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Summary. This article, following on from the previous article [I1], for-
mulates various properties regarding triangular membership functions. The main
theorem is relationship between a triangular membership function composed of
two straight lines and a MAX function and a triangular membership function
defined from the horizontal axis coordinates of the vertices of the triangle. More-
over, defuzzified value [I5] of triangular membership function [13], [12], [17], [7],
[18], [6], construction of trapezoidal membership function using triangular mem-
bership function [9] and integration of two connected functions [14] are formalised
), .
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1. TRIANGULAR Fuzzy SET

Let us consider real numbers p, q, s, t. Now we state the propositions:
(1) Ifp>0andp-s<0, thent>qiff;%g>o.
(2) Ifp>0andp-s<O0,thent < qiff ]% < 0. The theorem is a consequence

of (1).

3) Ifp>0andp-s<0,then 22295 < 0 iff —4 > —L,
b—s P s

4) Ifp>0andp-s<0,then 24295 > 0 iff —4 < —L,
b—s D s

Now we state the propositions:
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(5) Let us consider real numbers a, b. Then a, b € R\ ]a, b|.
(6) Let us consider real numbers a, b, ¢, d. Suppose a < b < ¢ < d. Then
R\ Ja,d[N[b,c] = 0.
Let us consider real numbers p, q, s, t. Now we state the propositions:
(7) Suppose s # p. Then

() (AffineMap(p,q))(:=2) = (AffineMap(s, )(1=1), and
(ii) (AfﬁneMap(s,t))(pfs) = piogs

pP—Ss

(8) Suppose p-s <0 and p > 0 and p';_% > 0. Then
(i) —% <=2 <% and
(i) - <—1%.

Now we state the propositions:
(9) Let us consider a real number r, subsets C, U of R, and functions f, g

from R into R. Then 7 - (f[C+-g|U) =1 - (f1C)+r- (g]U).
PROOF: Set fi =1 (f|C+-glU). Set fo =1r-(f]C)+r-(glU). For every
object x such that z € dom f; holds fi(z) = fa(x) by [3 (13), (11)]. O

(10) Let us consider functions f, g, h from R into R, and real numbers a,
b, c. Suppose a < b < ¢ and f is continuous and g is continuous and

h[ac}ff[ab}—&—gbcand/f dx;éOand/ x)dr # 0 and
[ab] 1)

f(b) = g(b). Then centroid(h = . /(idR - f)(z)dx +
/ h(a
[a,c]

[a,b]

[ G- g) (@i
[b,c]
(11) Let us consider real numbers a, b, c. Suppose a < b < c. Then TriangularFS(a, b, ¢)]]|

(AfﬁneMap(b o —5a)) [a, b+ (AffineMap(— = b’c )1, .
PROOF: Set f5 = (AffineMap(;X-, — %)) [[a, b+ (AffineMap(— -1, %)) [[b, d.
For every object x such that z € dom(TriangularFS(a, b, c)[[a, c]) holds
(TriangularFS(a, b, ¢)[[a, c])(z) = fs(x) by [2, (49)], [3, (14), (13)]. O

Let us consider real numbers a, b, ¢, r and a function f from R into R. Now

we state the propositions:

(12) Suppose a < b < c. Then (r-TriangularFS(a, b, c))I[a, ] = (r-(AffineMap (52—, — 5%

b—a’

(AffineMap(—-1;, -%)))I[b, ¢]. The theorem is a consequence of (11) and
(9)-

(13) Suppose a < b < cand for every real number z, f(z) = (r- TriangularFS(a b,c))(x).
Then f[{a,] = (r-(AffineMap(p;, — ) [a, b+ (r-(AffineMap(— 5, 225)))1[b,




TRIANGULAR FUZZY SET COMPOSED OF TWO INTERSECTING AFFINE ... 103

PROOF: Set f5 = (r-(AffineMap(;L-, —+2-)))[a, b]+(r-(AfineMap(— 5, =%))) b,
For every object  such that x € dom(f[[a, c]) holds (f[[a,c])(z) = ( )
by [2, (49)], (11), (9), [16, (41)]. O

Now we state the propositions:

(14) Let us consider real numbers p, ¢, s, t, and a function f from R into ]R

Suppose p-s < 0 and p > 0 and % > 0. Then (AffineMap(p, q)) [[— g = 4]+ (Affin
p; 2 - (TriangularFS((—1), ;%g, (—g))[[—g, —1]). The theorem is a con-
sequence of (8) and (13).
(15) Let us consider real numbers p, g, s, t, x. Suppose p-s < 0 and p > 0 and
p; 2> 0andz ¢ |1, —*[. Then ((AffineMap(p, q))]—o0, p—s] -(AffineMap(s, t))

0. The theorem is a consequence of (8).
Let us consider real numbers a, b, ¢, . Now we state the propositions:

(16) Supposea < b < cand z ¢ |a, c[. Then ((AffineMap(;1-, — %)) []—00, b]+-(Affine)
0. The theorem is a consequence of (15).

(17) Ifa<b<cand x € [a,c|, then (TriangularFS(a, b, c))(x) > 0.
Now we state the propositions:

(18) Let us consider real numbers a, b, ¢, and a function f from R into R. Sup-
posea < b < cand f = (AfﬁneMap(b = —ﬁ))[]—oo,b]—i—-(AfﬁneMap(—ﬁ, ST
Then max (f) = TriangularFS(a, b, ¢).
PRrROOF: For every object = such that z € dom(TriangularFS(a, b, ¢)) holds
(TriangularFS(a, b, ¢))(z) = (max4(f))(x) by [2, (49)], [I0, (20)], (11),
(17). O

(19) Let us consider real numbers a, b, ¢, 7, and a function f from R into R.
Suppose a < b < cand r > 0 and f = r-((AfineMap(;X, — %)) []—00, b]++(AffineM
Then max, (f) = r - TriangularFS(a, b, ¢).
PROOF: For every object z such that x € dom(r - TriangularFS(a, b, c¢))
holds (7 - TriangularFS(a, b, ¢))(x) = (max4(f))(x) by [1, (74), (65), (43)],
(18). O

(20) Let us consider real numbers p, ¢, s, t, and a function f from R into R.
Suppose p-s < 0 and p > 0 and p't_q's > 0 and for every real number z,
f(a) = ((AffineMap(p, ¢)) 1] -0, ;=% s] -(AffineMap(s, t))[[;=1, +00[)(z). Then
maxy (f) = % - TriangularF'S((—1), ;quv (=1)).
PROOF: Set r = % For every object x such that = € dom(max, (f))
holds (max (f))(x) = (r - TriangularFS((—2), =2, (~4)))(x) by (8), B
(D], 2 (49)], [3, (13)]. O

(21) Let us consider real numbers a, b, ¢, r, and a function f from R in-
to R. Suppose a < b < ¢ and for every real number z, f(x) = (r -

pS’
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TriangularFS(a, b, ¢))(x). Then / f(z (2_ @) . The theorem is

la,q]
a consequence of (13).
(22) Let us consider real numbers a, b, c. Suppose a < b < ¢. Then integral TriangularF'S
5%, The theorem is a consequence of (21).
(23) Let us consider real numbers a, b, ¢, r, and a function f from R into
R. Suppose a < b < ¢ and r # 0 and for every real number z, f(z) =
(r-TriangularFS(a, b, ¢))(z). Then centroid(f, [a, c]) = “*2+¢. The theorem
is a consequence of (13), (10), and (21).
(24) Let us consider real numbers p, g, s, t, and functions f, F' from R into R.
Suppose p-s < 0 and p > 0 and % > 0and f = (AffineMap(p, q))[]—o0, £=4]+-(A

) p—s
q 9, 1
and F' = max4 (f). Then centroid(F, [, i) = %
PROOF: g < ; ¢ < —L For every real number z, F(z) = (% .
. t—
TrlangU1arFS((_§)a p_gv (—é)))(ﬂ?) by [107 (12)]7 (20> U

Let us consider a non empty, closed interval subset A of R, real numbers p,
q, 7, s, t, u, and a function f from R into R. Now we state the propositions:

(25) Suppose p-s < 0 and p > 0 and for every real number z, f(z) =

max(r, min(u, ((AffineMap(p, ¢)) []—00, 1=2]+-(AffineMap(s, f))f[; L, 400[)(2)))-
Then f is Lipschitzian.
PROOF: Set F' = (AffineMap(p, ¢))[]—o0, ﬁ] -(AffineMap(s, t))f[p L +oof.

Consider ro being a real number such that 0 < 79 and for every real num-
bers x1, x9 such that z1, x9 € dom F holds |F(z1) — F(x2)| < ro-|x1 — 2|
There exists a real number 71 such that 0 < r; and for every real numbers
x1, x2 such that z1, x9 € dom f holds |f(z1) — f(z2)] < 71+ |x1 — 22| by
[T, (74), (65), (43)]. O

(26) Suppose p-s < 0 and p > 0 and for every real number =z, (
max (7, min(u, ((AfineMap(p, q))|]—o0, £=9]4-(AffineMap(s, t)) [[

) =
) ps 1, +o0))(2))).
Then

(i) f is integrable on A, and
(ii) fA is bounded.

The theorem is a consequence of (25).

2. TRAPEZOIDAL Fuzzy SET

Let us consider real numbers a, b, ¢, d and an object x. Now we state the
propositions:
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(27) If a < b < c < d, then if z € [a,b], then (TrapezoidalFS(a,b,c,d))(x) =
(AffineMap(7L-, — %)) (z).
PROOF: For every object x such that x € [a, b] holds (TrapezoidalF'S(a, b, ¢, d))(z) =
(AﬂineMap(ﬁ,—ﬁ))(w) by (6)7 [37 (13)]7 [27 (49)]7 [37 (11)7 (15)] O

(28) Ifa <b<c<d, then if z € [b, ¢, then (TrapezoidalFS(a,b,c,d))(x) =
(AffineMap(0, 1)) (z).
PROOF: For every object  such that = € [b, ¢| holds (TrapezoidalFS(a, b, ¢, d))(z) =
(AffineMap(0, 1))(x) by [3, (11)], [2} (49)], (5), [3| (13), (15)]. 0

(29) Ifa <b<c<d, thenif x € [c,d], then (TrapezoidalFS(a,b,c,d))(x) =
(AffineMap(— 41—, ﬁ))(x)
PROOF: For every object  such that z € [c, d] holds (TrapezoidalFS(a, b, ¢, d))(z) =
(AffineMap(— g, %)) (x) by [B, (13)], [2, (49)]. O

Now we state the propositions:

(30) Let us consider real numbers a, b, ¢, d. Suppose a < b < ¢ < d. Let us
consider a real number z. If x ¢ [a, d], then (TrapezoidalFS(a, b, ¢, d))(z) =
0.
PROOF: For every real number x such that = ¢ [a, d] holds (TrapezoidalF'S(a, b, ¢, d))(
0 by [3, (11)], [2, (49)]. O

(31) Let us consider real numbers a, b, ¢, d. Suppose a < b < ¢ < d. Then
TriangularFS(a, b, ¢) + TriangularFS(b, ¢, d) = TrapezoidalF'S(a, b, ¢, d).
PROOF: For every object x such that z € dom(TrapezoidalFS(a,b,c,d))
holds (TriangularFS(a, b, ¢)+TriangularFS(b, ¢, d))(x) = (TrapezoidalFS(a, b, ¢, d))(a
by [11} (48), (47)], (29), [11}, (46)]. O

3. RELATED PROPERTIES ABOUT THE INTEGRAL OF TwoO CONNECTED
FUNCTIONS

From now on A denotes a non empty, closed interval subset of R.
Let us consider real numbers a, b, ¢ and functions f, g from [a,c| into R.
Now we state the propositions:

(32) If a <b<c, then f[la,b]+-g[[b, | is a function from [a, c] into R.

(33) Suppose a < b < cand f[a,c| is bounded and g[[a, | is bounded. Then
(fla,b]+-gl[b, c])[a, c] is bounded.
PROOF: Set h = f[[a,b]+-g[[b, c]. There exists a real number r such that
for every set y such that y € dom(h[[a,c]) holds |(h][a,c])(y)| < r by [3,
(1D, [2 (49)], [19; (62)], [3, (13)]. O

Now we state the proposition:

(34) Let us consider a real number a, and functions f, g from R into R.

Suppose f[A is bounded and g[A is bounded and a € A. Then
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(i) (fl]—o0,a[+-gl[a,+oo])[[inf A, a] is bounded, and
(ii) (f[]—o0,a[+-gl[a,+oo[)[[a,sup A] is bounded.

PROOF: Set F = f[]—o0, a[+-g[[a,+oo[. Set Lg = [inf A, a]. Set a_13 =
[a,sup A]. There exists a real number r such that for every set y such that
y € dom(F[Ly) holds |(FILg)(y)| <r by [19, (57)], 5} (4)], [2, (49)], [3,
(11), (13)]. There exists a real number r such that for every set y such
that y € dom(F'la_13) holds |(F'la—13)(y)| < r by [19, (57)], [B, (4)], [2,
(49)], [3, (11), (13)]. O

Let us consider a real number a and functions f, g, h from R into R. Now
we state the propositions:

(35) Suppose f[A is bounded and f is integrable on A and g[A is bounded
and ¢ is integrable on A and a € A and h = f[]—o0,a]+-¢[[a, +oo] and
f(a) = g(a). Then

(i) h is integrable on [inf A, a], and

(ii) h is integrable on [a,sup A].
PROOF: For every object z such that x € dom(f[[inf A, a]) holds (f[[inf A4, a])(z) =
(hl[inf A, a])(x) by [2, (49)], [3, (15)]. For every object x such that = €
dom(g|[a,sup A]) holds (g[[a,sup A])(z) = (h[[a,sup A])(z) by [2, (49)],
[3, (13)]. O

(36) Suppose f[A is bounded and f is integrable on A and g[A is bounded
and ¢ is integrable on A and a € A and h = f[]—o0, a]+-¢[[a, +oo] and

f(a) = g(a). Then /h(w)dx: / f(z)dz + / g(x)dx.
A

[inf A,q] [a,sup A]
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