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Summary. This article is the first in a series of five articles formalizing
the Fundamental Theorem of Galois Theory [§], [6], [7].

This one is of preparatory nature: it contains a number of preliminaries
necessary for the Mizar formalization of Galois theory, in particular we define
the lattice of intermediate fields of an extension E of F. We also deal with
sets of functions, groups, and intermediate fields: we prove a series of clusters
adapting the type of elements of such sets, so that further work with these sets
becomes more smoothly, compare [3], [4], [5]. Finally, we add some theorems
about homomorphisms from R[X] to R[X], where R is a ring.
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1. PRELIMINARIES

Let A, B be sets. We say that ‘B is A-bijective‘ if and only if
(Def. 1) there exists a function f from A into B such that f is bijective.
Let A, B be non empty sets. Assume B is A-bijective.
‘A bijection of A, B ‘ is a function from A into B defined by
(Def. 2) it is bijective.
Now we state the proposition:

(1) Let us consider a field E, and subfields Fy, F5 of E. Suppose the carrier
of Fy C the carrier of Fy. Then F} is a subfield of F5.
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Let F' be a finite field. One can check that SubFields(F) is finite.
Let E be a field and F' be a subfield of E. The functor
yielding an extension of F' is defined by the term
(Def. 3) E.
The functor deg(F, F') yielding an integer is defined by the term
(Def. 4)  deg(FieldExt(E, F), F).
Let F' be a finite field and E be an F-finite extension of F'. One can verify
that IntermediateFields(F, F) is finite.
Let F' be a field and E be an extension of F'.
[A5 intermediate field of B, F| is a ficld defined by
(Def. 5) it € IntermediateFields(E, F').
Observe that every intermediate field of E, F' is strict and F-extending.
Let K be an intermediate field of E, F. The functor _ yiel-
ding a K-extending extension of F' is defined by the term

(Def. 6) E.
The functor deg(F, K) yielding an integer is defined by the term
(Def. 7)  deg(FieldExt(E, K), K).
Let E be an F-finite extension of F'. One can check that FieldExt(E, K) is
K-finite and every intermediate field of F/, F' is F-finite.

2. SETS OF GROUPS

Let X be a set. We say that _ if and only if
(Def. 8) for every object  such that € X holds z is a group.

Let G be a group. We say that _ if and only if

(Def. 9) for every object x such that € X holds x is a subgroup of G.

Note that there exists a set which is group-membered and non empty.

Let G be a group. Observe that there exists a set which is G-subgroup-
membered and non empty and every set which is G-subgroup-membered is also
group-membered and SubGr G is G-subgroup-membered and every subset of
SubGr G is G-subgroup-membered.

Let X be a non empty, group-membered set.

One can verify that an element of X is a group. Let G be a group and X be
a non empty, G-subgroup-membered set.

Let us observe that an element of X is a subgroup of G. Let H be a subgroup
of G. Observe that {H} is G-subgroup-membered.

Let Hi, Ha be subgroups of G. Observe that {Hp,Hs2} is G-subgroup-
membered.
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;I is a subgroup of G defined by

(Def. 10) it € SubGrG.

Note that every SubGroup of G is strict and there exists a SubGroup of G
which is finite.

Let G be a finite group. Note that every SubGroup of G is finite. o

Let G be a group. We introduce the notation order G as a synonym of G.

3. SETS OF SUBFIELDS AND INTERMEDIATE FIELDS

Let F be a field and X be a set. We say that ﬁ if

and only if

(Def. 11) for every object x such that x € X holds x is a subfield of F.

Let E be an extension of F. We say that _

if and only if

(Def. 12) for every object x such that x € X holds z is an intermediate field of E,

F.

One can verify that there exists a set which is F-subfield-membered and
non empty and every set which is F-subfield-membered is also field-membered
and SubFields(F') is F-subfield-membered and every subset of SubFields(F') is
F-subfield-membered.

Let E be an extension of F. One can verify that there exists a set which is F-
intermediate-membered and non empty and every set which is F-intermediate-
membered is also E-subfield-membered and IntermediateFields(E, F) is non
empty and E-intermediate-membered and every subset of IntermediateFields(E, F)
is F-intermediate-membered.

Let X be a non empty, F-subfield-membered set.

Let us note that an element of X is a subfield of F. Let E be an extension
of F and X be a non empty, F-intermediate-membered set.

Note that an element of X is an intermediate field of E, F'. Let F be a field
and F be a subfield of E. Let us observe that {F'} is E-subfield-membered.

Let Fy, F» be subfields of E. Let us observe that {Fj, Fy} is E-subfield-
membered.

Let F be a field, E¥ be an extension of F', and K be an intermediate field of
E, F. One can check that {K} is E-intermediate-membered.

Let Ky, Ky be intermediate fields of E, F. Observe that {K;, Ks} is E-
intermediate-membered.

Let L be a lattice. One can check that the functor LattRel(L) yields a binary
relation on the carrier of L.
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4. ON GALOIS CONNECTIONS

Let S, T be non empty relational structures, g be a function from S into
T, and d be a function from 7' into S. Note that the functor (g, d) yields

a connection between S and T'. The functor |Clesed(g)| yielding a non empty

subset of T is defined by the term
(Def. 13) the set of all g(o) where o is an element of S.
Let d be a function from 7" into S. The functor W yielding a func-
tion from Closed(d) into Closed(g) is defined by the term
(Def. 14) g[ Closed(d).
The functor yielding a function from Closed(g) into Closed(d) is
defined by the term
(Def. 15) d[ Closed(g).

Let us consider non empty posets S, T, a function g from S into 7', and
a function d from T into S. Now we state the propositions:

(2) Suppose (g, d) is co-Galois. Then
(i) Restr(g,d) is a bijection of Closed(d), Closed(g), and
(ii) (Restr(g,d))~! = Restr(d, g).
(3) Suppose (g, d) is co-Galois. Then
(i) Restr(d, g) is a bijection of Closed(g), Closed(d), and
(i) (Restr(d,g))~! = Restr(g, d).
Now we state the propositions:

(4) Let us consider non empty posets S, T, a function g from S into T', and
a function d from T into S. Suppose (g, d) is co-Galois. Let us consider
an element s of S. Then s € Closed(d) if and only if d(g(s)) = s.

(5) Let us consider non empty posets S, T, a function g from S into 7', and
a function d from T into S. Suppose (g, d) is co-Galois. Let us consider
an element t of 7. Then ¢ € Closed(g) if and only if g(d(t)) = t.

5. ON THE LATTICE OF SUBGROUPS

Now we state the propositions:
(6) Let us consider a group G, a subgroup G of G, subsets Hy, Hs of G1,
and subsets Hs, Hy of Go. If Hy = H3 and Hy = Hy4, then H1-Hy = H3-Hy.
(7) Let us consider a group Gi, a subgroup G2 of G, a subset H; of Gy,
and a subset Hy of Go. If Hy = Hy, then gr(H;) = gr(Hs).
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(8) Let us consider a group G, a subgroup Go of G, subgroups Hy, Hy of
G1, and subgroups Hs, Hy of Go. Suppose H; = H3 and Hy = Hy. Then

(i) Hs U Hy = Hy U H,, and
(11) HsNHy = Hi N H,.

The theorem is a consequence of (6) and (7).
Let G be a group. Observe that the carrier of L is G-subgroup-membered
and the carrier of Poset(L¢) is G-subgroup-membered.
Let M be a non empty, G-subgroup-membered set. The functors: (| M and
yielding strict subgroups of G are defined by conditions

(Def. 16) the carrier of (| M = () the set of all the carrier of H where H is an element
of M,

(Def. 17) the carrier of |JM = ({the carrier of H, where H is an element of

SubGr G : for every group K such that K € M holds K is a subgroup
of H},

respectively. Now we state the propositions:

(9) Let us consider a group G, a non empty, G-subgroup-membered set M,
and an element H of M. Then (| M is a subgroup of H.

(10) Let us consider a group G, a non empty, G-subgroup-membered set M,
and a subgroup K of GG. Suppose for every element H of M, K is a sub-
group of H. Then K is a subgroup of (| M.

(11) Let us consider a group G, and a non empty, G-subgroup-membered set
M. Then every element of M is a subgroup of J M.

(12) Let us consider a group G, a non empty, G-subgroup-membered set M,
and an element K of SubGr GG. Suppose every element of M is a subgroup
of K. Then |JM is a subgroup of K.

Let us consider a group G and subgroups Hy, Hs of G. Now we state the
propositions:

(13) N{H1,H2} = Hi N Hs.
(14) U{Hi,H2} = Hy U Hs. The theorem is a consequence of (12) and (11).

Let G be a group. Observe that Lg is complete.
Now we state the proposition:

(15) Let us consider a group G, and elements G, G2 of the carrier of Poset(L¢).
Then G < G4 if and only if G; is a subgroup of Gs.
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6. THE LATTICE OF INTERMEDIATE FIELDS

Let E be a field and M be a non empty, E-subfield-membered set. The
functors: (1 M and yielding strict subfields of F are defined by conditions
(Def. 18) the carrier of (| M = [ the set of all the carrier of K where K is an element
of M,
(Def. 19) the carrier of |JM = (N{the carrier of K, where K is an element of
SubFields(F) : for every field F' such that F' € M holds F' is a subfield
of K},
respectively. Now we state the propositions:
(16) Let us consider a field F, a non empty, E-subfield-membered set M, and
an element F' of M. Then (M is a subfield of F'.
(17) Let us consider a field E, a non empty, E-subfield-membered set M, and
a subfield K of E. Suppose for every element F' of M, K is a subfield of
F. Then K is a subfield of (M.
(18) Let us consider a field F, and a non empty, E-subfield-membered set M.
Then every element of M is a subfield of |J M.
(19) Let us consider a field F, a non empty, E-subfield-membered set M, and
an element K of SubFields(E). Suppose every element of M is a subfield
of K. Then |J M is a subfield of K.
Let us consider a field F', an extension F of F, and a non empty subset M
of IntermediateFields(E, F'). Now we state the propositions:
(20) (M is an intermediate field of E, F.
(21) UM is an intermediate field of E, F. The theorem is a consequence of
(18).
Let I be a field, E be an extension of F, and K7, K5 be intermediate fields
of E, F. The functors: K; M K9 and K7 U K5 yielding intermediate fields of F,
I are defined by terms
(Def 20) ﬂ{Kl,KQ},
(Def. 21) U{Ky, Ko}
respectively.One can verify that the functor is commutative. One can check that
the functor is commutative.
Let K be an intermediate field of F/, F'. Observe that K M K reduces to K
and K LI K reduces to K.
Let us consider a field F', an extension F of F', and intermediate fields K7,
K5 of E, F. Now we state the propositions:
(22) K;N(K;UKs) = Kj. The theorem is a consequence of (18).
(23) (K1MKs)U Ky = Kj. The theorem is a consequence of (16).
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(24) KinKkKy=KyNnKj.
(25) K UKy =Ko UKj.
Let us consider a field F', an extension F of F', and intermediate fields K7,
K5, K3 of £, F. Now we state the propositions:
(26) (Kl M Kz) MNKy=Ki M (K2 M K3).
(27) (Ki1UK3)UKsz = K;U(K2UKs). The theorem is a consequence of (18)
and (19).
Let us consider a field F', an extension F of F', and intermediate fields K7,
Ky of E, F. Now we state the propositions:

(28) K; M Ky = K if and only if K; is a subfield of K3. The theorem is
a consequence of (17) and (16).
(29) K; U Ky = Ky if and only if K; is a subfield of K. The theorem is
a consequence of (19) and (18).
Let F be a field and E be an extension of F'. The functors: SubMeet E' and
SubJoin E yielding binary operations on IntermediateFields(E, F) are defined
by conditions

(Def. 22) for every intermediate fields K, Ky of E, F, SubMeet E(K1, K2) =

KM Ks,

(Def. 23) for every intermediate fields Ky, Ky of E, F', SubJoin E(K;, K9) = K1 U

K27

respectively. The functor l IntermediateFields(E) ‘ yielding a lattice is defined by
the term

(Def. 24) (IntermediateFields(E, F'), SubJoin E, SubMeet E).

Let us observe that the carrier of IntermediateFields(FE) is non empty and
FE-intermediate-membered.
Let us consider a field F' and an extension F of F'. Now we state the propo-
sitions:
(30)  TintermediateFields(z) = the double loop structure of E. The theorem is
a consequence of (18).

(31)  LintermediateFields(z) = the double loop structure of F. The theorem is
a consequence of (16) and (17).

Let F' be a field and E be an extension of F'. Observe that IntermediateFields(E)
is complete and the carrier of Poset(IntermediateFields(F)) is non empty and
E-intermediate-membered.

Now we state the proposition:

(32) Let us consider a field F', an extension E of F, and elements K;, Ky of
the carrier of Poset(IntermediateFields(E)). Then K; < K3 if and only if
K is a subfield of K5. The theorem is a consequence of (28).
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7. SETS OF FUNCTIONS OF RINGS

Let R be a ring and X be a set. We say that |X is R—functional| if and only

if
(Def. 25) for every object o such that o € X holds o is a function from R into R.

Let L be a 1-sorted structure. We say that | L is R-functional| if and only if
(Def. 26) the carrier of L is R-functional.

Note that there exists a set which is non empty and R-functional.

Let X be a R-functional set. One can verify that every subset of X is R-
functional.

Let X be a non empty, R-functional set.

Let us observe that an element of X is a function from R into R. Let us note
that there exists a 1-sorted structure which is non empty and R-functional.

Let L be a R-functional 1-sorted structure. One can check that every subset
of L is R-functional.

Let L be a non empty, R-functional 1-sorted structure. Let us observe that
the carrier of L is R-functional.

Let S be a ring extension of R. One can verify that there exists a function
from S into S which is R-fixing and idg is R-fixing.

Let f, g be R-fixing functions from S into S. One can check that f - g is
R-fixing as a function from S into S.

Let f be an R-fixing function from S into S and n be a natural number. Let
us note that f™ is R-fixing as a function from S into S.

Let f be an R-fixing, one-to-one function from S into S. One can verify that
f~!is R-fixing and one-to-one as a function from S into S.

8. ON HoMOMORPHISMS FROM R[X] TO R[X]

Let X, Y be non empty sets, f be a function from X into Y, and S be
a non empty, finite subset of X. Observe that the functor f°S yields a non
empty, finite subset of Y. Let R be a ring and h be an additive function from R
into R. The functor PolyHom(h) yielding a function from Polynom-Ring R into
Polynom-Ring R is defined by

(Def. 27) for every element f of the carrier of Polynom-Ring R and for every na-
tural number 4, (it(f))(7) = h(f(7)).

Let h be a homomorphism of R. Let us note that PolyHom(h) is additive,
multiplicative, and unity-preserving.

Let us consider a ring R and a homomorphism h of R. Now we state the
propositions:
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(33) (PolyHom(h))(0.R) = 0.R.
(34) (PolyHom(h))(1.R) = 1.R.

Let us consider a ring R, a homomorphism h of R, and elements p, ¢ of
the carrier of Polynom-Ring R. Now we state the propositions:

(35)  (PolyHom(h))(p + q) = (PolyHom(h))(p) + (PolyHom(h))(q).
(36) (PolyHom(h))(p - ¢) = (PolyHom(h))(p) - (PolyHom(h))(q).
Now we state the propositions:

(37) Let us consider aring R, a homomorphism & of R, an element p of the car-
rier of Polynom-Ring R, and an element a of R. Then (PolyHom(h))(a-p) =
h(a) - (PolyHom(h))(p).

(38) Let us consider aring R, a homomorphism & of R, an element p of the car-

rier of Polynom-Ring R, and an element x of R. Then h(eval(p,z)) =
eval((PolyHom(h))(p), h(z)).

(39) Let us consider an integral domain R, a homomorphism & of R, an ele-
ment p of the carrier of Polynom-Ring R, and elements a,  of R. Then
hleval(a - p.2)) = h(a) - (eval((PolyHom(h))(p), h(x))).

(40) Let us consider a field F', an extension F of F', an element p of the carrier

of Polynom-Ring F', an element a of F, and an F-fixing homomorphism h
of E. Then h(ExtEval(p,a)) = ExtEval(p, h(a)).

Let us consider a ring R, a monomorphism h of R, and an element p of
the carrier of Polynom-Ring R. Now we state the propositions:

(41)  deg((PolyHom(h))(p)) = deg(p)-
(42) LM((PolyHom(h))(p)) = (PolyHom(h))(LM(p)). The theorem is a con-
sequence of (41).

Now we state the propositions:

(43) Let us consider a field F', a homomorphism h of F', and an element a of
F. Then (PolyHom(h))(X—a) = X— h(a).

(44) Let us consider a field F', a non empty, finite subset S of F, a product
of linear polynomials p of F' and S, and a monomorphism h of F'. Then
(PolyHom(h))(p) is a product of linear polynomials of F' and h°S.
PROOF: Define P[natural number] = for every non empty, finite subset
S of R for every product of linear polynomials p of R and .S such that
deg(p) = $1 holds (PolyHom(h))(p) is a product of linear polynomials of
R and h°S. P[1] by [9, (60)], [1, (42)], [10, (20)], (43). For every natural
number k such that k& > 1 holds P[k] from [2], Sch. 8]. O

(45) Let us consider a field F', an extension E of F', a non empty subset S of
FE, and an automorphism h of E. Suppose h°S = 5. Then
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[4]
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(i) h|S is a permutation of S, and
(ii) =119 is a permutation of S.

REFERENCES

Grzegorz Bancerek. Cardinal arithmetics. Formalized Mathematics, 1(3):543-547, 1990.

Grzegorz Bancerek. The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

Grzegorz Bancerek, Czestaw Byliniski, Adam Grabowski, Artur Kornitlowicz, Roman Ma-
tuszewski, Adam Naumowicz, Karol Pak, and Josef Urban. Mizar: State-of-the-art and
beyond. In Manfred Kerber, Jacques Carette, Cezary Kaliszyk, Florian Rabe, and Vol-
ker Sorge, editors, Intelligent Computer Mathematics, volume 9150 of Lecture Notes in
Computer Science, pages 261-279. Springer International Publishing, 2015. ISBN 978-3-
319-20614-1. doi;10.1007/978-3-319-20615-8_17.

Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, and Karol Pak. |The role of the Mizar Mathematical Library
for interactive proof development in Mizar. Journal of Automated Reasoning, 61(1):9-32,
2018. doii10.1007/s10817-017-9440-6.

Adam Grabowski, Artur Kornitowicz, and Christoph Schwarzweller. On algebraic hierar-
chies in mathematical repository of Mizar. In M. Ganzha, L. Maciaszek, and M. Paprzycki,
editors, Proceedings of the 2016 Federated Conference on Computer Science and Infor-
mation Systems (FedCSIS), volume 8 of Annals of Computer Science and Information
Systems, pages 363-371, 2016. doij10.15439/2016F520.

I. Martin Isaacs. Algebra: A Graduate Course. Wadsworth Inc., 1994.

Serge Lang. Algebra (Revised Third Edition). Springer Verlag, 2002.

Knut Radbruch. Algebra I. Lecture Notes, University of Kaiserslautern, Germany, 1991.
Christoph Schwarzweller. On roots of polynomials and algebraically closed fields. For-
malized Mathematics, 25(3):185-195, 2017. do0i:10.1515/forma-2017-0018|

Christoph Schwarzweller and Agnieszka Rowinska-Schwarzweller. Simple extensions. For-
malized Mathematics, 31(1):287-298, 2023. doii10.2478/forma-2023-0023|

Received July 9, 2025, Accepted December 12, 2025


http://fm.mizar.org/1990-1/pdf1-3/card_2.pdf
http://fm.mizar.org/1990-1/pdf1-1/nat_1.pdf
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
https://doi.org/10.1007/s10817-017-9440-6
https://doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.1007/s10817-017-9440-6
http://dx.doi.org/10.15439/2016F520
http://dx.doi.org/10.1515/forma-2017-0018
http://dx.doi.org/10.2478/forma-2023-0023

	=0pt The Lattice of Intermediate Fields and Other Preliminaries to Galois Theory  By Christoph Schwarzweller et al.  

