vars(p) is finite.

Now we state the propositions:

(41) Let us consider a set X, a right zeroed, non empty additive loop structure
S, and series p, q of X, S. Then vars(p+ q) ⊆ vars(p) ∪ vars(q).

(42) Let us consider a set X, an add-associative, right zeroed, right comple-
mentable, non empty additive loop structure S, and a series p of X, S.
Then vars(p) = vars(−p).
Proof: vars(p) ⊆ vars(−p). Consider b being a bag of X such that b ∈
Support(−p) and b(x) 6= 0. �

(43) Let us consider an ordinal number X, an add-associative, right com-
plementable, right zeroed, right unital, distributive, non empty do-
uble loop structure S, and polynomials p, q of X,S. Then vars(p ∗ q) ⊆
vars(p) ∪ vars(q).

(44) Let us consider a set X, an add-associative, right zeroed, right comple-
mentable, right distributive, non empty double loop structure S, a series
p of X, S, and an element a of S. Then vars(a · p) ⊆ vars(p).

(45) Let us consider an ordinal number X, a right zeroed, add-associative,
right complementable, right unital, distributive, well unital, non trivial
double loop structure S, a polynomial p of X,S, and a natural number k.
Then vars(pk) ⊆ vars(p).
Proof: Define P[natural number] ≡ vars(p$1) ⊆ vars(p). p0 = 1 (X,S).
vars(p0) = ∅. If P[k], then P[k + 1]. P[k]. �
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(46) Let us consider an ordinal number X, a right zeroed, add-associative,
right complementable, right unital, distributive, well unital, non trivial
double loop structure S, a polynomial p of X,S, and a bag t of X. Then
vars(Subst(t, x, p)) ⊆ (support t) \ {x} ∪ vars(p). The theorem is a conse-
quence of (45).

(47) Let us consider an ordinal number X, a right zeroed, add-associative,
right complementable, right unital, distributive, well unital, non trivial
double loop structure S, and polynomials p, s of X,S.
Then vars(Subst(p, x, s)) ⊆ (vars(p)) \ {x} ∪ vars(s).
Proof:
Set P7 = PolyRing(X,S). Set S11 = SgmX(BagOrderX,Support p). Con-
sider F being a finite sequence of elements of P7 such that Subst(p, x, s) =∑
F and lenS11 = lenF and for every i such that i ∈ domF holds

F (i) = p(S11/i) ·(Subst(S11/i, x, s)). Define P[natural number] ≡ for every
natural number i such that i = $1 and i ¬ lenF for every polynomial q of
X,S such that q =

∑
(F �i) holds vars(q) ⊆ (vars(p)) \ {x} ∪ vars(s). P[0].

If P[n], then P[n+ 1]. P[n]. �

(48) Let us consider a set X, a non empty zero structure S, and an element
s of S. Then vars(Monom(s,EmptyBagX +· (x, n))) ⊆ {x}.

6. Polynomial Without the Last Variable

Let n be a natural number, L be a non empty zero structure, and p be a series
of n+ 1, L. The functor p-removed last yielding a series of n, L is defined by

(Def. 6) for every bag b of n, it(b) = p(b extended by 0).

Let p be a polynomial of n + 1,L. One can check that p-removed last is
finite-Support. Now we state the propositions:

(49) Let us consider a natural number n, a non empty zero structure L, and
a series p of n, L. Then (the p extended by 0)-removed last = p.
Proof: Set e0 = the p extended by 0. For every element a of Bagsn,
p(a) = (e0-removed last)(a) by [5, (6)]. �

(50) Let us consider a natural number n, a non empty zero structure L, and
a series p of n + 1, L. Suppose n /∈ vars(p). Then the p-removed last
extended by 0 = p.
Proof: Set r = p-removed last. For every element a of Bags(n+1), p(a) =
(the r extended by 0)(a). �

(51) Let us consider a natural number n, a right zeroed, add-associative,
right complementable, well unital, distributive, non trivial double loop
structure L, a polynomial p of n + 1,L, a function x from n into L, and
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a function y from n + 1 into L. Suppose n /∈ vars(p) and y�n = x. Then
eval(p-removed last, x) = eval(p, y). The theorem is a consequence of (50).

(52) Let us consider a natural number n, a non empty zero structure L, and
a series p of n+ 1, L. Then vars(p-removed last) ⊆ (vars(p)) \ {n}.

(53) Let us consider an ordinal number X, a right zeroed, add-associative,
right complementable, well unital, distributive, non trivial double loop
structure S, a polynomial p of X,S, an object i, and a function x from X

into S. Suppose i ∈ X \ (vars(p)). Let us consider an element s of S. Then
eval(p, x) = eval(p, x+· (i, s)).
Proof: Set x9 = x +· (o, s). Set S4 = SgmX(BagOrderX,Support p).
Consider y being a finite sequence of elements of the carrier of S such that
len y = lenS4 and eval(p, x) =

∑
y and for every element i of N such that

1 ¬ i ¬ len y holds y/i = p ·S4/i · (eval(S4/i, x)). Consider y3 being a finite
sequence of elements of the carrier of S such that len y3 = lenS4 and
eval(p, x9) =

∑
y3 and for every element i of N such that 1 ¬ i ¬ len y3

holds y3/i = p ·S4/i · (eval(S4/i, x9)). For every natural number i such that
1 ¬ i ¬ lenS4 holds y(i) = y3(i). �

7. Square Root Function – Some Generalization

Let n be an ordinal number, x be an object, A be a finite subset of n, and f
be a real-valued function. The functor f(x) + C

√
f(A1) + C

√
f(A2) + . . . yielding

a finite sequence of elements of CF is defined by

(Def. 7) len it = 1 + A and it(1) = f(x) and for every natural number i such
that i ∈ dom(SgmX(⊆n, A)) holds it(i + 1)2 = f((SgmX(⊆n, A))(i)) and
<(it(i+ 1)) ­ 0 and =(it(i+ 1)) ­ 0.

Let n be a natural number and f be a finite function.
The functor count reps(f, n) yielding a bag of n is defined by

(Def. 8) for every natural number i such that i ∈ n holds it(i) = f−1({i+ 1}).

Now we state the propositions:

(54) count reps(∅, n) = EmptyBag n.

(55) Let us consider a finite sequence f . Then count reps(f a 〈i + 1〉, n) =
count reps(f, n) + (EmptyBag n+· (i, 1)).
Proof: Set s1 = count reps(f a 〈i + 1〉, n). Set s = count reps(f, n).
Set E = EmptyBagn. For every object x such that x ∈ dom s1 holds
s1(x) = (s+ (E +· (i, 1)))(x). �

Let f be a finite function, L be a double loop structure, and E be a function.
The functor SgnL,E(f) yielding an element of L is defined by
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(Def. 9) for every natural number c such that

c = {x, where x is an element of dom f : x ∈ dom f and f(x) ∈ E(x)}
holds if c is even, then it = 1L and if c is odd, then it = −1L.

Now we state the propositions:

(56) Let us consider a double loop structure L, and a function E. Then
SgnL,E(∅) = 1L.

(57) Let us consider a double loop structure L, finite sequences f , e, an object
x, and a set E. Suppose len f = len e and x /∈ E. Then SgnL,(ea〈E〉)(f

a

〈x〉) = SgnL,e(f).
Proof: Set f5 = f a 〈x〉. Set e7 = e a 〈E〉. Set X1 = {x, where x is
an element of dom f5 : x ∈ dom f5 and f5(x) ∈ e7(x)}. SetX = {x, where
x is an element of dom f : x ∈ dom f and f(x) ∈ e(x)}. X ⊆ dom f .
X = X1. �

(58) Let us consider an add-associative, right zeroed, right complementable,
non empty double loop structure L, finite sequences f , e, an object x, and
a set E. Suppose len f = len e and x ∈ E. Then SgnL,(ea〈E〉)(f

a 〈x〉) =
−SgnL,e(f).
Proof: Set f5 = f a 〈x〉. Set e7 = e a 〈E〉. Set X1 = {x, where x is
an element of dom f5 : x ∈ dom f5 and f5(x) ∈ e7(x)}. SetX = {x, where
x is an element of dom f : x ∈ dom f and f(x) ∈ e(x)}. X ⊆ X1. X1 ⊆
dom f5. len f + 1 /∈ X. X1 ⊆ X ∪ {len f + 1}. �

(59) Let us consider an add-associative, right zeroed, right complementa-
ble, well unital, distributive, associative, Abelian, commutative, non
empty, non trivial double loop structure L, a natural number n, a finite
sequence f of elements of L, and a function x6 from n into L. Suppose
x6 = FS2XFS(f).

Let us consider a finite set F , an enumeration E of F , and a finite
sequence d. Suppose d ∈ domκ(SignGenOp(f, (the addition of L), F )) ·
E(κ). Then (the multiplication of L)�(App((SignGenOp(f, (the addition
of L), F )) · E))(d) = eval(Monom(SgnL,E(d), count reps(d, n)), x6).
Proof: Set M = the multiplication of L. Set A = the addition of L.
Define P[natural number] ≡ for every finite set F such that F = $1
for every enumeration E of F for every finite sequence d such that d ∈
domκ(SignGenOp(f,A, F )) ·E(κ) holds M�(App((SignGenOp(f,A, F )) ·
E))(d) = eval(Monom(SgnL,E(d), count reps(d, n)), x6). P[0]. If P[i], then
P[i+ 1]. P[i]. �

(60) Let us consider a finite function f . Suppose f has evenly repeated values.
Then (count reps(f, n))(x) is even.

(61) Let us consider a finite sequence f of elements of Seg n.
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Then degree(count reps(f, n)) = len f .
Proof: Define P[natural number] ≡ for every finite sequence f of elements
of Seg n such that len f = $1 holds degree(count reps(f, n)) = len f . P[0].
If P[i], then P[i+ 1]. P[i]. �

(62) Let us consider a double loop structure L, a finite function f , and a func-
tion E. Then

(i) SgnL,E(f) = 1L, or

(ii) SgnL,E(f) = −1L.

(63) Let us consider a finite sequence f of elements of Seg n, and i. Suppose
i ∈ n and count reps(f, n) = EmptyBag n +· (i, len f). Then f = len f 7→
(i+ 1).

(64) If i ∈ n, then count reps(m 7→ (i+ 1), n) = EmptyBag n+· (i,m).
Proof: Set E = EmptyBag n. Set s = count reps(m 7→ (i + 1), n). For
every x such that x ∈ n holds s(x) = (E +· (i,m))(x). �

8. Jpolynom

Let L be an Abelian, commutative, add-associative, right zeroed, right
complementable, associative, well unital, distributive, non empty, non trivial
double loop structure and m be a natural number. Assume m > 1.

A Jpoly of m, L is a polynomial of m,L defined by

(Def. 10) it(EmptyBagm +· (0, 2m−′1)) = 1L and for every bag b of m such that
b ∈ Support it holds degree(b) = 2m−

′1 and there exists an integer i such
that it(b) = i ?1L and if 2m−

′1 ∈ rng b, then it(b) = 1L or it(b) = −1L
and for every n, b(n) is even and for every finite sequence f of elements
of L and for every function x6 from m into L such that x6 = FS2XFS(f)
holds eval(it , x6) = SignGenOp(f, (the multiplication of L), (the addition
of L), (Segm) \ {1}).

Let f be a real-valued finite sequence. The functor C√f yielding a finite
sequence of elements of CF is defined by

(Def. 11) len it = len f and it(1) = f(1) and for every natural number i such that
i ∈ dom f and i 6= 1 holds it(i)2 = f(i) and <(it(i)) ­ 0 and =(it(i)) ­ 0.

Let L be a non empty 1-sorted structure, m be a set, and P be a series of
m, L. The functor J

√
·(P ) yielding a series of m, L is defined by

(Def. 12) for every bag b of m, it(b) = P (2 · b+· (0, b(0))).

Let L be a non empty zero structure, m be an ordinal number, and P be
a polynomial of m,L. Observe that J

√
·(P ) is finite-Support. Now we state the

propositions:
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(65) Let us consider a non empty zero structure L, a natural number m, and
a polynomial p of m,L. Suppose for every bag b of m for every n such
that b ∈ Support p holds b(n) is even. Let us consider a one-to-one finite
sequence C2 of elements of Bagsm. Suppose rngC2 = Support J

√
·(p).

Then there exists a one-to-one finite sequence S of elements of Bagsm
such that

(i) lenS = lenC2, and

(ii) rngS = Support p, and

(iii) for every i such that i ∈ domS holds S(i) = 2 ·C2/i +· (0, (C2/i)(0)).

Proof: Define B(bag of m) = 2 · $1 +· (0, $1(0)). Define F(object) =
B(C2/$1). Consider S being a finite sequence such that lenS = lenC2 and
for every k such that k ∈ domS holds S(k) = F(k). rngS ⊆ Support p.
Support p ⊆ rngS. S is one-to-one. �

(66) Let us consider a non trivial natural number m, a Jpoly of m, CF, a fi-
nite sequence f of elements of R, and functions x6, c2 from m into CF.
Suppose x6 = FS2XFS(f) and c2 = FS2XFS( C√f). Then eval(p, c2) =
eval(J

√
·(p), x6).

Proof: Reconsider L = CF as a field. Reconsider x7 = x6, c3 = c2 as
a function from m into L. Set c = J

√
·(p). Reconsider P = p, C = c as

a polynomial of m,L. Set C2 = SgmX(BagOrderm,SupportC). Consider
C3 being a finite sequence of elements of L such that lenC3 = lenC2
and eval(C, x7) =

∑
C3 and for every element i of N such that 1 ¬ i ¬

lenC3 holds C3/i = C · C2/i · (eval(C2/i, x7)). Consider S being a one-to-
one finite sequence of elements of Bagsm such that lenS = lenC2 and
rngS = Support p and for every i such that i ∈ domS holds S(i) =
2 ·C2/i +· (0, (C2/i)(0)). Consider y being a finite sequence of elements of

L such that len y = Support p and eval(P, c3) =
∑
y and for every natural

number i such that 1 ¬ i ¬ len y holds y/i = P · S/i · (eval(S/i, c3)). For
every i such that 1 ¬ i ¬ len y holds y(i) = C3(i). �

(67) Let us consider a finite sequence f2 of elements of CF, and a finite sequ-
ence f4 of elements of RF. If f2 = f4, then

∏
f2 =

∏
f4.

Proof: Reconsider F1 = CF, F2 = RF as a field. Define P[natural
number] ≡ for every finite sequence f2 of elements of F1 for every fini-
te sequence f4 of elements of F2 such that f2 = f4 and len f2 = $1 holds∏
f2 =

∏
f4. P[0]. If P[n], then P[n+ 1]. P[n]. �

(68) Let us consider an ordinal number m, a bag b of m, a function x5 from m

into CF, and a function x10 from m into RF. If x5 = x10, then eval(b, x5) =
eval(b, x10).
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Proof: Reconsider F1 = CF, F2 = RF as a field.
Set S = SgmX(⊆m, support b). Consider y1 being a finite sequence of ele-
ments of F1 such that len y1 = lenS and eval(b, x5) =

∏
y1 and for every

element i of N such that 1 ¬ i ¬ len y1 holds y1/i = powerF1(x5 ·S/i, b·S/i).
Consider y2 being a finite sequence of elements of F2 such that len y2 =
lenS and eval(b, x10) =

∏
y2 and for every element i of N such that

1 ¬ i ¬ len y2 holds y2/i = powerF2(x10 · S/i, b · S/i). For every i such
that 1 ¬ i ¬ lenS holds y1(i) = y2(i) by [3, (7)]. �

(69) Let us consider an ordinal number m, a polynomial P8 of m,CF, and
a polynomial P14 of m,RF. Suppose P8 = P14. Let us consider a function
x5 from m into CF, and a function x10 from m into RF. Suppose x5 = x10.
Then eval(P8, x5) = eval(P14, x10).
Proof: Reconsider F1 = CF, F2 = RF as a field.
Set S = SgmX(BagOrderm,SupportP8). Consider C3 being a finite se-
quence of elements of the carrier of F1 such that lenC3 = lenS and
eval(P8, x5) =

∑
C3 and for every element i of N such that 1 ¬ i ¬ lenC3

holds C3/i = P8 · S/i · (eval(S/i, x5)).
SupportP8 ⊆ SupportP14. SupportP14 ⊆ SupportP8. Consider R4

being a finite sequence of elements of the carrier of F2 such that lenR4 =
lenS and eval(P14, x10) =

∑
R4 and for every element i of N such that

1 ¬ i ¬ lenR4 holds R4/i = P14 · S/i · (eval(S/i, x10)). Define P[natural
number] ≡ for every natural number i such that i = $1 ¬ lenS holds∑

(R4�i) =
∑

(C3�i). P[0]. If P[n], then P[n+ 1]. P[n]. �

Let m be a natural number. Assume m > 1. Let M be a Jpoly of m, CF. The
functor J

√
C(M) yielding a Z-valued polynomial of m,RF is defined by the term

(Def. 13) J
√
·(M).

Now we state the proposition:

(70) Let us consider a non trivial natural number m, a Jpoly of m, CF, and
a function f from m into RF. Then eval(J

√
C(M), f) = 0 if and only

if there exists a subset A of (Segm) \ {1} such that (the addition of

CF)� SignGen( C
√

XFS2FS(@f), (the addition of CF), A) = 0.

Proof: Reconsider F = XFS2FS(@f) as a finite sequence of elements
of R. Set M3 = the multiplication of CF. Set A1 = the addition of CF.
Reconsider x6 = FS2XFS(F ) as a function from m into CF. Reconsider
c1 = C√F as an m-elements finite sequence of elements of CF. Reconsi-
der f3 = FS2XFS(c1) as a function from m into CF. eval(J

√
C(M), f) =

eval(J
√
·(M), x6). eval(J

√
C(M), f) = eval(M,f3). Set B = (Segm) \ {1}.

Set t1 = the enumeration of 2B. Set C1 = (SignGenOp(c1, A1, 2B)) · t1.
Define P[set] ≡ for every element X of Fin domC1 such that X = $1
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holds M3-
∑
X(A1 � C1) = 0CF iff there exists x such that x ∈ X and

0CF = (A1 � C1)(x).
For every element B9 of Fin domC1 and for every element b of domC1

such that P[B9] and b /∈ B9 holds P[B9 ∪ {b}]. For every element B of
Fin domC1, P[B]. If eval(J

√
C(M), f) = 0, then there exists a subset A of

(Segm) \ {1} such that A1 � SignGen( C
√

XFS2FS(@f), A1, A) = 0 by [6,
(80)]. Consider x such that x ∈ dom t1 and t1(x) = A. �

Let x, y, z, t be objects. Let us note that 〈x, y, z, t〉 is 4-elements. Let x be
a real number. Note that 〈x〉 is R-valued. Let x, y, z, t be real numbers. One
can check that 〈x, y, z, t〉 is R-valued. Now we state the propositions:

(71) Let us consider a real-valued finite sequence f . If i > 1 and f(i) ­ 0,
then ( C√f)(i) =

√
f(i). The theorem is a consequence of (2).

(72) Let us consider a finite sequence f of elements of CF, and a set A. Then
there exists an integer i such that

(i) i = 1 or i = −1, and

(ii) (SignGen(f, (the addition of CF), A))(x) = i · f(x).

9. Prime Representing Polynomial Construction

Now we state the propositions:

(73) Let us consider a Jpoly of 4, CF, and natural numbers x1, x2, x3. Sup-
pose x1 is odd and x2 is odd. Let us consider an integer z. Suppose
eval(J

√
C(M),@〈z, x1, 4 · x2, 16 · x3〉) = 0. Then

(i) x1 is a square, and

(ii) x2 is a square, and

(iii) x3 is a square, and

(iv) −z ¬ √x1 + 2 · √x2 + 4 · √x3.
Proof: Set A2 = the addition of CF. Set f = 〈z, x1, 4·x2, 16·x3〉. Consider

A being a subset of (Seg 4)\{1} such thatA2�SignGen( C
√

XFS2FS(@@f), A2,

A) = 0. Set c = C
√

XFS2FS(f). Set S = SignGen(c, A2, A). Set i4 = 1.
Consider i1 being an integer such that (i1 = 1 or i1 = −1) and S(2) =
i1 · c(2). Consider i2 being an integer such that (i2 = 1 or i2 = −1)
and S(3) = i2 · c(3). Consider i3 being an integer such that (i3 = 1 or
i3 = −1) and S(4) = i3·c(4). c(2) =

√
x1. c(3) =

√
4 · x2. c(4) =

√
4 · 4 · x3.

S(1) 6= 0. Set Y = z · z + 16 · x3 − x1 − 4 · x2. Y 6= 0. Reconsider Y1 =
2 · Y · 8 · (i4 · i3) · z ·

√
x3 as an integer. 16 · Y · z | Y1. Consider m being
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an integer such that 16 ·Y ·z ·m = Y1. Reconsider S3 =
√
x3 as an integer.

Set Z1 = i4 ·2 ·z−1+ i3 ·8 ·S3. Z1 6= 0. Set Y1 = Z1 ·Z1+16 ·x2−1−4 ·x1.
Y1 6= 0. Reconsider Y2 = 16 · Y1 · Z1 · i2 ·

√
x2 as an integer. Consider m1

being an integer such that 16 ·Y1 ·Z1 ·m1 = Y2. Reconsider Y3 = 2 · i1 ·
√
x1

as an integer. Consider m2 being an integer such that 2 ·m2 = Y3. �

(74) Let us consider a Jpoly of 4, CF, and natural numbers x1, x2, x3. Suppose
x1 is a square and x2 is a square and x3 is a square. Then there exists
an integer z such that

(i) −z =
√
x1 + 2 · √x2 + 4 · √x3, and

(ii) eval(J
√

C(M),@〈z, x1, 4 · x2, 16 · x3〉) = 0.

The theorem is a consequence of (71) and (70).

(75) Let us consider a right zeroed, add-associative, right complementable,
well unital, distributive, non trivial double loop structure L, and a po-
lynomial p of n,L. Then there exists a polynomial q of n+m,L such that

(i) rng q ⊆ rng p ∪ {0L}, and

(ii) for every bag b of n + m, b ∈ Support q iff b�n ∈ Support p and for
every i such that i ­ n holds b(i) = 0, and

(iii) for every bag b of n+m such that b ∈ Support q holds q(b) = p(b�n),
and

(iv) for every function x from n into L and for every function y from
n+m into L such that y�n = x holds eval(p, x) = eval(q, y).

Proof: Define P[natural number] ≡ there exists a polynomial q of n+$1,L
such that rng q ⊆ rng p∪{0L} and for every bag b of n+ $1, b ∈ Support q
iff b�n ∈ Support p and for every i such that i ­ n holds b(i) = 0 and
for every bag b of n+ $1 such that b ∈ Support q holds q(b) = p(b�n) and
for every function x from n into L and for every function y from n + $1
into L such that y�n = x holds eval(p, x) = eval(q, y). P[0]. If P[k], then
P[k + 1]. P[k]. �

(76) Let us consider a Jpoly of 4, CF. Then there exists a Z-valued polynomial
K2 of 6,RF such that

(i) for every function f from 6 into RF such that f(5) 6= 0 holds eval(K2, f)

= powerRF(f/5, 8) · (eval(J
√

C(M),@〈−f(0) + f(4)
f(5) , f(1), f(2), f(3)〉)),

and

(ii) for every Z-valued function f from 6 into RF such that f(5) 6= 0 and
eval(K2, f) = 0 holds f(5) | f(4).

Proof: Set p = J
√

C(M). Set R = RF. Consider q being a polynomial
of 4 + 2,R such that rng q ⊆ rng p ∪ {0R} and for every bag b of 4 +
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2, b ∈ Support q iff b�4 ∈ Support p and for every i such that i ­ 4
holds b(i) = 0 and for every bag b of 4 + 2 such that b ∈ Support q
holds q(b) = p(b�4) and for every function x from 4 into R and for every
function y from 4+2 into R such that y�4 = x holds eval(p, x) = eval(q, y).
Set Y5 = EmptyBag 6 +· (0, 1). Set Y = Monom(−1R, Y5). Set Z9 =
EmptyBag 6 +· (4, 1). Set Z = Monom(1R, Z9). Set Y4 = Y + Z. Set
S15 = SgmX(BagOrder 6,Support q).

Consider S being a finite sequence of elements of PolyRing(6, R)
such that Subst(q, 0, Y4) =

∑
S and lenS15 = lenS and for every i

such that i ∈ domS holds S(i) = q(S15/i) · (Subst(S15/i, 0, Y4)). Set
E1 = EmptyBag 6. Set M1 = EmptyBag 4 +· (0, 8). Set M2 = E1+· (0, 8).
2 ·M1+· (0,M1(0)) = M1. For every x such that x ∈ 4 holds (M2�4)(x) =
M1(x). For every i such that i ­ 4 holds M2(i) = 0. Consider I being
an object such that I ∈ domS15 and S15(I) = M2. Define P[natural
number] ≡ (Y4$1)(E1+· (4, $1)) = 1R. Y40 = 1 (6, R). If P[i], then P[i+1].
P[i]. Set Z8 = E1 +· (4, 8). (Subst(S15/I , 0, Y4))(Z8) = (Y4M2(0))(Z8).
For every i such that i ∈ domS for every bag b of 6 such that b ∈
Support q(S15/i)·(Subst(S15/i, 0, Y4)) and b(4) ­ 8 holds i = I and b = Z8.

For every i such that i ∈ domS for every bag b of 6 such that b ∈
Support q(S15/i) · (Subst(S15/i, 0, Y4)) holds b(5) = 0. Define W[natural
number] ≡ for every natural number i such that $1 = i and i ¬ lenS for
every polynomial w of 6,R such that w =

∑
(S�i) holds if I ¬ i, then

w(Z8) = 1R and if i < I, then w(Z8) = 0R and for every bag b of 6 such
that b ∈ Supportw and b 6= Z8 holds b(4) < 8 and for every bag b of 6
such that b ∈ Supportw holds b(5) = 0. W[0]. If W[n], then W[n+ 1]. Set
S9 = Subst(q, 0, Y4). W[n]. Define J [bag of 6, element of R] ≡ if $1(4) +
$1(5) = 8, then $2 = S9($1+·(5, 0)) and if $1(4)+$1(5) 6= 8, then $2 = 0R.
For every element x of Bags 6, there exists an element y of R such that
J [x, y]. ConsiderW being a function from Bags 6 intoR such that for every
element x of Bags 6, J [x,W (x)]. Set S7 = SgmX(BagOrder 6, SupportS9).
Define O(object) = S7/$1 +· (5, 8−′ (S7/$1)(4)).

Consider S10 being a finite sequence such that lenS10 = lenS7 and for
every k such that k ∈ domS10 holds S10(k) = O(k). rngS10 ⊆ SupportW .
SupportW ⊆ rngS10. S10 is one-to-one. Reconsider R1 = R as a field.
Monom(−1R1 , Y5) = −Monom(1R1 , Y5). rngW ⊆ Z. Reconsider S8 = S9,
J = W as a polynomial of 6,R1. For every function f from 6 into RF
and for every element d of RF such that f(5) 6= 0 and d = f(4)

f(5) holds
eval(W, f) = powerRF(f/5, 8) · (eval(S9, f +· (4, d))). For every function
f from 6 into RF such that f(5) 6= 0 holds eval(W, f) = powerR(f/5, 8) ·
(eval(J

√
C(M),@〈−f(0)+ f(4)

f(5) , f(1), f(2), f(3)〉)). Set N = gcd(f(5), f(4)).
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Consider g5, g4 being integers such that f(5) = N · g5 and f(4) = N · g4
and g5 and g4 are relatively prime. Reconsider N5 = N , g2 = g5, g3 = g4
as an element of R. Set g = (f +· (4, g3)) +· (5, g2).

Reconsider g1 = g as a function from 6 into R1. rng g ⊆ Z. powerRF(N5,
8) 6= 0R. Set R8 = E1 +· (4, 8). Set M5 = Monom(1R1 , R8). Set S =
SgmX(BagOrder 6, Support(J−M5)). Consider R4 being a finite sequence
of elements of R1 such that lenR4 = lenS and eval(J−M5, g1) =

∑
R4 and

for every element i of N such that 1 ¬ i ¬ lenR4 holds R4/i = (J −M5) ·
S/i · (eval(S/i, g1)). Define P[natural number] ≡ for every natural number
i such that i = $1 ¬ lenS there exists an integer s such that s · g(5) =∑

(R4�i). P[0]. If P[n], then P[n + 1]. P[n]. Consider s being an integer
such that s · g(5) =

∑
(R4� lenR4). eval(R8, g) = powerR(g(4), 8). Define

H[natural number] ≡ if g5 | g4$1 , then g5 | g4. H[0]. If H[j], then H[j + 1].
H[j]. �

Let x be an integer. One can verify that 〈x〉 is Z-valued. Let x, y, z, t be
integers. Let us observe that 〈x, y, z, t〉 is Z-valued.

Now we state the propositions:

(77) There exists a Z-valued polynomial K3 of 8,RF such that for every na-
tural numbers x1, x2, x3, P , R, N for every integer V such that x1 is odd
and x2 is odd and P > 0 and N >

√
x1 + 2 · √x2 + 4 · √x3 + R holds x1

is a square and x2 is a square and x3 is a square and P | R and V ­ 0 iff
there exists a natural number z such that for every function f from 8 into
RF such that f = 〈z, x1, 4 ·x2, 16 ·x3〉a 〈R,P,N, V 〉 holds eval(K3, f) = 0.
Proof: Set M = the Jpoly of 4, CF. Set R3 = RF. Reconsider R1 = R3
as a field. Consider K2 being a Z-valued polynomial of 6,RF such that for
every function f from 6 into RF such that f(5) 6= 0 holds eval(K2, f) =
powerRF(f/5, 8) · (eval(J

√
C(M),@〈−f(0) + f(4)

f(5) , f(1), f(2), f(3)〉)) and for
every Z-valued function f from 6 into RF such that f(5) 6= 0 and eval(K2, f)
= 0 holds f(5) | f(4). Consider K28 being a polynomial of 6 + 2,R3 such
that rngK28 ⊆ rngK2∪{0R3} and for every bag b of 6+2, b ∈ SupportK28
iff b�6 ∈ SupportK2 and for every i such that i ­ 6 holds b(i) = 0 and for
every bag b of 6 + 2 such that b ∈ SupportK28 holds K28(b) = K2(b�6)
and for every function x from 6 into R3 and for every function y from
6 + 2 into R3 such that y�6 = x holds eval(K2, x) = eval(K28, y). Set n1 =
EmptyBag 8 +· (6, 1). Set n = Monom(1R3 , n1). Set v1 = EmptyBag 8 +·
(7, 1). Set v = Monom(−1R3 , v1). Set z3 = EmptyBag 8 +· (0, 1).

Set z = Monom(1R3 , z3). Monom(−1R1 , v1) = −Monom(1R1 , v1). Set
z4 = z + n ∗ v. Reconsider K3 = Subst(K28, 0, z4) as a Z-valued poly-
nomial of 8,R3. If x1 is a square and x2 is a square and x3 is a squ-
are and P | R and V ­ 0, then there exists a natural number z such
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that for every function f from 8 into RF such that f = 〈z, x1, 4 · x2, 16 ·
x3〉a 〈R,P,N, V 〉 holds eval(K3, f) = 0. Reconsider f = 〈zz, x1, 4 · x2, 16 ·
x3〉 a 〈R,P,N, V 〉 as a Z-valued function from 8 into RF. eval(K3, f) =
eval(K28, f+·(0, eval(z4, f))). Set y = −N · V +zz. Reconsider Y = y, z5 =
zz, N4 = N , V5 = V as an element of R3. eval(z3, f) = powerR3(f(0), 1).
eval(v1, f) = powerR3(f(7), 1). eval(n1, f) = powerR3(f(6), 1). Set f6 =
(f +· (0, Y ))�6. Consider d being a natural number such that P · d = R.
powerR3(f6/5, 8) 6= 0. x1 is a square and x2 is a square and x3 is a square
and −(−y + d) ¬ √x1 + 2 · √x2 + 4 · √x3. �

(78) Let us consider a set X, a right zeroed, non empty additive loop structure
S, series p, q of X, S, and a set V . Suppose vars(p) ⊆ V and vars(q) ⊆ V .
Then vars(p+ q) ⊆ V . The theorem is a consequence of (41).

(79) Let us consider an ordinal number X, an add-associative, right comple-
mentable, right zeroed, right unital, distributive, non empty double loop
structure S, polynomials p, q of X,S, and a set V . Suppose vars(p) ⊆ V

and vars(q) ⊆ V . Then vars(p ∗ q) ⊆ V . The theorem is a consequence of
(43).

(80) Let us consider a set X, an add-associative, right zeroed, right comple-
mentable, right distributive, non empty double loop structure S, a series p
of X, S, an element a of S, and a set V . If vars(p) ⊆ V , then vars(a·p) ⊆ V .
The theorem is a consequence of (44).

(81) Let us consider a set X, an add-associative, right zeroed, right comple-
mentable, non empty additive loop structure S, series p, q of X, S, and
a set V . Suppose vars(p) ⊆ V and vars(q) ⊆ V . Then vars(p − q) ⊆ V .
The theorem is a consequence of (42) and (41).

(82) There exists a Z-valued polynomial Z of 17,RF such that

(i) vars(Z) ⊆ {0} ∪ 17 \ 8, and

(ii) for every natural number x8 such that x8 > 0 holds x8+1 is prime iff
there exists a Z-valued function x from 17 into RF such that x/8 = x8
and x/9 is a positive natural number and x/10 is a positive natural
number and x/11 is a positive natural number and x/12 is a positive
natural number and x/13 is a positive natural number and x/14 is
a natural number and x/15 is a natural number and x/16 is a natural
number and x/0 is a natural number and eval(Z, x) = 0RF .

Proof: Set N = 17. Set E2 = EmptyBagN . Set V4 = N \ 8. n ∈ V4 iff
8 ¬ n < N . Set k = 8. Set P11 = Monom(1RF , E2+·(k, 1)). vars(P11) ⊆ V4.
For every function x from N into RF, eval(P11, x) = x/k. Set f = 9. Set
P9 = Monom(1RF , E2+·(f, 1)). vars(P9) ⊆ V4. For every function x fromN

into RF, eval(P9, x) = x/f . Set i = 10. Set Π = Monom(1RF , E2 +· (i, 1)).
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vars(Π) ⊆ V4. For every function x from N into RF, eval(Π, x) = x/i.
Set j = 11. Set P10 = Monom(1RF , E2 +· (j, 1)). vars(P10) ⊆ V4. For
every function x from N into RF, eval(P10, x) = x/j . Set m = 12. Set
P12 = Monom(1RF , E2+·(m, 1)). vars(P12) ⊆ V4. For every function x from
N into RF, eval(P12, x) = x/m. Set u = 13. Set P17 = Monom(1RF , E2 +·
(u, 1)). vars(P17) ⊆ V4. For every function x fromN into RF, eval(P17, x) =
x/u. Set r = 14. Set P14 = Monom(1RF , E2 +· (r, 1)). vars(P14) ⊆ V4. For
every function x from N into RF, eval(P14, x) = x/r.

Set s = 15. Set P15 = Monom(1RF , E2 +· (s, 1)). vars(P15) ⊆ V4. For
every function x from N into RF, eval(P15, x) = x/s. Set t = 16. Set
P16 = Monom(1RF , E2+· (t, 1)). vars(P16) ⊆ V4. For every function x from
N into RF, eval(P16, x) = x/t. Reconsider H1 = 100 as an integer element
of RF. Set O = 1 (N,RF). vars(O) ⊆ V4. Reconsider W = H1 · ((P9 ∗P11)∗
(P11 + O)) as a Z-valued polynomial of N ,RF. vars(W ) ⊆ V4. For every
function x from N into RF, eval(W,x) = H1 · (x/f ) · (x/k) · (x/k + 1RF).
Reconsider U = H1 · (((P17 ∗ P17) ∗ P17) ∗ ((W ∗W ) ∗W )) + O as a Z-
valued polynomial of N ,RF. vars(U) ⊆ V4. For every function x from N

into RF, eval(U, x) = H1 · (x/u)3 · (eval(W,x))3 + 1RF . Reconsider M =
H1 · ((P12 ∗U)∗W ) +O as a Z-valued polynomial of N ,RF. vars(M) ⊆ V4.
For every function x from N into RF, eval(M,x) = H1 ·(x/m) ·(eval(U, x)) ·
(eval(W,x)) + 1RF . Reconsider S = (M −O) ∗P15+P11+O as a Z-valued
polynomial of N ,RF. vars(S) ⊆ V4. For every function x from N into RF,
eval(S, x) = (eval(M,x)− 1RF) · (x/s) + x/k + 1RF .

Reconsider T = (M ∗ U − O) ∗ P16 + W − P11 + O as a Z-valued
polynomial of N ,RF. vars(T ) ⊆ V4. For every function x from N into RF,
eval(T, x) = ((eval(M,x))·(eval(U, x))−1RF)·(x/t)+eval(W,x)−x/k+1RF .
Reconsider T2 = 2 as an integer element of RF. Reconsider Q = T2 · (M ∗
W ) − W ∗ W − O as a Z-valued polynomial of N ,RF. vars(Q) ⊆ V4.
For every function x from N into RF, eval(Q, x) = T2 · (eval(M,x)) ·
(eval(W,x))− (eval(W,x))2 − 1RF . Reconsider L = (P11 +O) ∗Q as a Z-
valued polynomial of N ,RF. vars(L) ⊆ V4. For every function x from N

into RF, eval(L, x) = (x/k+1RF)·(eval(Q, x)). Reconsider A = M ∗(U+O)
as a Z-valued polynomial of N ,RF. vars(A) ⊆ V4. For every function x

from N into RF, eval(A, x) = (eval(M,x)) · (eval(U, x) + 1RF). Reconsider
B = W + O as a Z-valued polynomial of N ,RF. vars(B) ⊆ V4. For every
function x from N into RF, eval(B, x) = eval(W,x) + 1RF . Reconsider
C = P14 + W + O as a Z-valued polynomial of N ,RF. vars(C) ⊆ V4. For
every function x from N into RF, eval(C, x) = x/r + eval(W,x) + 1RF .

Reconsider D = (A ∗A−O) ∗ (C ∗C) +O as a Z-valued polynomial of
N ,RF. vars(D) ⊆ V4. For every function x from N into RF, eval(D,x) =
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((eval(A, x))2 − 1RF) · (eval(C, x))2 + 1RF . Reconsider E = T2 · ((((Π ∗
C) ∗ C) ∗ L) ∗ D) as a Z-valued polynomial of N ,RF. vars(E) ⊆ V4. For
every function x from N into RF, eval(E, x) = T2 · (x/i) · (eval(C, x))2 ·
(eval(L, x)) · (eval(D,x)). Reconsider F = (A∗A−O)∗ (E ∗E)+O as a Z-
valued polynomial of N ,RF. vars(F ) ⊆ V4. For every function x from N

into RF, eval(F, x) = ((eval(A, x))2−1RF) ·(eval(E, x))2+1RF . Reconsider
G = A+F ∗ (F −A) as a Z-valued polynomial of N ,RF. vars(G) ⊆ V4. For
every function x from N into RF, eval(G, x) = eval(A, x) + (eval(F, x)) ·
(eval(F, x)− eval(A, x)). Reconsider H = B + T2 · ((P10 −O) ∗C) as a Z-
valued polynomial of N ,RF. vars(H) ⊆ V4. For every function x from N

into RF, eval(H,x) = eval(B, x)+T2 · (x/j−1RF) · (eval(C, x)). Reconsider
I = (G∗G−O)∗(H ∗H)+O as a Z-valued polynomial of N ,RF. vars(I) ⊆
V4. For every function x from N into RF, eval(I, x) = ((eval(G, x))2−1RF)·
(eval(H,x))2 + 1RF .

Reconsider X1 = (M ∗M−O)∗(S ∗S)+O as a Z-valued polynomial of
N ,RF. vars(X1) ⊆ V4. For every function x from N into RF, eval(X1, x) =
((eval(M,x))2 − 1RF) · (eval(S, x))2 + 1RF . Reconsider X2 = ((M ∗ U) ∗
(M ∗U)−O) ∗ (T ∗T ) +O as a Z-valued polynomial of N ,RF. vars(X2) ⊆
V4. For every function x from N into RF, eval(X2, x) = (((eval(M,x)) ·
(eval(U, x)))2 − 1RF) · (eval(T, x))2 + 1RF . Reconsider X3 = (D ∗ F ) ∗ I
as a Z-valued polynomial of N ,RF. vars(X3) ⊆ V4. For every function
x from N into RF, eval(X3, x) = (eval(D,x)) · (eval(F, x)) · (eval(I, x)).
Reconsider P = F ∗ L as a Z-valued polynomial of N ,RF. vars(P ) ⊆ V4.
For every function x from N into RF, eval(P, x) = (eval(F, x))·(eval(L, x)).
Reconsider R = (H − C) ∗ L + (F ∗ (P9 + O)) ∗ Q + (F ∗ (P11 + O)) ∗
(((W ∗ W − O) ∗ S) ∗ P17 − (W ∗ W ) ∗ (P17 ∗ P17) + O) as a Z-valued
polynomial of N ,RF. vars(R) ⊆ V4. For every function x from N into RF,
eval(R, x) = (eval(H,x)−eval(C, x))·(eval(L, x))+(eval(F, x))·(x/f+1RF)·
(eval(Q, x))+(eval(F, x)) · (x/k+1RF) · (((eval(W,x))2−1RF) · (eval(S, x)) ·
(x/u)− (eval(W,x))2 · (x/u)2 + 1RF).

Reconsider E4 = 8 as an integer element of RF. Reconsider V1 =
E4 · ((((P9 ∗ P17) ∗ S) ∗ T ) ∗ (P14 − ((P12 ∗ S) ∗ T ) ∗ U)) as a Z-valued
polynomial of N ,RF. vars(V1) ⊆ V4. For every function x from N into
RF, eval(V1, x) = E4 · (x/f · (x/u) · (eval(S, x)) · (eval(T, x)) · (x/r − x/m ·
(eval(S, x)) · (eval(T, x)) · (eval(U, x)))). Reconsider F4 = 4 as an integer
element of RF. Reconsider V2 = F4 · (((P17 ∗ P17) ∗ (S ∗ S)) ∗ (T ∗ T )) as
a Z-valued polynomial of N ,RF. vars(V2) ⊆ V4. For every function x from
N into RF, eval(V2, x) = F4 ·(x/u)2 ·(eval(S, x))2 ·(eval(T, x))2. Reconsider
V3 = (F4 ·(P9∗P9)−O)∗((P14−((P12∗S)∗T )∗U)∗(P14−((P12∗S)∗T )∗U))
as a Z-valued polynomial of N ,RF. vars(V3) ⊆ V4. For every function x



276 karol pąk

from N into RF, eval(V3, x) = (F4 · (x/f )2− 1RF) · (x/r−x/m · (eval(S, x)) ·
(eval(T, x)) · (eval(U, x)))2. Reconsider N1 = M ∗ S + T2 · ((M ∗ U) ∗ T )
as a Z-valued polynomial of N ,RF. vars(N1) ⊆ V4. For every function x

from N into RF, eval(N1, x) = (eval(M,x)) ·(eval(S, x))+T2 ·(eval(M,x)) ·
(eval(U, x)) · (eval(T, x)).

Reconsider N2 = F4 · (((((A ∗ A) ∗ C) ∗ E) ∗ G) ∗ H) as a Z-valued
polynomial of N ,RF. vars(N2) ⊆ V4. For every function x from N into
RF, eval(N2, x) = F4 · ((eval(A, x)) · (eval(A, x)) · (eval(C, x)) · (eval(E, x)) ·
(eval(G, x)) · (eval(H,x))). Reconsider V = V1−V2−V3−O as a Z-valued
polynomial of N ,RF. Reconsider N3 = N1 + N2 + R + O as a Z-valued
polynomial of N ,RF. vars(V ) ⊆ V4. vars(N3) ⊆ V4. For every function
x from N into RF such that x/k is a positive natural number and x/f
is a positive natural number and x/i is a positive natural number and
x/j is a positive natural number and x/m is a positive natural number
and x/u is a positive natural number and x/r is a natural number and
x/s is a natural number and x/t is a natural number holds eval(X1, x)
is an odd natural number and eval(X2, x) is an odd natural number and
eval(X3, x) is a natural number and eval(P, x) is a positive natural number
and eval(R, x) is a natural number and eval(N3, x) is a natural number and
eval(N3, x) >

√
eval(X1, x)+2·

√
eval(X2, x)+4·

√
eval(X3, x)+eval(R, x).

Consider K3 being a Z-valued polynomial of 8,RF such that for every
natural numbers x1, x2, x3, P , R, N and for every integer V such that x1
is odd and x2 is odd and P > 0 and N >

√
x1+2 ·√x2+4 ·√x3+R holds

x1 is a square and x2 is a square and x3 is a square and P | R and V ­ 0 iff
there exists a natural number z such that for every function f from 8 into
RF such that f = 〈z, x1, 4 ·x2, 16 ·x3〉a 〈R,P,N, V 〉 holds eval(K3, f) = 0.
Consider Z being a polynomial of 8 + 9,RF such that rngZ ⊆ rngK3 ∪
{0RF} and for every bag b of 8 + 9, b ∈ SupportZ iff b�8 ∈ SupportK3
and for every i such that i ­ 8 holds b(i) = 0 and for every bag b of 8 + 9
such that b ∈ SupportZ holds Z(b) = K3(b�8) and for every function x

from 8 into RF and for every function y from 8 + 9 into RF such that
y�8 = x holds eval(K3, x) = eval(Z, y). Reconsider Z1 = Subst(Z, 1, X1)
as a Z-valued polynomial of N ,RF. Reconsider Z2 = Subst(Z1, 2, F4·X2) as
a Z-valued polynomial of N ,RF. Reconsider Z3 = Subst(Z2, 3, F4 ·F4 ·X3)
as a Z-valued polynomial of N ,RF. Reconsider Z4 = Subst(Z3, 4, R) as
a Z-valued polynomial of N ,RF. Reconsider Z5 = Subst(Z4, 5, P ) as a Z-
valued polynomial of N ,RF. Reconsider Z6 = Subst(Z5, 6, N3) as a Z-
valued polynomial of N ,RF. Reconsider Z7 = Subst(Z6, 7, V ) as a Z-valued
polynomial of N ,RF.

For every natural number x8 such that x8 > 0 holds x8+ 1 is prime iff
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there exists a Z-valued function x from N into RF such that x/k = x8 and
x/f is a positive natural number and x/i is a positive natural number and
x/j is a positive natural number and x/m is a positive natural number and
x/u is a positive natural number and x/r is a natural number and x/s is
a natural number and x/t is a natural number and x/0 is a natural number
and eval(Z7, x) = 0RF by [7, (23)]. vars(Z) ⊆ 8. vars(Z1) ⊆ (vars(Z))\{1}∪
vars(X1). vars(F4 ·X2) ⊆ V4. vars(Z2) ⊆ (vars(Z1)) \ {2} ∪ vars(F4 ·X2).
vars(F4 · F4 · X3) ⊆ V4. vars(Z3) ⊆ (vars(Z2)) \ {3} ∪ vars(F4 · F4 · X3).
vars(Z4) ⊆ (vars(Z3))\{4}∪vars(R). vars(Z5) ⊆ (vars(Z4))\{5}∪vars(P ).
vars(Z6) ⊆ (vars(Z5)) \ {6} ∪ vars(N3). vars(Z7) ⊆ (vars(Z6)) \ {7} ∪
vars(V ). �

(83) Let us consider a right zeroed, add-associative, right complementable,
well unital, distributive, non trivial double loop structure L, and a poly-
nomial p of n+m,L. Suppose vars(p) ⊆ n. Then there exists a polynomial
q of n,L such that

(i) vars(q) ⊆ n, and

(ii) rng q ⊆ rng p, and

(iii) for every bag b of n + m, b�n ∈ Support q and for every i such that
i ­ n holds b(i) = 0 iff b ∈ Support p, and

(iv) for every bag b of n+m such that b ∈ Support p holds q(b�n) = p(b),
and

(v) for every function x from n+m into L and for every function y from
n into L such that x�n = y holds eval(p, x) = eval(q, y).

Proof: Define P[natural number] ≡ $1 ¬ m and there exists a polynomial
q of n + $1,L such that vars(q) ⊆ n and rng q ⊆ rng p and for every bag
b of n + m, b�(n + $1) ∈ Support q and for every i such that i ­ n + $1
holds b(i) = 0 iff b ∈ Support p and for every bag b of n + m such that
b ∈ Support p holds q(b�(n + $1)) = p(b) and for every function x from
n + m into L and for every function y from n + $1 into L such that
x�(n+ $1) = y holds eval(p, x) = eval(q, y). There exists k such that P[k].
For every natural number k such that k 6= 0 and P[k] there exists a natural
number n such that n < k and P[n]. P[0]. �

(84) Let us consider an ordinal number X, a non empty zero structure L,
a series s of X, L, and a permutation p4 of X. Then vars(the s permuted
by p4) ⊆ p4◦(vars(s)).

(85) Prime Representing Polynomial with 10 Variables:
There exists a Z-valued polynomial P13 of 10,RF such that for every po-
sitive natural number k, k + 1 is prime iff there exists a natural-valued
function v from 10 into RF such that v(1) = k and eval(P13, v) = 0RF .
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Proof: Consider p1 being a Z-valued polynomial of 17,RF such that
vars(p1) ⊆ {0} ∪ 17 \ 8 and for every natural number x8 such that x8 > 0
holds x8+1 is prime iff there exists a Z-valued function x from 17 into RF
such that x/8 = x8 and x/9 is a positive natural number and x/10 is a po-
sitive natural number and x/11 is a positive natural number and x/12 is
a positive natural number and x/13 is a positive natural number and x/14 is
a natural number and x/15 is a natural number and x/16 is a natural num-
ber and x/0 is a natural number and eval(p1, x) = 0RF . Set N = 16. Set
I2 = idseq(N). Set E = 9. Set I1 = idseq(E). Consider f being a finite se-
quence such that I2 = I1

af . Set R = faI1. Set Z = id{0}. Set R2 = R+·Z.
Z17 \(rng f) ⊆ Z10. For every i such that 1 ¬ i ¬ 9 holds (R2−1)(i) = i+7
and R2(i + 7) = i. Set P2 = the p1 permuted by R2. Reconsider p2 = P2
as a Z-valued polynomial of 10 + 7,RF. vars(p2) ⊆ R2◦(vars(p1)).

Consider p3 being a polynomial of 10,RF such that vars(p3) ⊆ 10 and
rng p3 ⊆ rng p2 and for every bag b of 10 + 7, b�10 ∈ Support p3 and for
every i such that i ­ 10 holds b(i) = 0 iff b ∈ Support p2 and for every
bag b of 10 + 7 such that b ∈ Support p2 holds p3(b�10) = p2(b) and for
every function x from 10+7 into RF and for every function y from 10 into
RF such that x�10 = y holds eval(p2, x) = eval(p3, y). For every natural
number x8 such that x8 > 0 holds x8 + 1 is prime iff there exists a Z-
valued function x from 10 into RF such that x(0) is a natural number
and x(1) = x8 and x(2) is a positive natural number and x(3) is a positive
natural number and x(4) is a positive natural number and x(5) is a positive
natural number and x(6) is a positive natural number and x(7) is a natural
number and x(8) is a natural number and x(9) is a natural number and
eval(p3, x) = 0RF . Set E2 = EmptyBag 10. Set O = 1 (10,RF). Set P2 =
Monom(1RF , E2+· (2, 1)) +O. Set P3 = Monom(1RF , E2+· (3, 1)) +O. Set
P4 = Monom(1RF , E2+·(4, 1))+O. Set P5 = Monom(1RF , E2+·(5, 1))+O.
Set P6 = Monom(1RF , E2 +· (6, 1)) +O.

Reconsider Z2 = Subst(p3, 2, P2) as a Z-valued polynomial of 10,RF.
Reconsider Z3 = Subst(Z2, 3, P3) as a Z-valued polynomial of 10,RF.
Reconsider Z4 = Subst(Z3, 4, P4) as a Z-valued polynomial of 10,RF.
Reconsider Z5 = Subst(Z4, 5, P5) as a Z-valued polynomial of 10,RF.
Reconsider Z6 = Subst(Z5, 6, P6) as a Z-valued polynomial of 10,RF.
vars(O) = ∅. vars(Monom(1RF , E2+·(5, 1)))∪vars(O) ⊆ {5}∪∅. vars(P5) ⊆
vars(Monom(1RF , E2+·(5, 1)))∪vars(O). vars(Monom(1RF , E2+·(4, 1)))∪
vars(O) ⊆ {4} ∪ ∅. vars(P4) ⊆ vars(Monom(1RF , E2 +· (4, 1))) ∪ vars(O).
vars(Monom(1RF , E2+·(3, 1)))∪vars(O) ⊆ {3}∪∅. vars(P3) ⊆ vars(Monom

(1RF , E2 +· (3, 1))) ∪ vars(O). vars(Monom(1RF , E2 +· (2, 1))) ∪ vars(O) ⊆
{2} ∪ ∅. vars(P2) ⊆ vars(Monom(1RF , E2 +· (2, 1))) ∪ vars(O).
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If k + 1 is prime, then there exists a natural-valued function v from
10 into RF such that v(1) = k and eval(Z6, v) = 0RF . Set V10 = V V +·
(6, eval(P6, V V )). eval(Z6, V V ) = eval(Z5, V10). Set V9 = V10+·(5, eval(P5,
V V )). eval(P5, V10) = eval(P5, V V ). eval(Z5, V10) = eval(Z4, V9). Set V8 =
V9+·(4, eval(P4, V V )). eval(P4, V9) = eval(P4, V10). eval(Z4, V9) = eval(Z3,
V8).Set V7 = V8+·(3, eval(P3, V V )). eval(P3, V8)=eval(P3, V9). eval(Z3, V8)
= eval(Z2, V7). Set V6 = V7+·(2, eval(P2, V V )). eval(P2, V7) = eval(P2, V8).
eval(Z2, V7) = eval(p3, V6). For every natural number y such that y = 0 or
y = 1 or y = 7 or y = 8 or y = 9 holds V6(y) = V V (y). �
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