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Summary. In this article, we prove, using the Mizar [4], [3] formalism, that
the integrability of continuous functions on n-dimensional real normed spaces.
First, a partial generalization of previously presented articles [I1, [13], [? ] is
given. These are mainly generalizations for dealing with empty sets.

In Section 2, we prove integrability of continuous real n-variable functions.
Although we are dealing with functions on n-dimensional real normed spaces
of the direct product type, the essence of the proof is, of course, the proof of
integrability on n-dimensional real number spaces of the direct product type.

In Section 3, we prove integrability of continuous functions on tuple-type
n-dimensional real normed spaces, based on the results of the previous section.
Finally, the results obtained in this article can be generalized slightly, but since
the Riemann integral is defined on a non-empty closed interval in the Mizar
system [15], many articles need to be modified to show this.
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1. PRELIMINARIES

Now we state the propositions:

(1) Let us consider a non empty set X, a o-field S of subsets of X,
measure M on S, and a partial function f from X to R. If dom f = 0,
then f is integrable on M.

(2) Let us consider a non empty set X, a o-field S of subsets of X, a o-

measure M on S, and a partial function f from X to R. If dom f = 0,
then f is integrable on M. The theorem is a consequence of (1).

)
N

Now we state the proposition:

(3) GENERALIZATION [I1]:3:
Let us consider non zero natural numbers n, i, j, k, an n-element finite
sequence X, a j-element finite sequence Xi, and a k-element finite se-
quence Xo. Suppose ¢ < j < k and X; = X[j and X9 = X[k. Then
(ITFins X1)(2) = (Ipins X2)(0)-
PROOF: Define P[non zero natural number| = if $; < j, then ([Tg;,g X1)($1) =
(ITrins X2)($1). P[1] by [23] (112)]. For every non zero natural number m
such that P[m] holds P[m + 1] by [1}, (13)], [23} (112)]. For every non zero
natural number m, P[m] from [1, Sch. 10]. O

Now we state the proposition:

(4) GENERALIZATION [I1]:6:
Let us consider a non zero natural number n, an (n + 1)-element finite
sequence D, and an n-element finite sequence D;. Suppose D; = D[n.
Then [[pg D = [Ips D1 x D(n +1).
PROOF: Define P[non zero natural number| = if $; < n, then ([Tp;,gs D)($1) =
(ITgins D1)($1). P[1] by [23 (112)]. For every non zero natural number k
such that P[k] holds P[k + 1] by [1, (13)], [23, (112)]. For every non zero
natural number k, P[k| from [1, Sch. 10]. O

Now we state the proposition:

(5) GENERALIZATION [13]:51:
Let us consider a subset I of R, a closed interval subset J of R, a partial
function f from (the real normed space of R) x (the real normed space of
R) to the real normed space of R, and a partial function g from R x R to
R. Suppose I x J =dom f and f is continuous on I x J and f = ¢g. Then

(i) Integral2(L-Meas, [R(g)|)[[ is a partial function from R to R, and
(i) Integral2(L-Meas,R(g))|[ is a partial function from R to R.

Now we state the proposition:
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(6) GENERALIZATION [? |:51:

Let us consider a non zero natural number n, and an n-element finite
sequence D. If D is not non-empty, then [Jpg D = 0.

ProOF: Consider i being an object such that ¢ € dom D and D(i) = 0.
Define P[non zero natural number] = if i < $1 < n, then ([Ip,g D)($1) =
(). P[1]. For every non zero natural number & such that P[k] holds P[k+ 1]
by [1, (13)]. For every non zero natural number k, P[k| from [I, Sch. 10].
O

Now we state the proposition:

(7) GENERALIZATION [? ]:6:
Let us consider a non zero natural number n, an n-element finite sequence
X, and an object x. Then x € [[pg X if and only if there exists an n-
element finite sequence p; such that p; € [ X and x = PtCarProduct(py).
The theorem is a consequence of (6).

Now we state the proposition:

(8) GENERALIZATION [? ]:39:
Let us consider a non zero natural number n, and an n-element finite sequ-
ence D. Suppose for every natural number ¢ such that i € Segn holds D(7)
is an element of L-Field. Then [[pg D is an element of [[pieq L-Field(n).
The theorem is a consequence of (6).

Now we state the proposition:

(9) GENERALIZATION [? |:41:
Let us consider a non zero natural number n, and an n-element finite
sequence D. Suppose for every natural number ¢ such that ¢ € Segn holds
D(i) is an interval. Then [[pg D is an element of [[peq L-Field(n). The
theorem is a consequence of (8).

Now we state the proposition:

(10) GENERALIZATION [? ]:48:
Let us consider a non zero natural number n, and n-element finite sequ-
ences X, Y. Suppose for every natural number ¢ such that ¢ € Segn holds
X (i) CY(i). Then [[pg X C [Ipg Y. The theorem is a consequence of (6).

Now we state the proposition:

(11) GENERALIZATION [? ]:50:

Let us consider non zero natural numbers n, k, a non empty set X, and

an n-element finite sequence D. Suppose k € Segn and for every na-

tural number i such that i € Segn holds D(7) is a subset of X. Then

(ITgins D) (k) is a subset of [[pg Segk — X.

PROOF: Define P[non zero natural number| = if $; € Segn, then ([[p;,q D)($1)

is a subset of [Jpg Seg $; — X. P[1] by [21}, (7)]. For every non zero na-
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tural number ¢ such that P[i] holds P[i+ 1] by [2, (1)], [1, (13), (14)], [21}
(12)]. For every non zero natural number k, P[k] from [II, Sch. 10]. O
Now we state the proposition:

(12) GENERALIZATION [? ]|:73:
Let us consider a non zero natural number n, and an n-element finite
sequence D. Suppose for every natural number ¢ such that ¢ € Segn holds
D(i) CR. Then [[ D = (CarProd(Segn — R))°([Ipg D).
PRrROOF: Set I = CarProd(Segn —— (the real normed space of R)). [[pg D C
the carrier of []pgSegn —— (the real normed space of R) by [? , (34),
(42)], (6). For every object z, x € [[ D iff z € I°([[gg D) by [2, (6)], (7),
[?7,(28), (5)]. O

2. INTEGRABILITY OF CONTINUOUS REAL n-VARIABLE FUNCTIONS

Now we state the propositions:

(13) (i) IIggSegl —— (the real normed space of R) = the real normed
space of R, and

(ii) ElmFin(Seg1 —— (the real normed space of R), 1) = the real normed
space of R, and

(iii) [IpgSeg2 —— (the real normed space of R) = (the real normed
space of R) x (the real normed space of R), and

(iv) ElmFin(Seg2 —— (the real normed space of R), 2) = the real normed
space of R, and

(v) TlpgSeg3 —— (the real normed space of R) = (the real normed
space of R) x (the real normed space of R) x (the real normed space
of R).
(14) Let us consider a non zero natural number n, a partial function f from
[Irg Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function ¢ from [[rg Segn — R X
R to R, and an element p of [[rg Segn — R. Suppose f is continuous on
dom f and f = g. Then ProjPMapl(g,p) is continuous.
PROOF: Set P; = ProjPMapl(g,p). For every real number yy such that
yo € dom P holds P; is continuous in yo by [? , (42)], [18, (19)], [I7, (4)],
[19, (18)]. O
(15) Let us consider non empty sets X, Y, Z, a function 7" from X into Y,
a partial function f from X to Z, and a partial function g from Y to Z.
Suppose T is bijective and g = f - (T~!). Then

(i) domg = T°dom f, and
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(ii) domg = (°T")(dom f).

(16) Let us consider a non zero natural number n, a partial function f from
[Irs Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function g from [[pg Segn —— R x
R to R, a partial function P> from []pg Segn —— (the real normed space
of R) to the real normed space of R, and an element ¢ of R. Suppose f is
continuous on dom f and f = g and P» = ProjPMap2(g,q). Then P, is
continuous on dom Ps.
PRrROOF: For every point xg of [[pg Segn —— (the real normed space of
R) such that zyp € dom P, holds P; is continuous in xy by [I8], (19)], [19,
(18)], [24, (15)], [16} (1)]. O

(17) Let us consider a non zero natural number n, a partial function g from
[Ips Segn — R x R to R, and an element g of R. Then

(i) (ProjPMap2(g,q))- ((CarProd(Segn — R))™1) is a partial function
from R™ to R, and

(ii) dom((ProjPMap2(g, q))-((CarProd(Segn — R))~!)) = (CarProd(Segn —
R))° dom(ProjPMap2(g, q)).

(18) Let us consider a non zero natural number n, a partial function f from
[Irg Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function g from [[pg Segn —— R x
R to R, and an element p of [[rg Segn —— R. Suppose f is continuous on
dom f and f = g. Then ProjPMapl(|g|,p) is continuous. The theorem is
a consequence of (14).

(19) Let us consider a non zero natural number n, a partial function f from
[Irg Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function g from [[pg Segn —— R x
R to R, a partial function P> from []pg Segn —— (the real normed space
of R) to the real normed space of R, and an element ¢ of R. Suppose f is
continuous on dom f and f = g and P, = ProjPMap2(|g|,q). Then P is
continuous on dom Ps.
PROOF: Reconsider P; = ProjPMap2(g,q) as a partial function from
[Irs Segn — (the real normed space of R) to the real normed space of R.
P, is continuous on dom P;. For every point xg of [[pg Seg n — (the real
normed space of R) such that g € dom P, holds P, is continuous in xg
by [I8, (7)), [7, (42)], [13, (32)], [I7, (4)]. O

(20) Let us consider a non zero natural number n, a partial function g from
[[rg Segn — R x R to R, and an element ¢ of R. Then

(i) (ProjPMap2(|gl,q))-((CarProd(Segn —— R))™1) is a partial function
from R™ to R, and
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(ii) dom((ProjPMap2(|g|,q))-((CarProd(Segn — R))~!)) = (CarProd(Segn
R))° dom(ProjPMap2(|g|, q))-

(21) Let us consider a non zero natural number n, a partial function f from
[Irs Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function ¢ from [[pg Segn — R X
R to R, and an element p of [[pgSegn —— R. Suppose f is uniform-
ly continuous on dom f and f = g. Then ProjPMapl(g,p) is uniformly
continuous.
PROOF: Set P, = ProjPMapl(g, p). For every real number r such that 0 <
r there exists a real number s such that 0 < s and for every real numbers
Y1, y2 such that y1, y2 € dom P; and |y; —ya| < sholds |P;(y1)—Pi(y2)| < r
by [7, (42)], 7, (4)], [19; (18)], [24, (15)]. O

(22) Let us consider a non zero natural number n, a partial function f from

[Irs Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function g from [[pq Segn —— R x
R to R, a partial function P» from [[pg Segn —— (the real normed space
of R) to the real normed space of R, and an element s of R. Suppose f
is uniformly continuous on dom f and f = g and P, = ProjPMap2(g, s).
Then P; is uniformly continuous on dom Ps.
PROOF: For every real number 7 such that 0 < r there exists a real number
so such that 0 < sg and for every points x, x2 of [[pg Segn —— (the real
normed space of R) such that x1, 9 € dom P, and ||x1 — x2|| < so holds
HP2/331 - PZ/rg” <r by [197 (18)]’ [247 (15)]’ [16’ (1)]’ [227 (22)]' O

(23) Let us consider a non zero natural number n, a partial function f from
[Irs Segn —— (the real normed space of R) x (the real normed space of
R) to the real normed space of R, a partial function ¢ from [[pg Segn —
R x R to R, a partial function P; from R to R, and an element = of
[Ipg Segn —— R. Suppose f is continuous on dom f and f = g and Py =
ProjPMap1(R(g), ). Then Pj is continuous. The theorem is a consequence
of (14).

(24) Let us consider a non zero natural number n, a partial function f from
[Irs Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function g from [[pg Segn —— R x
R to R, a partial function Ps from []pg Segn —— (the real normed space
of R) to the real normed space of R, and an element y of R. Suppose f is

continuous on dom f and f = g and P; = ProjPMap2(R(g),y). Then P;
is continuous on dom P5. The theorem is a consequence of (16).

(25) Let us consider a non zero natural number n, a partial function f
from []pgSegn —— (the real normed space of R) x (the real normed
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space of R) to the real normed space of R, a partial function g from
[Irg Segn — R x R to R, a partial function P4 from R to R, and an ele-
ment x of [[rg Segn — R. Suppose f is continuous on dom f and f =g
and P; = ProjPMap1(|R(g)|,z). Then P, is continuous. The theorem is
a consequence of (18).

(26) Let us consider a non zero natural number n, a partial function f from
[Irg Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function ¢ from [[rg Segn — R X
R to R, a partial function Ps from []pg Segn —— (the real normed space
of R) to the real normed space of R, and an element y of R. Suppose f is
continuous on dom f and f = g and Ps5 = ProjPMap2(|R(g)|,%). Then P
is continuous on dom P5. The theorem is a consequence of (19).

Let us consider a non zero natural number n, a subset I of [[pg Segn — R,
a non empty, closed interval subset J of R, an element = of [[pg Segn — R,
a partial function f from [[pg Segn — (the real normed space of R) x (the real
normed space of R) to the real normed space of R, a partial function g from
[Igg Segn — R x R to R, and a partial function P4 from R to R. Now we state
the propositions:

(27) Suppose z € I and dom f = I x J and f is continuous on I x J and

f =g and Py = ProjPMapl1(R(g), ). Then
(i) Py]J is bounded, and
(ii) Py is integrable on J.
The theorem is a consequence of (14).
(28) Suppose z € I and dom f = I x J and f is continuous on I x J and
f =g and Py = ProjPMap1(|R(g)|, z). Then
(i) PylJ is bounded, and
(ii) Py is integrable on J.
The theorem is a consequence of (25).
Now we state the propositions:

(29) Let us consider a non zero natural number n, a subset I of [Tpg Segn —
R, a closed interval subset J of R, an element x of [[pqgSegn — R,
a partial function f from []pgSegn —— (the real normed space of R) x
(the real normed space of R) to the real normed space of R, a partial
function g from [[pg Segn —— R X R to R, and a partial function P; from
R to R. Suppose dom f = I x J and f is continuous on I x J and f = g and

Py = ProjPMapl(R(g), z). Then Py is integrable on L-Meas. The theorem
is a consequence of (27) and (1).

207
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(30) Let us consider a non zero natural number n, a subset I of [Tpq Segn ——
R, a non empty, closed interval subset J of R, an element x of [ [pg Segn —
R, a partial function f from []pg Segn —— (the real normed space of R) x
(the real normed space of R) to the real normed space of R, a partial func-
tion ¢ from [[pgSegn — R X R to R, and a partial function P from R
to R. Suppose = € I and dom f =1 x J and f is continuous on I x J and
f =g and Py = ProjPMap1(R(g), ). Then

i) /P4(ac)dx = /P4dL—MeaS, and
(ii) /P4 x)dr = /ProjPMapl(@(g),x)dL-Meas, and

(iid) / Py(2)dx = (Tntegral2(L-Meas, R(g)))(x).

The theorem is a consequence of (27).

(31) Let us consider a non zero natural number n, a subset I of [[pg Segn ——
R, a closed interval subset J of R, an element x of [[pqgSegn — R,
a partial function f from [[pg Segn —— (the real normed space of R) x
(the real normed space of R) to the real normed space of R, a partial
function g from [[pg Segn —— R X R to R, and a partial function P; from
R to R. Suppose dom f = I x J and f is continuous on I x J and f =g
and P, = ProjPMap1(|R(g)|,z). Then P, is integrable on L-Meas. The
theorem is a consequence of (25) and (1).

(32) Let us consider a non zero natural number n, a subset I of [Jpq Segn —
R, a non empty, closed interval subset J of R, an element x of [ [yg Segn —
R, a partial function f from []pg Segn —— (the real normed space of R) x
(the real normed space of R) to the real normed space of R, a partial func-
tion g from [[pgSegn — R x R to R, and a partial function P4 from R
to R. Suppose x € I and dom f = I x J and f is continuous on I x J and
f =g and Py = ProjPMapl(|R(g)|,z). Then

i) /P4(:c)dac = /P4dL—Meas, and

(ii) /P4 x)dr = /ProjPMapl(\R(g)\,:}:)dL—Meas, and

(iid) / Py(2)dx = (Integral2(L-Meas, [R(g)|))(x).

The theorem is a consequence of (28).
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(33) Let us consider a non zero natural number n, a subset I of [[pg Segn ——
R, a subset J of R, a partial function f from [[pgSegn —— (the real
normed space of R) x (the real normed space of R) to the real normed space
of R, a partial function g from [[rg Segn — R X R to R, and an element
E of o(MeasRect (] [pjeq L-Field(n), L-Field)). Suppose I x J = dom f and
fis continuous on I xJ and f = gand E = I xJ. Then g is F-measurable.
PROOF: For every real number r, ENLE-dom(g, ) € o(MeasRect(]]pioq L-Field(n),]
by [13, (17), (24)], [?, (38), (65)]. O

(34) Let us consider a non zero natural number n, a subset I of [[pq Segn —
R, a closed interval subset J of R, a partial function f from [[pg Segn ——
(the real normed space of R) X (the real normed space of R) to the real
normed space of R, and a partial function g from [[pg Segn — R x R to
R. Suppose I x J = dom f and f is continuous on I x J and f = g. Then

(i) Integral2(L-Meas, |R(g)|) is a partial function from [[pg Segn — R
to R, and

(ii) Integral2(L-Meas,R(g)) is a partial function from [[pg Segn — R
to R.

The theorem is a consequence of (32) and (30).

(35) Let us consider a non zero natural number n, an n-element finite sequence
D, a closed interval subset J of R, and a subset E of [[pgSegn ——
(the real normed space of R) x (the real normed space of R). Suppose for
every natural number 4 such that ¢ € Segn holds D(i) is a closed interval
subset of R and £ = [[pg D x J. Then E is compact. The theorem is
a consequence of (6).

(36) Let us consider a non zero natural number n, a set E, a partial function

f from J]pg Segn —— (the real normed space of R) x (the real normed
space of R) to the real normed space of R, and a partial function g from
[[ygSegn — R x R to R. Suppose f = g and ¥ C dom f. Then f is
uniformly continuous on F if and only if for every real number e such that
0 < e there exists a real number r such that 0 < r and for every points
x1, ra of [[pg Segn — (the real normed space of R) and for every real
numbers y1, y2 such that (x1, y1), (r2, y2) € E and ||x2 — z1]] < r and
ly2 — 1| < holds [g({z2, y2)) — g({z1, y1))| <e.
PROOF: For every real number e such that 0 < e there exists a real number
r such that 0 < r and for every points z1, 22 of [[pg Segn —— (the real
normed space of R) x (the real normed space of R) such that z1, z0 € E
and [[z1 — 22| <7 holds [|f/., — f/., || < e by [19, (18)], [I7, (4)], [20, (7)],
[6, (60)]. O
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(37) Let us consider a non zero natural number n, an n-element finite sequence
D, a closed interval subset J of R, a partial function f from [[pg Segn —
(the real normed space of R) X (the real normed space of R) to the real
normed space of R, and a partial function g from [[pg Segn — R X R to
R. Suppose for every natural number ¢ such that i € Segn holds D(i) is
a closed interval subset of R and f = g and f is continuous on [[pg D X J.
Let us consider a real number e. Suppose 0 < e. Then there exists a real
number r such that

(i) 0 <r, and

(ii) for every points 1, xa of [[pg Segn —— (the real normed space of
R) and for every real numbers yi, yo such that {x1, y1), (x2, y2) €
[Ips D x J and ||z2 — z1]| < r and |y2 — y1| < r holds |g({z2, y2)) —

g({z1, y1))| <e.

PRrOOF: [[gg D is a subset of [[pgSegn —— R. There exists a subset
I of [[pgSegn —— (the real normed space of R) such that I = [[pg D
and I is compact by (6), [? , (42), (51)]. Consider I being a subset of
[Irg Segn — (the real normed space of R) such that I = [[pg D and I
is compact. Reconsider J; = J as a subset of the real normed space of
R. Reconsider £ = [[pg D X% Ji as a subset of [[pg Segn —— (the real
normed space of R) x (the real normed space of R). E is compact. [J

(38) Let us consider a set X, a real normed space S, a partial function f from
S to the real normed space of R, and a partial function g from X to R. If

f=g, then |[f] = |g.

(39) Let us consider a non zero natural number n, an n-element finite sequence
D, a closed interval subset J of R, a partial function f from [[rg Segn —
(the real normed space of R) x (the real normed space of R) to the real
normed space of R, and a partial function g from [[pgSegn — R X R to
R. Suppose for every natural number ¢ such that i € Segn holds D(i) is
a closed interval subset of R and f is continuous on [[pg D X J and f = g.
Let us consider a real number e. Suppose 0 < e. Then there exists a real
number r such that

(i) 0 <r, and

(ii) for every points 1, xa of [[pg Segn —— (the real normed space of
R) and for every real numbers y, yo such that (x1, y1), {x2, y2) €
[Ips D x J and |x2 — z1]] < r and |y2 — y1| < r holds ||g|({z2,

y2)) — lgl({z1, y1))| <e.
The theorem is a consequence of (38) and (37).
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Let us consider a non zero natural number n, an n-element finite sequence
D, a subset I of [[pg Segn — (the real normed space of R), a closed interval
subset J of R, a partial function f from [[pg Segn —— (the real normed space
of R) x (the real normed space of R) to the real normed space of R, a partial
function g from [[pgSegn —— R x R to R, and a partial function G2 from
[Irg Segn — (the real normed space of R) to the real normed space of R. Now
we state the propositions:

(40) Suppose for every natural number i such that i € Segn holds D(i) is
a closed interval subset of R and I = [[pg D and I x J = dom f and f
is continuous on I x J and f = g and Gy = Integral2(L-Meas, |R(g)|)|/.
Then G5 is continuous on I.

ProOOF: Consider ¢, d being real numbers such that J = [¢,d]. Set Rg =
R(g). For every element x of [[pg Segn —— R and for every element y of
R such that € I and y € J holds (ProjPMapl(|Rg|,z))(y) = |Rs|(x,y)
and | Rs|(z,) = lg((z, 9))]| and |Rs|(z,) = lgl({z, 4)) by B, (7)), [
(12)]. For every real number e such that 0 < e there exists a real num-
ber r such that 0 < r and for every elements z1, x2 of [[pgSegn — R
and for every points 1, xa of [[pg Segn —— (the real normed space of
R) such that 1 = z; and z2 = x2 and ||ze — z1|| < r and z1, x9 € I for
every element y of R such that y € J holds |(ProjPMapl(|Rs|, z2))(y) —
(ProjPMapl(|Rs|,x1))(y)| < e by (39), [8, (87)], [14, (12)]. [Ipg D is a sub-
set of [[pg Segn —— R. U

(41) Suppose for every natural number ¢ such that ¢ € Segn holds D(7) is
a closed interval subset of R and I = [[pg D and I x J = dom f and f is
continuous on I x J and f = g and G5 = Integral2(L-Meas, R(g))[I. Then
G5 is continuous on 1.

ProOOF: Consider ¢, d being real numbers such that J = [c,d]. For every
real number e such that 0 < e there exists a real number r such that 0 < r
and for every points x1, x2 of [[pg Segn — (the real normed space of R)
such that ||z2 — 21| < r and 1, z2 € I for every real number y such that
y € J holds |g((z2, ) — g((z1, y))| < € by (37), 8, (87)]. Set Rg = R(g).
For every real number e such that 0 < e there exists a real number r
such that 0 < r and for every elements z1, x2 of [[pgSegn —— R and
for every points x1, xo of [[pgSegn —— (the real normed space of R)
such that 1 = x; and z9 = x5 and ||zg — x1|| < r and z1, x9 € I for
every element y of R such that y € J holds |(ProjPMapl(Rs, z2))(y) —
(ProjPMapl(Re,z1))(y)| < e by [8 (87)], [14, (12)]. [Ipg D is a subset of
[Ipg Segn — R. O

Now we state the propositions:



212 NOBORU ENDOU AND YASUNARI SHIDAMA

(42) Let us consider a non zero natural number n, an n-element finite sequence
D, a partial function g from [[pg Segn — (the real normed space of R) to
the real normed space of R, and a partial function f from [[pg Segn — R
to R. Suppose f = g and g is continuous on [[pg D and [[pg D C domg
and for every natural number ¢ such that i € Segn holds D(7) is a closed
interval subset of R. Let us consider a real number e. Suppose 0 < e. Then
there exists a real number r such that

(i) 0 <r, and

(ii) for every m-element finite sequences z, y of elements of R such that
PtCarProduct(z), PtCarProduct(y) € [[gg D and for every natural
number ¢ such that ¢ € dom D there exist real numbers &, y3 such that
¢ = (i) and y3 = y(7) and |£ — y3| < r holds | f(PtCarProduct(z)) —
f(PtCarProduct(y))| < e.

PROOF: Set S = Segn —— (the real normed space of R). [Jpg D is a subset
of [Tgg Segn —— R. There exists a subset I of [[pgSegn —— (the real
normed space of R) such that I = [[pg D and I is compact by [? , (51)],
(6), [?, (42)]. Consider E being a subset of [[yg S such that E = [[pg D
and F is compact. Consider rg being a real number such that 0 < rg and
for every points 21, 2o of [[pg S such that 21, 20 € FE and ||z1 — 22]] <
o holds [|g/., — gz, |l < e. Set r1 = 7. Set r = L. Reconsider 21 =
PtCarProduct(z), ze = PtCarProduct(y) as a point of [[pg S. Reconsider
m = n — 1 as a natural number. Consider ps being an (m + 1)-element
finite sequence such that z; — zo = PtCarProduct(pz). Consider n; being
an element of R™*! such that for every non zero natural number i such
that i < m+ 1 there exists a point p3 of EImFin(.S, ) such that p3 = pa (i)

and n1(i) = ||ps]| and ||z1 — 22]| = |n1|. For every natural number i such
that ¢ € dommn; holds 0 < ny(i) < r by [2, (1)], [?, (25)], 21}, (7)], [17,
(4)]. O

(43) Let us consider a non zero natural number n, an n-element finite sequence
D, a partial function f from [[rg Segn —— (the real normed space of R) to
the real normed space of R, and a partial function g from [[pg Segn — R
to R. Suppose f = g and for every natural number ¢ such that i € Segn
holds D(i) is a closed interval subset of R and f is continuous on [[pg D
and dom f = [[pg D. Then g is integrable on Measurep,oq(L-Meas(n)).
PROOF: Define P[non zero natural number| = for every $;-element finite
sequence D for every partial function f from []pgSeg$; —— (the real
normed space of R) to the real normed space of R for every partial function
g from [[pgSeg$1 —— R to R such that f = ¢ and for every natural
number 4 such that ¢ € Seg$; holds D(i) is a closed interval subset of R
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and f is continuous on [[pg D and dom f = [[pg D holds ¢ is integrable
on Measurep,oq(L-Meas($1)). P[1] by (13), [12, (37)], [9, (72), (75)]. For
every non zero natural number n such that P[n] holds P[n + 1] by [? ,
(38)], (9), (42), [?, (66)]. For every non zero natural number n, P[n] from
[, Sch. 10]. O

(44) Let us consider a non zero natural number n, an n-element finite se-
quence D, a subset J of R, an element y of R, a partial function f
from [[pgSegn +—— (the real normed space of R) x (the real normed
space of R) to the real normed space of R, and a partial function g from
[Ipg Segn — R x R to R. Suppose for every natural number ¢ such that
i € Segn holds D(i) is a closed interval subset of R and y € J and
dom f = [[pg D x J and f is continuous on [[pg D x J and f = g. Then

(i) dom(ProjPMap2(R(g),y)) = [Irs D, and

(ii) ProjPMap2(R(g),y) is integrable on Measurep,oq(L-Meas(n)).
The theorem is a consequence of (11), (24), and (43).

(45) Let us consider a non zero natural number n, an n-element finite se-
quence D, a subset J of R, an element y of R, a partial function f from
[Irs Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function g from [[pq Segn —— R x
R to R, and a partial function Ps from [[rg Segn —— R to R. Suppose for
every natural number i such that i € Segn holds D(i) is a closed interval
subset of R and y € J and dom f = [[pg D x J and f is continuous on

[Ips D x J and f = g and Ps = ProjPMap2(R(g),y). Then

(i) Ps is integrable on Measurep,oq(L-Meas(n)), and

(ii) [ ProjPMap2(R(g),y)d Measurep,oq(L-Meas(n)) = (Integrall(Measurep,oq (L-]

The theorem is a consequence of (44).

(46) Let us consider a non zero natural number n, an n-element finite se-
quence D, a subset J of R, an element y of R, a partial function f
from [[pgSegn +—— (the real normed space of R) x (the real normed
space of R) to the real normed space of R, and a partial function g from
[Ipg Segn — R x R to R. Suppose for every natural number ¢ such that
i € Segn holds D(i) is a closed interval subset of R and y € J and
dom f = [[pg D x J and f is continuous on [[pg D x J and f = g. Then

(i) dom(ProjPMap2(R(g)l,y)) = [lrs D, and
(ii) ProjPMap2(|R(g)|,y) is integrable on Measurep,oq(L-Meas(n)).
The theorem is a consequence of (11), (26), and (43).
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(47) Let us consider a non zero natural number n, an n-element finite se-
quence D, a subset J of R, an element y of R, a partial function f from
[Irg Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function ¢ from [[rg Segn — R X
R to R, and an element E of [[p;q L-Field(n). Suppose for every natural
number ¢ such that ¢ € Segn holds D(i) is a closed interval subset of R
and y € J and dom f = [[pg D x J and f is continuous on [[pg D x J and
f=gand E = [[pg D. Then ProjPMap2(|R(g)|,y) is E-measurable. The
theorem is a consequence of (46).

(48) Let us consider a non zero natural number n, an n-element finite se-
quence D, a subset J of R, an element y of R, a partial function f from
[Irg Segn — (the real normed space of R) x (the real normed space of R)
to the real normed space of R, a partial function ¢ from [[pg Segn —— R x
R to R, and a partial function Ps from []pg Segn —— R to R. Suppose for
every natural number i such that ¢ € Segn holds D(i) is a closed interval
subset of R and y € J and dom f = [[pg D x J and f is continuous on
[Igs D x J and f = g and P5 = ProjPMap2(|R(g)|,y). Then

(i) Ps is integrable on Measurepoq(L-Meas(n)), and
(i) [ProjPMap2(|R(g)|,y) d Measurep,oq(L-Meas(n)) = (Integrall(Measurepyoq(L

The theorem is a consequence of (46).

(49) Let us consider a non zero natural number n, an n-element finite sequ-
ence D, a subset I of [[pgSegn —— (the real normed space of R), and
an interval J. Suppose for every natural number ¢ such that i € Segn
holds D(i) is an interval and I = [[pg D. Then

(i) I x J is a subset of [[pgSegn —— (the real normed space of R) x
(the real normed space of R), and

(ii) I x J € o(MeasRect(]]giq L-Field(n), L-Field)).

The theorem is a consequence of (9).

(50) Let us consider a non zero natural number n, an n-element finite sequence
D, a subset J of R, a partial function f from [[pgSegn —— (the real
normed space of R) x (the real normed space of R) to the real normed
space of R, and a partial function g from [[pgSegn — R x R to R.
Suppose for every natural number i such that i € Segn holds D(i) is
a closed interval subset of R and [[pg D X J = dom f and f is continuous
on [[pg D x J and f = g. Then

(i) Integrall(Measurep,oq(L-Meas(n)), |R(g)|)[/ is a partial function from
R to R, and
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(ii) Integrall(Measurep,oq(L-Meas(n)),R(g))].J is a partial function from
R to R.

The theorem is a consequence of (48) and (45).

(51) Let us consider a non zero natural number n, an element E; of [[peq L-Field(n),
and an element Fy of L-Field. Then

(i) E1 x By € o(MeasRect(][pjeq L-Field(n), L-Field)), and

(ii) (Measurepyoq(L-Meas(n+1)))(E1x E2) = (Measurepyoq(L-Meas(n)))(E1)-
(L-Meas)(F>).

(52) Let us consider a non zero natural number n, and an n-element finite
sequence D. Suppose for every natural number ¢ such that ¢ € Segn holds
D(i) is a closed interval subset of R. Then there exists a real number r
and there exists an element E of [[pq L-Field(n) such that E = [[pg D
and (Measurepyod(L-Meas(n)))(E) = r and 0 < r.
PROOF: Define P[non zero natural number| = for every $;-element finite
sequence D such that for every natural number ¢ such that i € Seg$;
holds D(i) is a closed interval subset of R there exists a real number r
and there exists an element E of [[pieq L-Field($1) such that E = [[pg D
and (Measurep,oq(L-Meas($1)))(E) = r and 0 < r. P[1] by [12, (41)], [10,
(5)], 12, (45)], [5, (7)]. For every non zero natural number n such that
P[n] holds P[n+ 1] by [23] (18)], [7, (49)], (9), [2, (4)]. For every non zero
natural number n, Pln| from [I, Sch. 10]. O
Let us consider a non zero natural number n, an n-element finite sequence D,
a closed interval subset J of R, a partial function f from [[yq Segn —— (the real
normed space of R) x (the real normed space of R) to the real normed space of
R, a partial function g from [[pg Segn — R X R to R, and a partial function
G1 from R to R. Now we state the propositions:
(53) Suppose for every natural number i such that ¢ € Segn holds D(7) is
a closed interval subset of R and [[g D xJ = dom f and f is continuous on
[Ips DxJ and f = g and G = Integrall(Measurep,oq(L-Meas(n)), [R(g)|)[J.
Then G is continuous.
PROOF: For every real number e such that 0 < e there exists a real number
r such that 0 < r and for every real numbers yi, yo such that |yo —
yi| < r and y1, y2 € J for every point = of [[pgSegn —— (the real
normed space of R) such that z € [[pg D holds ||g|({x, y2)) — |g|({x,
)| < e by (39), [8 (87)], [24, (15)]. Set R¢ = R(g). For every element
x of [[pg Segn —— R and for every element y of R such that x € [[pg D
and y € J holds (ProjPMap2(|Rs|,v))(x) = |R¢|(z,y) and |Rg|(z,y) =
l9({z, y))| and |Re|(z,y) = |gl({z, y)) by B, (87)], [14, (12)]. For every
real number e such that 0 < e there exists a real number r such that
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0 < r and for every elements y1, y2 of R such that |y2 — y1| < r and yi,
y2 € J for every element x of [[pg Segn —— R such that x € [[pg D holds
|(ProjPMap2(|Rel, y2))(x) — (ProjPMap2(|Rgl, y1))(x)| < € by [7 , (42)],
[14, (12)]. For every real numbers yg, r such that yp € J and 0 < r there
exists a real number s such that 0 < s and for every real number y; such
that y1 € J and |y1 — yo| < s holds |G1(y1) — G1(yo)| < by [13, (30)], [?
L (42)], 2 (3)], (11). O

(54) Suppose for every natural number i such that i € Segn holds D(i) is

a closed interval subset of R and [[pg D xJ = dom f and f is continuous on
[Igs DxJ and f = g and G; = Integrall(Measurep,oq(L-Meas(n)), R(g))[J.
Then (G; is continuous.
ProoF: Set I = [[pg D. For every real number e such that 0 < e there
exists a real number r such that 0 < r and for every real numbers y1, yo
such that |y2 — y1| < r and y1, y2 € J for every point x of [[pg Segn —
(the real normed space of R) such that € I holds |g({z, y2)) — g({z,
1)) < e by (37), [8 (87)], [24, (15)]. Set R¢ = R(g). For every real
number e such that 0 < e there exists a real number r such that 0 <
r and for every elements yi, y2 of R such that |ys — y1| < r and y,
y2 € J for every element = of [[pqSegn —— R such that z € I holds
|(ProjPMap2(Rs, 12)) () — (ProjPMap2(Re, y1))(z)| < e by [7 , (42)], B
(87)], [14, (12)]. For every real numbers yp, r such that yop € J and 0 < r
there exists a real number s such that 0 < s and for every real number
y1 such that y; € J and |y1 — yo| < s holds |G1(y1) — G1(yo)| < r by [13,
(30)]; [7, (42)], 2, 3)], (11). OO

Now we state the propositions:

(55) Let us consider a non zero natural number n, an n-element finite sequence
D, a subset I of [[pgSegn —— (the real normed space of R), a closed
interval subset J of R, a partial function f from [[pg Segn —— (the real
normed space of R) x (the real normed space of R) to the real normed space
of R, and a partial function g from [[rg Segn —— R xR to R. Suppose for
every natural number i such that ¢ € Segn holds D(i) is a closed interval
subset of R and I = [[pg D and I x J = dom f and f is continuous on I X
J and f = g. Then

(i) g is integrable on ProdMeas(Measurep;q(L-Meas(n)), L-Meas), and

(ii) for every element x of [[pg Segn —— R, (Integral2(L-Meas, |R(g)|))(x) <
400, and

(iii) for every element y of R, (Integrall(Measurep,oq(L-Meas(n)), |[R(9)]))(y) <
400, and
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(iv) for every element U of [[giqq L-Field(n), Integral2(L-Meas, R(g)) is
U-measurable, and

(v) for every element V of L-Field, Integrall(Measurepq(L-Meas(n)), R(g))
is V-measurable, and

(vi) Integral2(L-Meas, R(g)) is integrable on Measurep,,q(L-Meas(n)), and
(vii) Integrall(Measurep,oq(L-Meas(n)), R(g)) is integrable on L-Meas, and

(viii) [ gdProdMeas(Measurep,oq(L-Meas(n)), L-Meas) = [ Integral2(L-Meas, R(g))
and

(ix) [ gdProdMeas(Measurep;oq(L-Meas(n)), L-Meas) = [ Integrall(Measurepyoq (]

(56) Let us consider a non zero natural number n, an (n + 1)-element finite
sequence D, a partial function f from [[pg Seg(n+1) — (the real normed
space of R) to the real normed space of R, a partial function g from
[Ips Seg(n + 1) — R to R, and a partial function go from [[pg Segn —
R x R to R. Suppose f = g and gg = g and for every natural number ¢
such that i € Seg(n + 1) holds D(i) is a closed interval subset of R and f
is continuous on [[pg D and dom f = [[pg D. Then

(i) Integral2(L-Meas, R(gp)) is integrable on Measurep,oq(L-Meas(n)),
and

(ii) [ gdMeasurepyoq(L-Meas(n+1)) = [ go d ProdMeas(Measurep,oq(L-Meas(n)),

PRrROOF: Reconsider D3 = D[n as an n-element finite sequence. For every
natural number ¢ such that ¢ € Segn holds Ds(i) is a closed interval
subset of R by [7, (49)]. [1pg D3 is a subset of [[pg Segn —— R. Reconsider
Dy = []pg D3 as a subset of [[pg Segn —— (the real normed space of R).
Reconsider D1 = D(n+1) as a closed interval subset of R. [[pg D = Dy X
D;. O

(57) Let us consider a non zero natural number n, an n-element finite sequ-
ence D, a subset [ of [Jpg Segn —— (the real normed space of R), a closed
interval subset J of R, a partial function f from [[pg Segn — (the real
normed space of R) x (the real normed space of R) to the real normed
space of R, a partial function g from [[pgSegn —— R x R to R, and
a partial function G> from [[pgSegn —— R to R. Suppose for every
natural number i such that i € Segn holds D(i) is a closed interval
subset of R and I = [[pgD and I x J = dom f and f is continuous
on I x J and f = g and Go = Integral2(L-Meas, R(g))| [[pg D. Then
[ R(g) d ProdMeas(Measurep,oq(L-Meas(n)), L-Meas) = | Go d Measurep,oq(L-Meas
PROOF: Set Rg = R(g). Set Ry = Integral2(L-Meas, Rg). Reconsider
Iy = [lgg D as a subset of [[pg Segn —— R. Set Ny = ([[pg Segn —
R) \ Iy. Reconsider Fy = Ry[ly, F1 = R2[N; as a partial function from
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[Irs Segn — R to R. Iy is an element of [[g;q L-Field(n). For every
element = of [[pg Segn — R such that z € dom F; holds Fi(x) = 0 by
[13, (27), (1)], [, (49)]. O

(58) Let us consider a non zero natural number n, an n-element finite sequence
D, a subset I of [[pg Segn —— (the real normed space of R), a non empty,
closed interval subset J of R, a partial function f from [[pqSegn —
(the real normed space of R) x (the real normed space of R) to the real
normed space of R, a partial function g from [[pgSegn —— R x R to
R, and a partial function G; from R to R. Suppose for every natural
number ¢ such that ¢ € Segn holds D(i) is a closed interval subset of
R and I = [[pgD and I x J = dom f and f is continuous on I x J
and f = g and Gy = Integrall(Measurep,oq(L-Meas(n)),R(g))[J. Then

[ R(g) d ProdMeas(Measurep;oq(L-Meas(n)), L-Meas) = /Gl (z)dx.
J
PROOF: Set Rg = R(g). Set Ny = R\ J. Set Ry = Integrall(Measurep,oq(L-Meas(n)),
Reconsider Fy = R;i[J, F1 = R1[Ny as a partial function from R to
R. G1]J is bounded and G is integrable on J. [[pg D is a subset of
[Ipg Segn — R. For every element y of R such that y € dom F} holds
Fl(y) =0 by [137 (28)7 (1>]7 [77 (49)}' O

3. INTEGRABILITY OF CONTINUOUS FUNCTIONS ON n-DIMENSIONAL REAL
NORMED SPACES

Now we state the propositions:

(59) Let us consider a non zero natural number n, and a partial function
f from [](Segn —— (the real normed space of R)) to the real normed
space of R. Then f - (CarProd(Segn —— (the real normed space of R)))
is a partial function from [[pg Segn —— (the real normed space of R) to
the real normed space of R.

(60) Let us consider a non zero natural number n, an n-element finite sequence
D, and a partial function f from [[(Segn — (the real normed space of
R)) to the real normed space of R. Suppose for every natural number ¢
such that ¢ € Segn holds D(i) is a subset of R and f is continuous on
dom f and dom f = [[ D. Then f - (CarProd(Segn —— (the real normed
space of R))) is continuous on [[pg D.
PROOF: Set I = CarProd(Segn —— (the real normed space of R)). Con-
sider C' being a non-empty, n-element finite sequence such that C =
Segn —— « and [[pg C' = the carrier of [[pgSegn — (the real normed
space of R) and I = CarProd(C) and I is bijective, where « is the re-
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al normed space of R. Reconsider F' = f - I as a partial function from
[Irg Segn — (the real normed space of R) to the real normed space of
R. [[pg D is a subset of [[pg Segn —— R. For every object z, x € [[D
iff z € I°(ITpg D) by [2, (6)], (7), [?, (28), (5)]. For every point xy of
[Irg Segn —— (the real normed space of R) and for every real number r
such that ¢ € [[pg D and 0 < r there exists a real number s such that
0 < s and for every point z; of [[yg Segn —— (the real normed space of
R) such that x1 € [[pg D and [|x1 — xol| < s holds ||F),, — F),,ll <7 by
[18, (19)], [24, (16)], [?, (30), (29), (31)]. OO

(61) Let us consider a non zero natural number n. Then
(i) (€™ || - |I) = T1(Segn — (the real normed space of R)), and
(ii) R™ = the carrier of [[(Segn — (the real normed space of R)), and
(iii) R™ = [I(Segn — R).

(62) Let us consider a non zero natural number n, an n-element finite sequence
D, and a partial function f from (€™, - ||} to the real normed space of
R. Suppose for every natural number ¢ such that ¢ € Segn holds D(i)
is a subset of R and f is continuous on dom f and dom f = [[ D. Then
f - (CarProd(Segn —— (the real normed space of R))) is continuous on
[Ips D. The theorem is a consequence of (61) and (60).

(63) Let us consider a non zero natural number n, an n-element finite se-
quence D, a partial function f from (", || - ||) to the real normed space
of R, a partial function g from R™ to R, and a partial function G from
[[rg Segn —— R to R. Suppose for every natural number i such that
i € Segn holds D(i) is a closed interval subset of R and f is continuous on
[ID and dom f =[[D and g = f and G = f - (CarProd(Segn — R)).
Then

(i) G is integrable on Measurep,oq(L-Meas(n)), and
(ii) g is integrable on XL-Meas(n), and
(iii) [ gdXL-Meas(n) = | G d Measurepyoq(L-Meas(n)).

PRrROOF: Set I = CarProd(Segn —— (the real normed space of R)). Con-
sider C' being a non-empty, n-element finite sequence such that C =
Segn — « and [[pg C' = the carrier of [[pg Segn — (the real normed
space of R) and I = CarProd(C) and [ is bijective, where « is the real
normed space of R. (€™, || - ||) = [1(Segn —— (the real normed space of
R)). The carrier of (£", ] -||) = R™. Reconsider F' = f-I as a partial func-
tion from [[pg Segn — (the real normed space of R) to the real normed
space of R. F' is continuous on [[pg D. For every natural number ¢ such
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that ¢ € Segn holds D(i) C R. [[ps D C [[pgSegn — R by [?, (34)],
(6). TID = I°(Ilps D). O

(64) Let us consider a non zero natural number n, an (n + 1)-element finite
sequence D, a partial function f from (£"*1 || - ||) to the real normed
space of R, a partial function G from [[pgSeg(n + 1) — R to R, and
a partial function gg from [[pgSegn —— R x R to R. Suppose for every
natural number ¢ such that i € Seg(n + 1) holds D(7) is a closed interval
subset of R and f is continuous on [[D and dom f = [[D and G =
f - (CarProd(Seg(n + 1) — R)) and go = G. Then

(i) for every element z of [[pg Segn — R, (Integral2(L-Meas, [R(go)|))(z) <
400, and

(ii) for every element x of [[pgSegn — R, ProjPMapl(R(gp), ) is in-
tegrable on L-Meas, and

(iii) for every element U of [[pi,q L-Field(n), Integral2(L-Meas, R(go)) is
U-measurable, and

(iv) Integral2(L-Meas,R(gg)) is integrable on Measurep,oq(L-Meas(n)),
and

(v) [ G dMeasurep,oq(L-Meas(n+1)) = [ Integral2(L-Meas, R(go)) d Measurep;oq (]

PRrROOF: Set I = CarProd(Seg(n + 1) — (the real normed space of R)).
For every natural number ¢ such that i € Seg(n + 1) holds D(i) C R. For
every natural number ¢ such that ¢ € Seg(n + 1) holds D(i) C (Seg(n +
1) — R)(2) by 21, (7)]. ITgs D C [lpgSeg(n + 1) —— R. Reconsider
Dy = DIn as an n-element finite sequence. For every natural number ¢ such
that i € Segn holds D1 (i) C (Segn — R) () by [2, (1)], [23, (18), (112)],
[21, (7)]. TIpg D1 is a subset of [[pg Segn — R. Reconsider I} = [[pg D1
as a subset of [ [pg Seg n —— (the real normed space of R). Reconsider J; =
D(n+1) as a closed interval subset of R. Reconsider fo = f -1 as a partial
function from [[pgSegn —— (the real normed space of R) x (the real
normed space of R) to the real normed space of R. f - I is continuous
on [Igs D- ITps D = [lps D1 x D(n +1). dom(f - I) = I"1(I°(TTgs D))
dom fy = I; x Jj. For every natural number ¢ such that ¢ € Segn holds
D (i) is a closed interval subset of R by [2, (1)], [23, (112), (18)]. For
every element x of [[pgSegn —— R, ProjPMapl(R(gp),z) is integrable
on L-Meas by [13 (30)], (29), (62). | G dMeasurepyoq(L-Meas(n + 1)) =
J 9o d ProdMeas(Measurep,oq (L-Meas(n)), L-Meas). [

(65) Let us consider a non zero natural number n, an (n + 1)-element finite
sequence D, an n-element finite sequence D7, a partial function f from
(E"TL ]| - ]|) to the real normed space of R, a partial function G from
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[Ips Seg(n + 1) — R to R, a partial function go from []pg Segn —
R x R to R, a non empty, closed interval subset Do of R, an element
x of [[pgSegn —— R, and a partial function P3 from R to R. Suppose
Dy = DIn and for every natural number i such that ¢ € Seg(n + 1) holds
D(i) is a subset of R and f is continuous on [[ D and dom f = [[ D and
G = f - (CarProd(Seg(n+1) — R)) and gy = G and Dy = D(n+ 1) and
x € [[pg D1 and P3 = ProjPMap1(|R(go)|, ). Then
(i) dom(ProjPMapl1(|R(go)|,x)) = D(n + 1), and
(ii) P3[Ds is continuous and bounded, and
) Ps is integrable on Dj, and
) ProjPMap1(|R(go)|,z) is integrable on L-Meas, and
(v) [ProjPMapl(|R(go)|, ) d L-Meas = /P3 )dx, and

(iii

(iv

(vi) (Integral2(L-Meas, |R(go)] / Ps(x

PROOF: Set I = CarProd(Seg(n + 1) — (the real normed space of R)).
For every natural number ¢ such that ¢ € Seg(n + 1) holds D(i) C R. For
every natural number ¢ such that i € Seg(n + 1) holds D(i) C (Seg(n +
1) +— B)(i) by BIL (7)) Tlgs D € s Sea(n + 1) — R. dom(f ) =

Y(I°(Tlgs D)). f - I is continuous on [[pg D. For every natural number
i such that ¢ € Segn holds D (i) is a subset of R by [2, (1)], [23, (112),
(18)]. [Igg D1 is a subset of [[pgSegn —— R. Reconsider I} = [[pg D1
as a subset of [[pgSegn —— (the real normed space of R). Reconsider
fo = f -1 as a partial function from [[pgSegn —— (the real normed
space of R) x (the real normed space of R) to the real normed space of R.
dom fo = I} x Ds. Ps is continuous. Pj5 is integrable on L-Meas. [J
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