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Summary. The paper extends the use of registrations for Mizar proofs [2],
[5]. The classes proposed for complex numbers [13] are applied here to integer and
natural numbers, which seems to facilitate the proofs. The article is not solving
any of “250 Problems in Elementary Number Theory” by Wacław Sierpiński [11],
but its contents are closely related to the series of Mizar articles “Elementary
Number Theory Problems” [10].
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Let a be a weightless complex number. One can check that |a| is weightless.
Let a be a light complex number. One can check that |a| is light.
Let a be a heavy complex number. One can check that |a| is heavy.
Let a be a heavy, positive real number and b be a negative real number.

Observe that a− b is heavy.
Let a be a heavy, negative real number and b be a positive real number. One

can check that a− b is heavy.
Let a be a non light, positive real number and b be a negative real number.

Let us note that a− b is heavy.
Let a be a non light, negative real number and b be a positive real number.

Let us observe that a− b is heavy.
Let a be a non heavy real number and b be a heavy, negative real number.

One can check that a− b is positive.
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Let a be a light real number and b be a non light, negative real number. Let
us note that a− b is positive.
Let a be a non heavy real number. Note that a− b is non negative.
Let b be a heavy, positive real number. Let us note that a− b is negative.
Let a be a light real number and b be a non light, positive real number. Let

us observe that a− b is negative.
Let a be a non heavy real number. Observe that a− b is non positive.
Let a be a light, positive real number and b be a light, positive real number.

Note that a− b is light.
Let a be a non heavy, positive real number and b be a non heavy, positive

real number. Let us observe that a− b is non heavy.
Let a be a real number. Observe that frac a is light and non negative.
One can check that frac frac a reduces to frac a.
Let a be an integer real number. Observe that frac a is zero and there exists

an even integer which is weightless and there exists an odd integer which is
weightless and there exists an integer which is heavy and every integer which is
non weightless is also heavy and there exists an odd integer which is heavy and
there exists an even integer which is heavy and there exists a positive integer
which is heavy and there exists a negative integer which is heavy.
Now we state the proposition:

(1) Let us consider non weightless integers a, b. If a and b are relatively
prime, then a - b and b - a.
Let us observe that there exists a real number which is non integer.
Let a be a non integer complex number. Observe that −a is non integer.
Let a be a non integer real number. Observe that frac a is light and positive.
Let a be a non integer complex number and b be a non zero integer. One

can verify that a+ b is non integer and a− b is non integer and ab is non integer.
Let b be a light, positive real number. One can check that dbe is weightless

and positive and bbc is zero.
One can check that frac b reduces to b. Let a be an integer. Observe that

ba+ bc reduces to a and da− be reduces to a and frac(a+ b) reduces to b.
Let a be a positive real number. Observe that bac is non negative and dae

is positive.
Let a be a heavy, positive real number. Observe that bac is positive.
Let a be a negative real number. Let us note that bac is negative and dae is

non positive.
Let a be a heavy, negative real number. Observe that dae is negative.
Let a be an integer and b be a light, negative real number. One can verify

that ba− bc reduces to a and da+ be reduces to a.
Now we state the proposition:
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(2) Let us consider positive real numbers a, b. Then bac · bbc ¬ bac · b ¬ a · b.
Let us consider positive real numbers a, b. Now we state the propositions:

(3) bac · bbc ¬ ba · bc. The theorem is a consequence of (2).
(4) bac

b ¬
a
b .

Now we state the propositions:

(5) Let us consider a positive real number a, and a heavy, positive real
number b. Then abbc ­

a
b .

(6) Let us consider an integer a, and a non zero integer b. Then b | a if and
only if a mod b = 0.

(7) Let us consider a positive real number a, and a natural number n. Then
bn · ac ­ n · bac.
Let a be an integer. Let us observe that a mod 1 is zero and a mod −1 is

zero and a mod 0 is zero.
Let b be a weightless integer. Note that a mod b is zero.
Let b be a non zero natural number. One can check that ab mod a is zero.
Let b be a non negative integer. Let us observe that a mod b is natural.
Let a be an odd integer and b be a non zero, even integer. Let us observe

that a mod b is odd.
Let a be an even integer. Let us observe that a mod b is even and a4 mod 8

is zero and there exists square natural number which is odd.
Let a, b be odd integers. Note that a

2−b2
2 is even and a

2+b2
2 is odd.

Let a be square integer. Let us note that 2
√
a is natural.

One can check that 2
√
a · 2
√
a reduces to a.

Let a be an even, a square integer. One can verify that 2
√
a is even and a2 is

even.
Let b be an odd, a square integer. Let us observe that a− b is non square.
Let a be an odd, a square integer. One can verify that 2

√
a is odd and a+b2 is

odd and a−b2 is even.
Let a be a non negative real number. Let us observe that 2

√
a is non negative

and there exists square integer which is even and there exists square integer
which is odd and there exists square natural number which is even.
Let n be a non zero natural number. Observe that n

√
1 reduces to 1 and n

√
0

reduces to 0.
Let a be a positive real number. Let us observe that n

√
a is positive.

Now we state the proposition:

(8) Let us consider a natural number a. Then a is a square and square-free
if and only if a = 1.
Proof: If a is a square and square-free, then a = 1 by [12, (3)], [8, (31)],
[6, (5)], [3, (14)]. �
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One can check that there exists a natural number which is square-free and
square.
Let a be an even, a square integer. Note that a4 is a square and integer.
Let a be a non zero, a square integer. Let us observe that 2 · a is non square

and a+ a is non square.
Let a be an integer and b, c be non zero natural numbers. Note that (a mod

b) mod b · c reduces to a mod b.
Let b be a non trivial natural number. Let us note that 1 mod b reduces to

1. Let a be a natural number. Note that a · b+ 1 mod b reduces to 1. Let n be
a natural number. One can check that (a · b+ 1)n mod b reduces to 1.
Let n be an even natural number. Let us note that (b− 1)n mod b reduces

to 1.
Let n be an odd natural number. One can verify that (b− 1)n mod b reduces

to b− 1.
Now we state the proposition:

(9) Let us consider a natural number a, and a prime number p. Then

(i) ap−1 mod p = 0, or

(ii) ap−1 mod p = 1.

Let a be a natural number. Let us note that amod 2 is a square and a2 mod 3
is a square and a2 mod 4 is a square and a2 mod 5 is a square and a2 mod 8 is
a square.
Let p be a prime natural number. Let us observe that ap−1 mod p is a square.
Now we state the proposition:

(10) Let us consider a non integer real number a. Then frac a+frac(−a) = 1.
Let a be a non integer real number. Observe that frac a + frac(−a) is non

zero and trivial.
Now we state the propositions:

(11) Let us consider a non integer real number a. Then −1 < frac a −
frac(−a) < 1. The theorem is a consequence of (10).

(12) Let us consider a non integer real number a. Then frac a = frac(−a) if
and only if 2 · a is an odd integer.
Let us consider real numbers a, b. Now we state the propositions:

(13) frac a · b = frac(a · (frac b) + b · (frac a)− (frac a) · (frac b)).
(14) frac a · b = frac(bac · (frac b) + bbc · (frac a) + (frac a) · (frac b)).
Now we state the proposition:

(15) Let us consider a real number a, and an integer b. Then frac a · b =
frac b · (frac a). The theorem is a consequence of (14).
Let us consider a real number a. Now we state the propositions:
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(16) frac a · a = frac(2 · a · (frac a)− (frac a) · (frac a)). The theorem is a con-
sequence of (13).

(17) frac a · a = frac(2 · bac · (frac a) + (frac a) · (frac a)). The theorem is
a consequence of (14).

Let us consider a positive real number a. Now we state the propositions:

(18) If frac a = 12 , then frac 2 · a = 0. The theorem is a consequence of (15).
(19) If 12 > frac a, then frac 2 · a = 2 · (frac a). The theorem is a consequence
of (15).

(20) If 12 < frac a, then frac 2 · a < frac a. The theorem is a consequence of
(15).

Let us consider an integer a and a non zero integer b. Now we state the
propositions:

(21) If b - a, then (adiv b) + (−a div b) = −1.
(22) b - a if and only if (a mod b) + (−a mod b) = b.
Proof: If b - a, then (a mod b) + (−a mod b) = b. If b | a, then (a mod
b) + (−a mod b) = 0 by (6), [8, (10)]. �
Now we state the propositions:

(23) Let us consider integers a, b. Then

(i) (a mod b) + (−a mod b) = 0, or

(ii) (a mod b) + (−a mod b) = b.

The theorem is a consequence of (6) and (22).

(24) Let us consider an even integer a, and an odd integer b. Then adiv b is
odd if and only if a mod b is odd.

(25) Let us consider odd integers a, b. Then a mod b is odd if and only if
a div b is even.

(26) Let us consider an integer a, and an odd integer b. Suppose b - a. Then
amod b is odd if and only if−amod b is even. The theorem is a consequence
of (22).

(27) Let us consider a non zero integer a, and an integer b. Then a | b if and
only if a | b mod a.
Proof: If a | b, then a | b mod a by (6), [8, (12)]. If a | b mod a, then a | b
by [8, (12)], [1, (2)], [9, (6)], (6). �

(28) Let us consider a non weightless integer a, and a non weightless, odd
integer b. Suppose a and b are relatively prime. Then b + a mod b 6=
b− a mod b. The theorem is a consequence of (1), (6), (27), and (26).
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(29) Let us consider an integer a, and an even integer b. Suppose b - a. If
a mod b is odd, then −a mod b is odd. The theorem is a consequence of
(22).

(30) Let us consider non zero integers a, b. Suppose b mod a = −b mod a.
Then

(i) a is even, or

(ii) a | b.

The theorem is a consequence of (26).

(31) Let us consider natural numbers a, b. Suppose a and b are relatively
prime. Let us consider a non trivial natural number n. Then max(a mod
n, b mod n) > 0.

(32) Let us consider square integer s. Then smod 3 is a trivial natural number.

(33) Let us consider square natural numbers a, b. If a+b2 is a square, then
a mod 3 = b mod 3. The theorem is a consequence of (32).

(34) Let us consider odd natural numbers a, b. Suppose a and b are relatively
prime. If a

2+b2
2 is a square, then 3 - a · b. The theorem is a consequence of

(33), (31), and (32).

(35) Let us consider integers a, b. Then a div b = −a div−b.
(36) Let us consider square natural numbers a, b. Suppose a and b are re-
latively prime. If a−b2 is a square, then b mod 3 = 1. The theorem is
a consequence of (32) and (31).

(37) Let us consider an odd natural number a. Then 3 | 2a + 1.
(38) Let us consider integers a, b, c, d. If gcd(a·b, c·d) = 1, then gcd(a, c) = 1.
(39) Let us consider integers a, b, and non zero natural numbers m, n. Then
a and b are relatively prime if and only if am and bn are relatively prime.
Proof: If a and b are relatively prime, then am and bn are relatively prime
by [3, (10)]. If am and bn are relatively prime, then a and b are relatively
prime by [7, (6)], (38). �

(40) Let us consider square natural numbers a, b. If a and b are relatively
prime, then 3 - a+ b.

(41) Let us consider odd, a square natural numbers a, b. If a and b are rela-
tively prime, then 3 - a+b2 . The theorem is a consequence of (40).

(42) Let us consider natural numbers a, b, c, d. Suppose a and c are relatively
prime and b and d are relatively prime. If a · b = c · d, then a = d and
b = c.

(43) Let us consider natural numbers a, b, c. Suppose a and b are relatively
prime. If c | a · b, then (gcd(a, c)) · (gcd(b, c)) = c.
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(44) Let us consider natural numbers a, b, c, d. Suppose a and b are relatively
prime. If a·b = c·d, then a·b = (gcd(a, c))·(gcd(b, c))·(gcd(a, d))·(gcd(b, d)).
The theorem is a consequence of (43).

(45) Let us consider positive real numbers a, b, c, d. If a·b = c·d and a·c = b·d,
then a = d.

(46) Let us consider integers a, b. If a and b are relatively prime, then gcd((a−
b) · (a+ b), a · b) = 1.

(47) Let us consider an odd integer a, and an even integer b. Suppose a and
b are relatively prime. Then gcd((a− b) · (a+ b), 2 · a · b) = 1. The theorem
is a consequence of (46).

(48) Let us consider an even integer a, and an integer b. If a and b are relatively
prime, then a+ b and a− b are relatively prime.

(49) Let us consider an even integer a, an integer b, and a non zero natural
number n. Suppose a and b are relatively prime. Then bn+an and bn−an
are relatively prime. The theorem is a consequence of (48).

(50) Let us consider natural numbers a, b, and non zero natural numbers c,
d. Suppose a mod c · d = b mod c · d. Then a mod c = b mod c.
Let us consider non zero natural numbers a, b. Now we state the propositions:

(51) a− b mod 2 · b = a+ b mod 2 · b.
(52) If a2 − b2 ∈ N, then a2 − b2 mod 2 · b = a2 + b2 mod 2 · b. The theorem
is a consequence of (51) and (50).

(53) (a− b)2 mod 4 · a · b = (a+ b)2 mod 4 · a · b.
Now we state the propositions:

(54) Let us consider odd natural numbers a, b. Then (a−b2 )
2
mod a · b =

(a+b2 )
2
mod a · b.

(55) Let us consider natural numbers a, b, c. Suppose a2 + b2 = c2. Then

(i) b2 mod a = c2 mod a, and

(ii) a2 mod b = c2 mod b.

(56) Let us consider a natural number a, a non trivial natural number b, and
a non zero natural number c. If a mod b · c = 1, then a mod b = 1.

(57) Let us consider a natural number a, a non zero natural number b, and
non zero natural numbers m, n. Suppose m ­ n. If a mod bm = 1, then
a mod bn = 1. The theorem is a consequence of (56).

Let us consider an integer i. Now we state the propositions:

(58) (i) i2 mod 4 = 0, or

(ii) i2 mod 4 = 1.
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(59) (i) i2 mod 8 = 0, or

(ii) i2 mod 8 = 1, or

(iii) i2 mod 8 = 4.

(60) (i) i4 mod 8 = 0, or

(ii) i4 mod 8 = 1.
The theorem is a consequence of (59).

Let us consider odd integers a, b. Now we state the propositions:

(61) (i) a+ b mod 4 = 2, or

(ii) a− b mod 4 = 2.
(62) (i) a+ b mod 4 = 0, or

(ii) a− b mod 4 = 0.
The theorem is a consequence of (61) and (6).

(63) max(a + b mod 4, a − b mod 4) = 2. The theorem is a consequence of
(61).

(64) min(a + b mod 4, a − b mod 4) = 0. The theorem is a consequence of
(62).

Now we state the propositions:

(65) Let us consider natural numbers a, b. Suppose a and b are relatively
prime. Then

(i) a4 + b4 mod 5 = 1, or

(ii) a4 + b4 mod 5 = 2.

The theorem is a consequence of (9).

(66) Let us consider integers a, b. Then a mod b = b · (frac ab ).
(67) Let us consider an integer a, and a non zero integer b. Then frac b ·
(frac ab ) = 0. The theorem is a consequence of (15).

Let a be a heavy, positive real number. Note that 1a is light and positive.
Now we state the proposition:

(68) Let us consider positive natural numbers b, c. Then c · (frac 1b+c) < 1.
Let a be an integer. Observe that a div 1 reduces to a.
Let a be a non zero integer. One can check that 1 · adiv a reduces to 1.
Let a be a heavy, positive integer. One can verify that 1 div a is zero.
Let b be an integer. One can verify that bdiv a · b is zero.
One can verify that b mod a · b reduces to b.
Now we state the propositions:

(69) Let us consider integers a, b, c. Then a · b mod a · c = a · (b mod c).
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(70) Let us consider non zero integers a, b, and an integer c. Then (c mod a ·
b) mod a = c mod a. The theorem is a consequence of (66) and (15).

(71) Let us consider an integer a, a non zero integer b, and a non zero natural
number n. Then (amod bn)mod b = amod b. The theorem is a consequence
of (70).

Let us consider a non zero natural number a and a natural number b. Now
we state the propositions:

(72) If b mod a < da2e, then frac
b
a <

1
2 . The theorem is a consequence of (66).

(73) If b mod a < da2e, then 2 · b mod a = 2 · (b mod a). The theorem is
a consequence of (6), (66), (72), and (15).

Now we state the proposition:

(74) Let us consider an odd, a square integer a. Then a mod 8 = 1.

Let a be square integer. Let us note that a mod 3 is a square and a mod 4
is a square and a mod 8 is a square.
Now we state the propositions:

(75) Let us consider an integer a. Then a4 mod 8 is a trivial natural number.
The theorem is a consequence of (60).

(76) Let us consider an odd integer a. Then a4 mod 8 = 1. The theorem is
a consequence of (60).

(77) Let us consider an integer i. Then

(i) i4 mod 5 = 0, or

(ii) i4 mod 5 = 1.

(78) Let us consider odd natural numbers a, b. Suppose a and b are relatively
prime. Then

(i) a
4+b4
2 mod 5 = 3, or

(ii) a
4+b4
2 mod 5 = 1.

The theorem is a consequence of (65).

(79) Let us consider natural numbers a, b. Suppose a and b are relatively
prime. Then a4 − b4 mod 5 is a square. The theorem is a consequence of
(9).

(80) Let us consider integers a, b, and a natural number n. Then an mod b =
(a mod b)n mod b.

(81) Let us consider an integer a, and a non zero integer b. Then a2 mod b =
(b− a)2 mod b. The theorem is a consequence of (80).

(82) Let us consider integers a, b, and an odd integer c. If a + b mod c =
a− b mod c, then c | b. The theorem is a consequence of (6).
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(83) Let us consider an integer k. Then there exist integers a, b such that
a2 − b2 = k if and only if k mod 4 6= 2.
Proof: If there exist integers a, b such that a2−b2 = k, then k mod 4 6= 2
by [14, (1)], [16, (53)], [15, (2)], [12, (62)]. If k mod 4 6= 2, then there exist
integers a, b such that a2 − b2 = k by [4, (11)], [12, (62)], [14, (1)]. �
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